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Weak convergence of positive self-similar Markov
processes and overshoots of Lévy processes.

M.E. CABALLERO AND L. CHAUMONT
February 9, 2005

Short title: Convergence of self-similar processes

Abstract: Using Lamperti’s relationship between Lévy processes and positive self-similar Markov
processes (pssMp), we study the weak convergence of the law IP, of a pssMp starting at > 0, in the
Skorohod space of cadlag paths, when z tends to 0. To do so, we first give conditions which allow
us to construct a cadlag Markov process X (0, starting from 0, which stays positive and verifies the
scaling property. Then we establish necessary and sufficient conditions for the laws IP, to converges
weakly to the law of X(©) as z goes to 0. In particular, this answers a question raised by Lamperti

[11] about the Feller property for pssMp at z = 0.

1 Introduction

An IR, —valued self-similar Markov process X, under the family of probabilities (IP,., = >
0) is a cadlag Markov process which fulfills a scaling property, i.e., there exists a con-
stant o > 0 such that

the law of (kXjy-as, t > 0) under IP, is IPy,, for all & > 0. (1.1)

Self-similar Markov processes are involved in various parts of probability theory such
as branching processes and fragmentation theory. They also arise as limit of re-scaled
Markov processes. Their properties have been deeply studied by the early sixties, espe-
cially through Lamperti’s work on one dimensional branching processes. In this paper,
we focus on positive self-similar Markov processes to which we will refer as pssMp.
Some particularly well known examples which are discussed in Section 4 are Bessel
processes, stable subordinators or more generally, stable Lévy processes conditioned to
stay positive.
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From a straightforward argument using (1.1), it is easily seen that the family of
measures (IP,) defined on the Skorohod’s space of cadlag functions is weakly continuous
in z on the open half-line (0, 00). The question of the existence of a weak limit when
x goes towards 0 is much less obvious. This is the main object of our paper.

Let p = inf{t : X; = 0}, then it appears from Lamperti’s study [11] that any
positive self-similar Markov process X is such that either: p < oo and X, = 0 a.s.,
or p<ooand X, >0 a.s., or p= 400 a.s., and this trichotomy does not depend on
the starting point = > 0. In the two first cases, the Markov property implies that the
process (X,44, t > 0) is independent of the process (X;, t < p) and its law does not
depend on x. Moreover, the scaling property implies that lim, .o p = 0 a.s., hence, this
shows that the family of measures (IP,) converges weakly, as x goes to 0, towards the
law of the process (X 4+, t > 0). Let us mention that in these cases, Rivero [12] and [13]
studied the different ways to construct an entrance law for the process (X, 4, t > 0).
So we shall focus on the last case, that is when p = +o00, a.s. Then the state space
of (X,IP,), z > 0is (0,00) and 0 is a boundary point. It is then natural to wonder if
the semigroup of (X, IP,) can be extended to the nonnegative half-line [0, 00); in other
words, can an entrance law at 0 for (X,IP,) be defined ? This problem has first been
raised by Lamperti [11] who observed in the proof of his Theorem 2.1 that “...the Feller
property may fail at x = 0”. It has been partially solved by Bertoin and Caballero [2]
and Bertoin and Yor [4] who gave sufficient conditions for the weak convergence of
IP, to hold when x tends to 0, in the sense of finite dimensional distributions. In this
paper, in the case when p = +o00, we characterize the self-similar families of laws (IP,)
which converges weakly as x tends to 0, on the Skorohod space of cadlag functions.
We also describe their limit law [Py by constructing the paths of a self-similar Markov
process whose law is IP.

A crucial point in our arguments is the famous Lamperti representation of self-
similar IR —valued processes. This transformation enables us to construct the paths of
any such self-similar process X from those of a Lévy process. More precisely, Lamperti
[11] found the representation

Xy =zexplrpgey, t>0, (1.2)

under IP,, for z > 0, where
7, =inf{s: A, > t}, As= /Sexpozgudu,
0

and where £ is either a real Lévy process such that lim; & = —oo, if p < 400 and
X, =0, or £ is a Lévy process killed at an independent exponential time if p < 400
and X,_ > 0, or { is a Lévy process such that limsup, §; = +o00, if p = +oo. Note that
for ¢ < A, we have the equality 7 = [; )‘?—;}, so that (1.2) is invertible and yields a one
to one relation between the class of pssMp and the one of Lévy processes.

The conditions of weak convergence of the family (IP,) and the construction of
the limit process which are presented hereafter will naturally bear on the features of
the underlying Lévy process in the Lamperti transformation. The rest of the paper is
organized in three sections. In Section 2, the main results are stated and discussed.

The proofs are given in Section 3 and some examples are presented in Section 4.



2 Main results

2.1 Preliminaries on overshoots

On the Skorohod space D of cadlag trajectories we consider a reference probability
measure P under which ¢ will always denote a real Lévy process such that &, = 0. We
now give some preliminaries on overshoots of Lévy processes, that is ({7, — z, z > 0)
with T, = inf{¢ : & > z}. The condition of weak convergence of the overshoot process
(&r,—z, z > 0) when z tends to +oo will appear naturally in our main results (Theorems
1 and 2) to be necessary for the probability measures (IP,.) to converge weakly as z — 0.
The asymptotic behaviour of the overshoot process of Lévy processes has strongly been
studied by Doney and Maller [10]; let us briefly recall one of their main results. Let II
be the Lévy measure of ¢, that is the measure satisfying [_ ., -, (22 A1) I(dw) < o0
and such that the characteristic exponent ¥ (defined by E(e™¢t) = e ™ + > 0) is
given, for some b > 0 and a € IR, by

1 ‘
\Il(u) = jau + 5[)2112 + /( )(1 — "™+ iu:C]I{‘x|§1}) H(dl‘) , u€elR.

Define for x > 0,

T (2) = ((x, 00 II (z) =1II((—00, —2)) an = xﬁ+(3?) o
() = M((r.00)), M () =M((oo. =) and J= e o T (e

Then according to Doney and Maller [10], a necessary and sufficient condition for the
overshoot &7, — 2z to converge weakly towards the law of a finite r.v. as z goes to +o00
is

either 0 < E(fl) < E(|§1|) < 00,

(H) ¢ is not arithmetic and { or E(|&]) < 00, E(&) =0 and J < oc.

(Actually, the case where ¢ has no negative jumps and the case where £ is arithmetic
are not considered in [10]. This makes our expression of the integral J slightly different
from the one which is given in [10]). The discrete time case has been treated in [8].

As noted in [10], the above condition may also be expressed in terms of the upward
ladder height process, say o, associated with . (We refer to [1], Chap. VII for
a definition of the ladder process.) Indeed, we easily see that for each level x, the
overshoots of the processes £ and o across x are the same, hence (H) can be stated
as: o is not arithmetic and F(o;) < co. Let us also mention that the latter result is
proved for any subordinator in [3] where the authors also give the explicit law of the
limit of the overshoots. In the rest of this paper, under hypothesis (H), 6 will denote
a r.v. whose law is the weak limit of the overshoots of &, that is:

e —2 - . (2.3)

zZ—00

Then from [3], the law of 6 is given by

PO > 1) = E(al)_l/ su(ds), t>0), (2.4)

(t,00)
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where v is the Lévy measure of the subordinator o.

In the sequel, we will need on a multidimensional version of the convergence which is
stated in (2.3). As the next proposition shows, it is equivalent to the stationarity of
the process ({7._, — (2 — ), z > 0).

Proposition 1 If the overshoot process (&1, — z, z > 0) converges weakly at infinity
towards the law of an a.s. finite r.v. 8, then the multidimensional overshoot converges
weakly. More precisely, for every increasing sequence of nonnegative reals 0 < z; <
(STz+zl - (Z + Zl)7 s 7€Tz+zk - (Z + Zk))
(w)

—_—
zZ— 00

(fTZl,g - (Zl - 9)7 s ’gTzkfe - (Zk - 9)) )

where 0 is independent of . In particular (&7, _, —(z—0), z > 0) is a strictly stationary

Markov process, i.e. for any nonnegative real v, (&1, , — (2 +1 —0),z > 0) @

(é.Tz—G - (Z - 0)7 z 2 O)

Conversely, if there exists an a.s. finite r.v. 0, independent of & such that (&r,_, —
(z—0), z > 0) is strictly stationary, then the overshoot process ({1, —z, z > 0) converges
weakly at infinity towards the law of 6.

Then an important point in the construction of a weak limit for (IP,) is the following
definition of a random sequence of (D x IR, )™.

Proposition 2 Let x1 > x5 > ... > 0 be an infinite decreasing sequence of positive
real numbers which converges towards 0. Under condition (H), there exists a random
sequence (0,,€™) of (IRy x D)™ such that for each n, 0, and €™ are independent,

0, 9@ g, £ @ &, and for any 1,7 such that 1 <1 < j:
(i) (a2 ) ()
¢ (5 (Tlogme*@f /)

g, = OV )) — log(zie™% x;) . (2.6)

log(a:ie_gj/azj

+t) — OV ), t > 0) , (2.5)

log(zse” % /x5)

where TY) = inf{t : fj) >z}, z € IR. The above statement determines the law of the
sequence (€™ ,0,,). Furthermore, for any n, €™ is independent of (0x)x>n and (0,,) is
a Markov chain.

A particularity of the above definition is the ’backward’ inductive construction of the
law of (,,6™). More specifically, we see from (2.5) and (2.6) that for any n, the
couples (0,1, ™YY, (0,_, ™72, . (61, 6W) are functionals of (6, ™).

As will be seen in the next subsection, for each n, (6,,,£™) is used to construct our
limit process between its first passage time above x,, and its first passage time above
ZTp—1. Then the result of Proposition 2 will allow us to describe the joint law of the
values of this process at its first passage times above z,, n > 1.



We emphasize that if £ has no positive jumps, then 6; = 0 a.s. and the results of
this paper, as well as their proofs are much simpler. Note also that in any other case,
it may happen that the event

{r) =0} = {log(wie ™" /a;) < 0}

log(xiefgj /xj

has positive probability. On this event, we have z;e% = x,e%, and ¢ @) = ¢0),

2.2 The process issued from 0

We recall that P is our reference probability measure and we denote by X the canonical
process on D.

Consider any self-similar Markov process (X, IP,), > 0 as defined in (1.2), with
p = inf{t : X; = 0} = 400, IP,-a.s. As we recalled in the introduction, there exists
a unique Lévy process § with limsup,_,, & = +o00, a.s. and such that the repre-
sentation (1.2) holds. Observe that since the time change ¢ +— 7(tz~%) is continuous
with limy_, o 7(t2™%) = 400, a.s., and since x — €” is increasing, we have IP,-a.s.,
limsup;_, , ., X; = +o0.

Note that from (1.1), the process (X*,1P,), x > 0 is a pssMp whose scaling coef-
ficient is equal to 1. Moreover, the power function is a continuous functional of the
cadlad trajectories, hence we do not loose any generality in our convergence type results
by assuming that o = 1.

In the next theorems, we first give the construction of a Markov process X (¥ which
starts from 0 continuously, stays positive and fulfills the scaling property with index
o = 1. We shall then see that the law of the process X is the weak limit on D of X,
as x tends to 0.

From the sequence (6, £™) defined in Proposition 2, we first introduce the sequence
of processes ~
Xt(:vn) =7, exp&iﬁz)(t/gn), t>0, n>1, (2.7)

where T, = z,e’ and with the natural definition 7" ‘<’ inf{s : [ exp&™ du > t}.
Let also 3
SO = inf{t >0: X > 2,1}, n>2, (2.8)

which is a.s. finite from our assumptions. Under an additional condition which ensures
that ¥, = 2722 S®) < 400, a.s., in the next theorem we define the process X(© on

the positive halfline as the concatenation of the processes (Xt(f%)n, Y, <t < X,),

n > 2, and (Xt(flz)17 t>3%).



Theorem 1 Assume that (H) holds and that E (logJr J expé&, ds) < o0. Let X, =
> S®) then for anyn, 0 < %, < 00, a.s., so that the following construction

Xt(zlz)p le [217 OO)

Xt [9%)

xO=1: , X0 =0 (2.9)
XT e[S, T

makes sense and it defines a cadlag stochastic process on the real halfline [0, 00) with
the following properties:

(i) The law of X© does not depend on the sequence (z,).

(ii) The paths of the process X© are such that lim sup, Xt(o) = 400, a.s. and Xt(o) >

0, a.s. for anyt > 0.

(iii) The process X©) satisfies the scaling property, that is for any k > 0,

(kX %, t > 0) has the same law as X ©. (2.10)

(iv) The process X©) is strong Markov and has the same semi-group as (X,IP,) for
x> 0.

We will denote by Py the law of this process.
Note that ¥, is the first passage time above z,, by the process X© i.e.
Y, = inf{t: x> Tnt,

and that the r.v. 7, = z,e’ represents the value of this process at time ¥,. In
particular, when & has no positive jumps, the above construction of X© says that
(XSBH, t > 0) has law IP,, .

For the description of the law 1P of the process X to be complete it is worth to
describe its entrance law. As we will see in Theorem 2, 1P is the weak limit of (IP,) as
x tends to 0. So, in the case where 0 < E(&;) < E(|&1]) < oo, (i.e. € has positive drift)
the entrance law under 1Py has been computed by Bertoin, Caballero [2] and Bertoin,
Yor [4] and can be expressed as follows: for every ¢ > 0 and for every measurable
function f : IRy — IR,

IEo(f(X0) = — B 1)), 2.11)

where m = E(&) and I = [;Cexp(—&s)ds. When E(&) = 0, we have no explicit
computation for the entrance law of X(© in terms of the underlying Lévy process.
However, in the following result, we see that it can be obtained as the weak limit of
the entrance law for the positive drift case, when the drift tends towards 0.
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Proposition 3 Under conditions of Theorem 1, suppose that E(&) > 0, then the
entrance law under TPy is given by (2.11). Suppose that E(&) = 0, then for any
bounded and continuous function f,

(/X)) = lim  B( F(113)), (212)

where I = [;° exp(—&s — As) ds.

The next theorem gives necessary and sufficient conditions bearing upon &, for a family
of pssMp (X, IP,) described by (1.2) to converge weakly in the Skorohod space D of
cadlag trajectories, as x goes towards 0. Recall that the first passage time process of
¢ is defined by T, = inf{t : & > z}, =z € IR. In the sequel, by degenerate probability
measure on D, we mean the law of a constant process which is finite or infinite.

Theorem 2  Let (X,IP,), © > 0 be defined as in (1.2) and such that p = 400 (or
equivalently lim sup, & = +00).

The family of probability measures (IP,) converges weakly in D, as x — 0, towards a
non degenerate probability measure if and only if the overshoot process (ép, — z, z > 0)
converges weakly towards the law of a finite r.v. as z — +oo (that is (H) holds) and

E (logJr J expé&, ds) < 400. Under these conditions, the limit law of (IP,,) is IPy.

A consequence of Theorem 2 is that under these conditions, the semigroup P, f(x) =
IE,(f(X}:)) is Fellerian on the space Cy(IR, ) of continuous functions f : IR, — IR with
lim, ;o f(z) = 0. It will appear along the proofs in the next section that when (H)
holds but F (logJr Jexpé&, ds) = 00, the process (X, IP,) actually converges weakly
towards the process which is identically nought (see the remark at the end of section
3). It is noticed in [4] that when E(&;) exists but is infinite, the convergence of (X, IP,,)
towards a non degenerate process in the sense of finite dimensional distributions does
not hold. The problem of finding necessary and sufficient conditions for the conver-
gence in the sense of finite dimensional distributions remains open. More precisely, we
do not what happen when E(&;) does not exist.

Before we prove the above results, let us discuss about the condition

T
E <log+/ 1 exp & ds) < 00 (2.13)
0

which is involved in Theorems 1 and 2. This condition is rather weak in the sense that
it is satisfied by a very large class of Lévy processes. It contains at least the cases
which are described hereafter.

First of all, if 0 < E(&) < E(|&1]) < oo then it is well known that E(7}) < co and
hence condition (2.13) is satisfied.

Condition (2.13) also holds when ¢ satisfies the Spitzer condition, i.e.

1 t
E/o e, >0p ds — p € (0,1).

7



Indeed, in that case it is known, see [1], Theorem VI.18, that F(T}) < +oo, for
0 <7 < p. Hence [J*exp&,ds (< eTy) has a finite logarithmic moment.

Another instance when this condition is satisfied is when £ has an exponential
moment, i.e. F(exp&) < oco. Under this condition, there exists a > 0 such that the
process exp(&ar, — a(t ATh)) is a martingale and we have E(exp(ép, — oT})) = 1.
(These conditions are satisfied for example whenever £ has no positive jumps). Then
we can write

E(Myeryexpéy) = E(yery explérn, — a(Ty —t)])

so that, integrating with respect to t, we obtain the stronger condition:

E </0T1 exp & dt) = ;(E(exprl) —1) < . (2.14)

It will appear in the proof of Lemma 2, (iii) that condition (2.13) is equivalent to
the following:

Te
E <log+/ exp &, ds) < oo, forany z>0. (2.15)
0

To end this section, we emphasize that we do not have any example of a Lévy process
¢ for which (2.13) is not satisfied and this problem remains open.

3 Proofs.

Proof of Proposition 1. Put %) = &p, — z and € = (&1, — &1, t > 0) and note the
path by path identity:

Erey, — (4 21), ., — (24 20) =
(g(Tzl—9(2>) — (21 — Q(Z)), e ,E(Tzn_e(z)) — (2 — Q(Z))) )

As mentioned above, under hypothesis (H), #*) converges weakly towards 6. Moreover,
the process € is distributed as £, so the weak convergence follows from the independence
between & and #%*). The process (&7, — (2 — 0), z > 0) is obviously cadlag and
its Markov property follows from general properties of Lévy processes and from the
independence between 6 and &.

Now suppose that there exists an a.s. finite r.v. 6 which is independent of £ and
such that the process (&1, , — (2 —6), z > 0) is strictly stationary. Let o be the upward
ladder height process associated to &, then as we already observed in section 2.1, the
overshoot of o and the overshoot of £ at any level z are equal. Define the first passage
process v, = inf{t : o, > z}, then (0,,_, — (¢ — ), z > 0) is strictly stationary. But
it is shown in [10], at the end of the proof of Lemma 7, that if E(o;) = +oo then
0,. — z tends to +o00 in probability as z goes to +oo. This is in contradiction with the
stationarity of (o,._, — (2 —0), z > 0), hence F(0;) < 400, which is equivalent to (H)
as mentioned in Section 2.1. [ |

We emphasize that the stationary property of the process ({7._, — (¢ — ), 2 > 0) is a
crucial point in the proofs of our results, so we will often make use of Proposition 1 in

8



the sequel.

Proof of Proposition 2. Let x1 > x5 > ... > 0 be an infinite decreasing sequence of
positive real numbers which converges towards 0 and for fixed £ > 2, consider 0, and
£ be independent and respectively distributed as 6 and £&. Then we construct the
sequence (0p_1,E*D) .. (01, €W) as follows: for j =k, k—1,...,2,

T D inf{t: 9 > 2} (3.16)
(j—1) (LD @) (@) _ ¢ pla) > 1
¢ (&7 log(z; 1% /z;) ) = & 10%(903'716_9]‘/%'))’ t20), (3.17)

b0 < T ) —log(ajae " ). (3.18)
og(zj—1€ 7 /xj)

So, this defines the law of ((1,&M), ..., (0k, ™)) on (IR, x D)*. We can check by
induction and from (3.17), (3.18) and Proposition 1 that for any j = 1,...,k, 6; and
€) are independent and respectively distributed as 6 and €.

Now let &' > k and 6, and E(’“') be independent and respectively distributed as 6
and &. Then let us construct the sequence ((él,é(”), o @,E(’“'))) on (IRy x D)* as
above. Since 0, and E(k) are independent and since (6_1,& ), ..., (él,z(”) are con-

structed from (6, E(’“’) through the same way as the sequence (6_1, E#=D), ..., (6, €M)
is constructed from (6, £*)), both sequences

(@, €M), 06, €")) and ((01,6D), ..., (0, €M)

have the same law. For any k& > 1, call u® the law of ((A1,&M), ..., (0, &™) on
the space (IR x D). Then we proved that (u*)) is a projective family, that is, for
any k < k', the projection of the law p*) on (IR; x D)* corresponds to u*). From
Kolmogorov’s Theorem, there exists a unique probability law, say u, on (IR, x D)
such that for each k, u® is the projection of y on (IR, x D)*. This defines the law of
the sequence (6,,, ™).

The relations (2.5) and (2.6) for i = j are obvious, and for ¢ = j—1, they correspond
to (3.17) and (3.18). The case ¢ < j — 1 is easily obtained by induction. Let us check
it for i = j — 2. From (3.17),

(-2) _ () () G-1) B
¢ S (Tl"g(xjfle_gj /%;5) * Tlog(fﬂjfze_ejfl/xjfl) +1)
() ((9) G-1) S

¢ (Tl"g(zjfl@_gj/ﬂﬁj) + Tlog(fvjfze_ej‘l/xjfl))’ t=0),

and it is easy to see that

70 PR _ )

log(zj—1e”% fx;) ' Tlog(xj_oe =1 /z; 1) T Tlog(zj_oe % fx;)

This gives (2.5), for i = j — 2 and Identity (2.6) follows.
Let m > n > 1. Since £ is independent of 6,,, from (2.5) for i = n and j = m,

the process ™ is independent of {6,,, (ftm), t < ﬂgZ()zne—em/xm))}- But from (2.6)
fori = m—1,m —2,...,n and 5 = m, the variables 6,,_1,...,0, are functionals

9



of {0, (€™, ¢t < T™ )}. We deduce that &0 is independent of (0i)rsn.

log(zne=m /z,,)
Moreover, it follows directly from (2.6) that for any n and m such that n < m,

Oy O O, 0y) = (3.19)
n T
- en))a s ’6;(21>(10g%—9n) - (log ; - en)) .

n n

Tn-1

(n)
Oms -5 0 €0 10 Imel_gy T (log

This shows that (6,,) is a Markov chain, since in the right hand side of (3.19), £ is
independent of (0,01 - ,0n). [ |

We shall see later that the tail sigma field G = N,0{60,, 0,11, -..} is trivial. Although,
there should be more direct arguments, our proof bears on the construction of X see
Lemma 3. Note also that the Markov chain (6,,) is homogeneous if and only if x,_;/z,
is constant, and in this case, it is stationary.

Let £ and the canonical process X be related by (1.2) and define the first passage time
process of X by:
Sy =inf{t: X; >y}, y>0.

Observe that from our assumptions (see the beginning of Section 2.2), for any level
y >, P, (S, <oo)=1.

Lemma 1 Letx <y and set z = log(y/x). Then under IP,, the process (Xg, 4+, t > 0)
admits the following (path by path) representation
(X(Sy+1), t>0) = (ye"” exp€(F(te™"" /y)), t > 0) | (3.20)
where & & &y — &, t > O) has the same law as & and is independent of ) (&P
&r, —z and Ty = inf{s : [jexp&,du > t}.
In particular, when & has no positive jumps, the overshoot %) is zero and (Xgy4t:, t >
0) has law IP,,.

Proof. First observe that S, = xAp, and Xg, = wexp{r,, where z = log(y/x) and
T, =inf{t: & > z}. Now, from (1.2), we have

(X(Sy +1), £ 2 0) = (zexp&riag, +t/a), t 2 0).
Then we can rewrite the time change as follows:
T(Ar, +t/z) = inf{s>0:A,> Ar, +t/z}
= inf{s 2 T2: [ exp(6, — &n.)du = (t/x) exp(~¢r.))
= T.+7(t/Xs,),

where 7 is the right continuous inverse of the exponential functional f(f exp(&,) ds, i.e.
T =inf{s: [jexp(§,)du >t} and & = (1.4 — &r,, £ > 0). Now we may write

(X(Sy +1),t>0) = (x eprTer?(t/XSy), t>0)
= (X5, exp&/xg,) 2 0).

10



Finally, it follows from standard properties of Lévy processes that ¢ has the same law
as £ and is independent of &7, . [ |

Corollary 1 Let (0,,6™), n = 1,2,... be the sequence which is defined by Proposi-
tion 2 and recall the definition (2.7), of the sequence X @);

Xt(fn) :fnexpﬁfzz)(t/m), t>0, n>1,

with Ty, = 2, and 7" < inf{s : J3 exp&™ du > t}. Recall also that SV = inf{t :
x> Tn_1}, then for every n > 1,

(XEN(STD 1), t>0) = XE) | as,

Proof. Replacing x by T,, = x,¢’" and y by x,,_; in the (path by path) identity of
Lemma 1, we obtain (6*) being defined in this lemma):

09 = (Tt je) —108(Ta1/T0),  as,
where T\ = inf{t : ¢ > z}. The right hand side of this inequality is the r.v. 6,

which is defined in (2.6). We can also check that £ defined in Lemma 1 is nothing but
¢0=1 defined in (2.5) and the conclusion follows. [

The next result will be used in the sequel to check the fact that the construction (2.9)
does not depend on the sequence (z,,).

Corollary 2 Let (y,) be another real decreasing sequence which tends to 0. For any
J, let n such that x, <y; and let V; = inf{t : Xt(x”) > y;}, then we may write

(X(E”)(Vj—i-t), t>0)=(y; Jexpg(j

70) (te =% Jy;) 120), (3.21)

where £V = (5( )mi?@g/xn) 1) — €0 Tty /mn) 2 00, 05 = €T, 1m) —
log(y;/Tn) and 7 79 = inf{s: [, S exp €V) du > t}.
The sequence (9 W ), j > 1 may be defined by the same way as in Proposition 2

with respect to the sequence (y,). That is 9 and 5(3 are independent and respectively
distributed as 0 and &, and for 1 <i < 7,

0 = (€(TV 4ty — 0TV ), t>0), (3.22)

log(yie % /y;) log<yze % /y;)

b, = (ED(TY ) — log(yie ™% Jy;) (3.23)

i .
log(yie™ "7 /y;)

where TY) = inf{t : f > z}. In particular, the law of (éj,é(j)), j > 1 does not depend
on the sequence (x,).

11



Proof. The first part concerning the definitions of £9), §; and 7V is a straightforward
consequence of Lemma 1.

Now we prove that the sequence (éj, 13 (7)) may be defined as in Proposition 2. First
it is clear from the independence between 6,, and £™ and from the stationarity of the
process (é7._, — (z — ), z > 0) that €9 and #%) are independent and respectively
distributed as ¢ and 6. It remains to check that (4;,£%)) verifies (3.22) and (3.23). Let
1 < 7 so that y] < 9;, then from the statement, 5(3 and §(Z are respectlvely defined

t Z 0) and g (5’]“(",) log yz/x /)) +t o

t > 0) for some indices n and n' such that z,, < y; and z,, <y;. But

by é’ () — <§T(") (log(y; /Tn))+t gT(n)(lOg (yj/Tn))’

gT(”/) (log(yi /T 1))’

we can check from Corollary 1 that since z,, < y; and z/, < y;, we have X‘(/f i) = X‘(/E,’jr’),

Where V) =inf{t: x> y;}, so that €9 may be defined with respect to X @), that
is

(En) . — . él ~(7') 5
and in particular, we have:
§0 = (€ (T + 1) = € Tty ) £ 2 0).
On the other hand, one easily checks that
(n) (n) 7(5)
Tog(yi/zn) = Trostu; 2 ¥ 100 )

hence

F@) (n) ((n) 7(4) i _ ¢y pn) 7(7) i

g - (6 (T’log(yj/arn) + jlog(yieiej/yj) + t) 6 (q—iog(yj/fn) + Tvlog(yieiej/yj))’ t 2 O)

= (VY =Y t>0
(€7 log(yie™ %7 /y;) ) =& log(yie’ef/yj))’ 20),

which is identity (3.22), and identity (3.23) follows. [ |

Proof of Theorem 1. Since X is obtained as the concatenation of the processes
(X(x”)t, ¥, <t <%, 1), weneed conditions which insure that the sum ¥, = 332 S*)
is a.s. finite. Moreover, for X© to be issued from 0 in a ’continuous’ way, that is
otherwise than by a jump, it is also necessary to have lim, Z,, = 0. These are the
objects of the next lemma.

Lemma 2 Assume that (H) holds.
(1) lim, 100 Ty = 0, a.s.
(i) For anyn>1, %, >0, a.s.

(13i) X, < 400, a.s. if and only if (2.13) holds.

12



Proof. To prove part (i), it suffices to observe that (,) = (7,e’") is a nonnegative

decreasing sequence (indeed, 7, _; = X®*(S"~V)), so it converges almost surely. More-
over, since the 6,,’s are identically distributed, the limit law of the sequence (%) is
the Dirac mass at 0.

To prove (ii), first note that ¥, = 0 a.s. if and only if for each k > n, S® =0,
which is also equivalent to Xg* = xe® > x,_;. Indeed, X®* is right continuous, so it
has no jump at 0. Hence, we have

P(%,=0) = P(z;je% >x; 4, forall j > n)
= khrf P(:Ejeej >xjq, foral j=mn,....n+k).
But from (3.19), {z;e% > x;_q, for all j =n,...,n+k} = {z,xe’+* > 2, 1} so that

P(X,=0)= klirf P(xp x> 2, 1),
and this limit is 0 since the 6;’s have the same non degenerate law and (z,,) tends to 0.
Now we prove (iii). We start by proving that the convergence of 3, = >4, S (k)
does not depend on the choice of the sequence (z,). Let

X0 = (g exp€ o 12 0)

—On fy,) T =

with 7,, = 9,¢", be the processes which are defined in (3.21) of Corollary 2, with respect
to a sequence (y,) which decreases towards 0. Set S~ = inf{t : X@) >4, ,}, then
we see from the identity (3.21) that if x, <y; <y;_1 < xy, then Sn=1) 4 4 5k >
SG=1 . More generally, for any 4, j, there exist n, m such that

m

J
S sk >3 gk (3.24)

n

Conversely, one can check exactly as in Corollary 2 that for y, < xz;, if ‘7J = inf{¢ :

~t@") > x;}, then we have

(XTI + 1), t > 0) = (z;¢% exp &) t>0),

7@ (te™% [x;)’

which shows that if y, < z; < ;.1 < ys, then S=1) 4 4 §*) > §G-1 Then as
above, for any ¢, 7, there exist n, m such that

m J
S SW >[N gk) (3.25)
Tnequalities (3.24) and (3.25) prove that Y-, S® is finite if and only if 3, S®
is finite. Hence the convergence of the sum X, = >3-, S ¥) does not depend on the
sequence (z,) and we can consider any particular sequence in the sequel of this proof.
(n)

Now observe that S~ = g, efr fOT”" exp €M ds, where v, = log(z,_1e7% /z,,) and

T = inf{t > 0: £&™ > z}. Note also that T{" = 0 whenever z,e’* > z,_;. Hence
(n) T(")

Tz/n Un
azn/ exp §§") ds < 81 < xn,l/ exp §§") ds, a.s.
0 0

13



These inequalities imply that for any sequence (z,) of positive reals,

(") (log ~2=L)

Zn

7(") (log ~2=1)
exp&Mds < SV < fn—1/0 expEM™ds, as.
(3.26)

T
xn]l{acnegn <zn} /0

Note also that for any r > 1,

T T
E(log*/ 1expfwls) < oo<:>ZP</ 1expfsds >7’”> < 00. (3.27)
0 0

By taking » = "2 in (3.27), and from Borel-Cantelli’s lemma, we obtain that if
(n)

E (logJr Jexpé, ds) < oo, then e [ exp EMds < e™?, as. for n sufficiently

large. So by choosing x,, = ¢~ in (3.26), we obtain that 3> S™ < oo, a.s.

n

Conversely suppose that E <logJr Jexp &, ds) = 4o0. Take r > 1, z,, = r™" and

2y = (1 —r~Y2)r= 4 977+1/2 in (3.26) and set

zn—l)

l(n>(0g -
/4n — d/
0
Tn— )

T (log =
B, = {xn]l{mneenqn}/ exp €M ds > 1} = A, N {zpef < 2,).
0

exp fg") ds > r"}

Let » > 1 be sufficiently large to have ”C’Zl;l = (177“71}“2)“1/

s > e, then from (3.27),
T(n)(log%i—

z 1)
> P (fo "
and ™. S P(B,) = X P(0 < log(1 —r~Y/2 4 r1/2))P(A,)) = +o0, since, from (2.4),
P(# < n) >0, for all n > 0. Moreover, for all n,m > 1 such that n # m,

P(By)P(Bn)
(0 <log(l —r—Y2 4 r1/2))2°

exp &M ds > r”) = 00, so that from the independence between 6,

P(ByN By) < P40 Aw) = 5

Hence, from a well know extension of Borel-Cantelli’s lemma, (see for instance [14], p.
317), we have: P(limsup, B,) > P(§ < log(1l — r='/2 +71/2))2. Then for all ¢ > 0,
there exists 7y such that for any r > ry, P(limsup,, B,) > 1 — ¢ (note that B,, depend
on ). But limsup, B, C limsup, 4, C {3, S™ = +oo} and the probability of the
last event does not depend on r. Therefore P(3Y,, S™ = 4+00) = 1. [ ]

Lemma 2 shows that the definition of X i.e.

XM te[n, o)
X7 e D)
X0 =1

XM e [D,, T

makes sense. Indeed, since lim, %, = 0, the process X© is well defined on (0, 00).
Moreover since 3,, > 0, a.s. for any n and lim,, z,,e’» = 0, a.s., we have lim;_,g Xt(o) = 0.

14



Now we put Xéo) = 0 so that X© is a cadlag process on [0, 00), which is positive on

(0, 00).
As in the proof of the previous lemma, let

X W) — (yneen exp 6;7(2)(1:@—571/%)’ t>0),

be the processes which are defined in Corollary 2 and recall S = inf{t : X@) >
Yn_1} and X, = 355, S®. Let 7, = yneén, then we see from the construction (2.9)
and from (3.21) in Corollary 2 that X(© may be represented as the concatenation of
the processes (X'gi”_)t, Y, <t< f)n_l) which are defined as (Xgn"_)t, Y, <t <3¥,),
in the same way as in (2.9), but with respect to the sequence (y,,). The law of these
processes does not depend on the sequence (), hence neither does the law of X(©),
This proves (i) of Theorem 1.

Part (ii) follows from the path properties of the processes X @) and is straightfor-
ward.

We see from the construction (2.9) of the process X (%) that the process (kX ,i(i)l Ht>

0) is obtained from the concatenation of the processes (Xg:jt, Y, <t < Salq),

with the particular sequence y,, = kz,, (note that in this particular case, (én,é ) =
(0,,,€)). Hence, from (i) of this theorem, the process, (k;X,gg)lt, t > 0) has the same
law as X and (iii) is proved.

It remains to prove (iv) of Theorem 1, that is the Markov property of X®. To do
so, we need the following lemma.

Lemma 3 The process X is independent of the tail-sigma field of (0,,), i.e. G (P

Nno{b;, i > n}. Consequently G is trivial.

Proof. As we already noticed, it follows from Corollary 1 and construction (2.9) that

X@) — (X + > 0). We derive from this identity that lim, ., X@) = X©)

a.s. on the space D of cadlag trajectories. Let G, = 0{0,,0,11,...} and G = N, G,.
By construction, X @) is a functional of £ and #6,, then from Proposition 1, it is
clear that the law of this process conditionally on (6,,,60,.1,...) is the same as its law
conditionally on 6,,, so that from the Markov property, for any bounded and continuous
functional H on D, we have

E(H(X®))|G,) = B(H(X®))|6,) = B, 0. (H) =L, BH(X©)|G). (3.28)

n—oo

Now fix £ > 1 and let fi,..., fr be k bounded measurable functions, then it follows
from (3.28) that

E(fi(61) - fo(O) E(H(X )| G)) = lim E(f1(61) ... fu(Ok)Eg,con (H)) . (3.29)

From our construction of 6y, ..., 0, and more precisely, from (3.19), we have

E(f1(61) ... ful00)IE, 00 (H))
= F (fl [gérzl)(ngle_gn/xn) — (log xle_en/xn)}
o T 0 togane-n fay — (0B k™" [20) | I, con (H))
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where we recall that £™ and 6, are independent. Denote by E. the law of the process
€ 4+ 2z 2 € IR. Then since the 6,’s have the same law, the second member of the
above equality may be written as

(Ee (fl |:§T(n) (log x1/7n) (log xl/xn)} oo Jr [fT(n) (log x1, /zn) (log $k/xn)D ]Eocne"(H)) )

and from Proposition 1,
Ey (£1 1650 togar oy — (10871/T0)] -+« i [€00) togar jory — (08 T8/70)])

2 B(f(0) . ful0k))- (3.30)

n—oo

We then deduce from (3.28), (3.29), (3.30) and Lebesgue’s Theorem of dominated
convergence that

E(fu(61) ... fu(0) ECH(XD))|G)) = E(f1(61) . .. fu(6x)) E(H(X)).

As a consequence, we have E(E(H(X©)|G)|o(6:,...,0:)) = E(H(X)), for any
k, so that E(E(H(X©)|G)|c(01,05...)) = E(H(X©®)), hence E(H(X®)|G) =
E(H(X©®)) since G C o(01,0,...). It proves that X is independent of G. On
the other hand, since 3, = inf{¢ : Xt(o) > x,} and XSB = Xéf") = x,e’ then the
sequence (6,) may be generated by the process X (). In particular G is a sub-o field of
the o-field generated by X (. hence it is trivial. [ |

To prove that X is a strong Markov process, note that from (3.28), and Lemma 3,
we obtain

B, (H) >0, B(H(XO)), (3.31)
for any bounded, continuous functional H defined on D. So the Markov property of
the process X© is inherited from the same property for the family IP,, z > 0. This
proves part (iv) and ends the proof of Theorem 1. |

Proof of Proposition 3. Suppose first that E(£;) > 0. It has been shown in [2] and [4]
that for fixed t > 0, the law of X; under IP, converges weakly as x — 0 towards a non
degenerate probability law. It is clear from (3.31) that this entrance law is the law of
X9 s0 the result is due to [2] and [4] in that case.

Now suppose that F(£;) = 0 and consider the process X (00 which is defined as in
(2.9), but relatively to the Lévy process €N = (&, 4+ At, t > 0) and its corresponding
limit overshoot #™). (Note that from section 2.1, conditions of Theorem 1 are satisfied
for (& + At,t > 0) so that such a construction is possible). Comparing (2.11) and
(2.12), it appears that to prove Proposition 3, we only have to check that for all > 0
and for all £ > 0,

lim E(exp(—pX")) = B(exp(—uX")).
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Now, let (z,,) be any sequence which is as in Proposition 2 and let, (M, ¢,

XN = a:neew exp £V o, >0, n>1,
() (te= " Jxy,)
7N and SN be defined as in Proposition (2.5), (2.6), (2.7) and (2.8), but relatively
to the laws of €™ and its corresponding limit overshoot 6. Put %V = > k>n Sk:A)
then it follows from the construction (2.9) which is stated in Theorem 1 and the Markov
property that

0\ n,A
E(exp(-uX"V)) = Y E (eXp <_MXt(—E£)L>‘)) ]I{te[E(/\) DIy )})

n>1

= Y F OESJ%” (exp(—,uXt) ]I{KS%_I})) . (3.32)

n>1

where IP;,A) is the law of the process defined in (1.2), with respect to €N X is the
canonical process on D and S, _, is its first passage time above the state z,_;. On the
one hand, a result which is due to Doney [9] asserts that

o ), 0, as A tends to 0. (3.33)

On the other hand, it is not difficult to check from (1.2) that the family (IP(V) is weakly
continuous in (A, x), on the space [0,00) X (0,00), and that the set of discontinuities
of the functional S is negligible under any of the probability measures (IP;A)),

Tn—1

(A, z) € ]0,00) x (0,00). Indeed, this set is

{weD:3 >0, X(S,, , +t)(w) =z,-1, Vt €[0,¢]} U
{weD:3e >0, X(S,, )W) =241, X(Sz, , +t)(w) < z,_1, Vt € (0,¢]},
but the latter is negligible from (1.2) and the path properties of (non lattice) Lévy

processes. Hence, IEQ) (exp (—uXy) ]I{t<Smn,1}) is bounded and continuous in (A, x),
on the space [0,00) x (0,00), and from (3.33), for any n > 1, since z,, > 0,
E (Eimeew (exp (—uXy) ]I{KS%_I})) — B (IE,,e0n (exp (—pX0) Tpies, y)) -
as A tends to 0, so that from (3.32) and Fatou’s lemma, we have for all © > 0,
lim B(exp(—uX")) = 3 B (B, (exp (—1X0) Tjes,,_,y))
n>1

= Bexp(—uX")),

and the conclusion follows. [ |

Proof of Theorem 2. We first suppose that (H) holds and that FE (log Jexp &, ds) <
+00. Let H be any bounded, continuous functional H which is defined on D. Since
the 60,’s have the same law, we deduce from (3.31) that

E, o(H) —2 BHX)).

n—oo
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(a.s.)
—

n—oo

such that k ‘=’ ¢?) satisfies IEy,, (H) — E(H(X®)), then from the scaling property
under IP,, z > 0 and under IP, stated respectively in (1.1) and (2.10), we can replace

It proves that IE, . (H) E(H(X©)), for a sub sequence (z;,). Let w € Q be

X©O by (kX ,@1 .» t > 0) in the above convergence in order to obtain

IE,, (H) — EH(X©)), asn— +oo.

We proved that for any decreasing sequence (z,) which converges towards 0, there
exists a subsequence (x;, ) such that the above convergence holds, hence it holds for
any decreasing sequence which converges towards 0.

Conversely suppose that the family of probability measures (IP,) converges weakly
as x — 0 towards a non degenerate probability measure [Py on D. Necessarily, 1Py is
the law of a pssMp with index 1, which starts from 0 and never comes back to 0 and
whose limsup is infinite. We denote by X(®) a process on D whose law is IP,. (Here we
no longer suppose the validity of the construction (2.9)). Let (x,) be a real decreasing
sequence which tends to 0 and define ¥, = inf{t : Xt(o) > x,}. We see from the Markov
property and (1.2) that for any n > 1,

(XS, +1), t > 0) L (X exp ™ t>0)), (3.34)

7’<")(t/X§:073)7 -

where £ is distributed as ¢ and is independent of ng, and 7(™ is as usual. Let

n > 1; from Lemma 1, the value of the process (Xéon) exp 5(2)@/)((0)), t > 0) at its first
T o,

passage time above 7 is
0 n n 0
Xén) exp f( )(Tlog(xl/Xgﬁ)) =T eXp(g( )(Tlog(xl/ng)) - 1Og(171/X§)n))) .

So from (3.34), we deduce that
(@) 0
XO(2) @ ay exp(€™(T, ., xo) — log(y JXI). (3.35)

Indeed, since z; > z,,, the value of the process X at its first passage time above z;
is the same as the value of the process (X (X, +1), ¢t > 0) at its first passage time
above z1. On the other hand, the scaling property of the process X(© implies that
the law of the r.v.’s x;ngf, n > 1 is the same and does not depend on the sequence
(). Moreover these r.v.’s are a.s. positive. Let 6 be a r.v. which is distributed

as log (x; 1Xé0n)) and independent of the sequence (£(), then we deduce from the

fact that the law of x;ngf does not depend on n and from (3.35) that the law of
£ (Thog(er fen)—0) — (log(w1/x,) — ) does not depend on n and is the same as this of
0. The same result is true for any sequence (x,) which decreases towards 0, hence we
have proved that the process (£M)(T,_g) — (2 —6), z > 0) is stationary and Proposition
1 allows us to conclude that £ (T,) — z converges weakly as z tends to +oo towards
the law of 6.
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Finally, recall that from (3.34) we have
(d) n
(XO(S0 +1), 1> 0) E (e’ exp&)) ) oy t>0),

where 0,, = log (:r,; lXéel)) has the same law as 6. Therefore X(*) may be constructed as
in (2.9) and the first passage time %,, admits the same decomposition as in Theorem 1.

This r.v. is obviously finite and Lemma 1 (iii) shows that F <logJr foTl exp &M ds) < 0.
|

Remark: When (H) holds but F (log+ fOT Lexp &, ds) = 400, we see from Lemma 2
that ¥, = 4o00. Following the previous proofs, it shows that the first passage time of
the process (X, IP,) over y, (i.e. Sy, = xAr, in the notations of Lemma 1) tends almost
surely towards +o00, as x tends to 0. It means that the process (X,IP,) converges
almost surely towards the process X = 0.

4 Examples.

The aim of this section is to present some examples of pssMp for which the conditions
of Theorems 1 and 2 are satisfied.

Recall that the only positive self-similar Markov processes which are continuous
are Bessel processes raised to any nonnegative power and multiplied by any constant.
Indeed, since the only continuous Lévy processes are Brownian motions with drift
multiplied by any constant, this observation is a direct consequence of Lamperti rep-
resentation (1.2). Recall also that the Bessel process of dimension p > 0 and starting
from x > 0 is the diffusion R whose square satisfies the stochastic differential equation

t
Rf::c2+2/ RydB, + ut, t>0), (4.36)
0

where B is the standard Brownian motion. Then R admits the following Lamperti
representation
R, = xexp B%)(m—lm) ,t >0,

where B") is a Brownian motion with drift v = p/2 — 1, i.e. B¥) = (B, +vt, t > 0),
and 1) = inf{s : [Jexp B") > t}. Since limsup, BY) = 4o if and only if v > 0,
the cases which are treated in this paper concerns the Bessel process with dimension
p > 2, raised to any positive power. (Note that the only case where the process R does
not drift to +oo is when p = 2.) Then it is well known that conditions of Theorems
1 and 2 are satisfied and that the limit process which is defined in Theorem 1 is the
unique strong solution of Equation (4.36), for x = 0.

The class of stable Lévy processes conditioned to stay positive provides another
interesting example. Let Y be any such process with index o € (0,2], and let P, be

the law of Y 4 x. The real function x +— 2 defined on [0, 00), where p = Py(Y; < 0),

19



is harmonic for the semi-group of the process Y killed at its first entrance time into
the negative half-line. Let 7 = inf{¢ : ¥; < 0} be this time, and call (F;) the usual
filtration on D, then the h-process whose law is defined as follows:

P,(A) = 2~ B, (Y " M\ lyepy), A€F, >0, z>0

is a strong Markov process which is called the Lévy process Y conditioned to stay
positive. A more intuitive way to define this process is to first condition Y to stay
positive on the time interval [0, s] and then to let s go to +oo:

IP,(A) =lim P, (A|7>s), AeF,, t>0, z>0.
sToo

It is clear that (X,IP,) is a pssMp. We emphasize that when Y is the standard
Brownian motion, the process (X,IP,) corresponds to the three dimensional Bessel
process. We refer to [6] for a more complete study of Lévy processes conditioned to stay
positive. In particular, in [6], it is shown that (X, IP,) satisfies limjo, X; = +00, IP,-a.s.
Moreover, (X, IP,) reaches its overall minimum only once and (X, IP,) converges weakly
on D, as x tends to 0, towards the law of the post-minimum process (X4, ¢t > 0),
m = inf{t : X; = inf,5¢ X}, see also [7]. As a pssMp, (X,IP,) admits a Lamperti
representation. The law of the underlying Lévy process £ in this representation has
been computed in [5] in terms of the law of Y. Suppose that « € [1,2). Let ® be the
characteristic exponent of Y, i.e. ®(u) = —log F(expiuY;), then it is well known that
® admits the Lévy Khintchnie decomposition:

q)(u) = mu + /(_OO OO)(l — €iu$ + Z'UZE]I{mSl}) /J(dl‘) s
where m € IR and
u(dw) = <C+l'_(a+1)]1{x>0} + C—|m|_(a+1)ﬂ{x<0}> d{L‘,

¢, and c_ being positive constants. According to [5], the characteristic exponent of £
introduced in subsection 2.1, admits the Lévy Khintchine decomposition

P(u) = iau + /(Oo <>O)(l — " + juxlly<iy) w(de)

with a € IR and with Lévy measure

(d ) B C+e(ap+1)x]1{x>0} C_e(ap+1)zﬂ{x<0} p
M=\ (e —1)ert ler — 1[o+1 '

Here again, it can be checked that the conditions of Theorems 1 and 2 are satisfied.
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