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Abstract

Rehabilitation of negative energies in Quantum Field Theory and General Relativity is
undertaken. The proposed link between negative energies, time reversal and the existence of
two conjugated metrics opens the way to a new natural gravitational interaction mechanism
between positive and negative energy fields. The usual Schwarzschild solution in vacuum gets
modified at Post-Post-Newtonian order. A flat universe accelerating expansion phase is
obtained naturally without resorting to a cosmological constant. In this more favorable
context, classical and quantum instability issues should be reconsidered. Related theoretical
issues along with phenomenological consequences are explored.

1) Introduction

With recent cosmological observations related to supernova, CMB and galactic
clustering the evidence is growing that our universe is undergoing an accelerated expansion at
present. Though the most popular way to account for this unexpected result has been the
reintroduction of a cosmological constant or a new kind of dark matter with negative pressure,
scalar fields with negative kinetic energy, so-called phantom fields, have recently been
proposed [1] as new sources leading to the not excluded possibility that the equation of state
parameter be less than minus one. Because such models unavoidably lead to violation of
positive energy conditions, catastrophic quantum instability of the vacuum is expected and
one has to impose an ultraviolet cutoff to the low energy effective theory in order to keep the
instability at unobservable rate. Stability is clearly the challenge for any model trying to
incorporate negative energy fields interacting with positive energy fields. But before
addressing this crucial issue, it is worth recalling and analyzing how and why Quantum Field
Theory discarded negative energy states. We shall find that this was achieved through several
not so obvious mathematical choices, often in close relation with the well known pathologies
of the theory, vacuum and UV loop divergences. Following another approach starting from
the orthogonal alternative mathematical choices, the crucial link between negative energies,
time reversal and the existence of two metrics will appear. We shall propose a new kind of
gravitational interaction mechanism between classical positive and negative energy fields. In
this new context, the instability issue should be reconsidered. At last, we shall explore the
impressively long list of promising phenomenological consequences such interaction between
positive and negative energy fields offers in high energy physics and cosmology hopefully
motivating an important theoretical effort in this direction.



I1) Negative energy and classical fields

1) Extremum action principle

Let us first address the stability of paths issue. Consider the path r(t) of a material
point of mass m with fixed endpoints at time t; and t, in the potential U(r,t). The action S is:

S— jf(l/z mv? U (r,t))dt

The extremum condition (56S=0) is all we need to establish the equation of motion:
ouU

or

mv =

S has no maximum because of the kinetic term positive sign. The extremum we find is a
minimum.

Let us try now a negative Kinetic term:
t, ’
S :jt (=1/2m v? —U (r,t))dt

The extremum condition (5S=0) is all we need to establish the equation of motion:
: ouU
-mvV=——
or
S has no minimum because of the kinetic term negative sign. The extremum we find is a
maximum.
Eventually, it appears that the fundamental principle is that of stationary (6S=0)
action, the extremum being a minimum or a maximum depending on the sign of the Kinetic
term. In all cases we find stable trajectories.

2) Classical relativistic fields

We can also check that negative kinetic energy terms (ghost terms) in a free field
action are not problematic. When we impose the extremum action condition the negative
energy field solutions simply maximize the action. Now, in special relativity for a massive or
mass-less particle, two energy solutions are always possible:

E=+/p?+m? E ==+ |p|

In other words, the Lorentz group admits, among others, negative energy
representations E> —p? =m? >0,E<0, E* — p® = 0, E < 0. Thus, not only can we state

that negative energy free field terms are not problematic but also that negative energy field
solutions are expected in any relativistic field theory. For instance the Klein-Gordon equation:

(6“0, + mz)(g(x) =0



admits when m® >0 (we shall not try to understand here the physical meaning of tachyonic

(m? <0) and vacuum (E=p=m=0) representations) positive #(x) and negative (,;ﬁ(x) energy
free field solutions. Indeed, the same Klein-Gordon equation results from applying the
extreme action principle to either the *positive’ scalar action:

[d“xg' () (60, +m*)g(x)
or the ‘negative’ scalar action:
—[d*xg"(x)(6"0, +m)$(x)

From the former a positive conserved Hamiltonian is derived through the Noether theorem:

+m’p" (X, 1)p(X,1)

a2 06 20060 | 08" (01) 200
ot ot A& x ox

while a negative one is derived from the latter:

+m2g" (X, 1)@ (x,1)

[ dx o' (x.t) (x.1) ¥ 04" (x.t) 9d(x, 1)
ot ot T O OX;

I11) Negative energy in relativistic Quantum Field Theory (QFT)

1) Creating and annihilating negative energy quanta

At first sight it would seem that the negative frequency terms appearing in the plane
wave Fourier decomposition of any field naturally stand for the negative energy solutions. But
as soon as we decide to work in a self-consistent quantization theoretical framework, that is
the second quantization one, the actual meaning of these negative frequency terms is clarified.
Operator solutions of field equations in conventional QFT read:

¢(x) = ¢, (X) +¢_(x)

with @, (X) a positive frequency term creating positive energy quanta and@_(X) a negative

frequency term annihilating positive energy quanta. So negative energy states are completely
avoided thanks to the mathematical choice of creating and annihilating only positive energy
quanta and ¢(x) built in this way is just the positive energy solution. This choice would be
mathematically justified if one could argue that there are strong reasons to discard the
‘negative action” we introduced in the previous section. But there are none and as we already
noticed the Klein-Gordon equation is also easily derived from such action and the negative
energy field solution:

$(x) = ¢, (x) +4_(x)



(with ¢3+(X) a positive frequency term annihilating negative energy quanta and (/5_(X) a

negative frequency term creating negative energy quanta) is coherent with the negative
Hamiltonian derived from the negative action through the Noether theorem. Therefore, it is
mathematically unjustified to discard the negative energy solutions. Neglecting them on the
basis that negative energy states remain up to now undetected is also very dangerous if we
recall that antiparticles predicted by the Dirac equation were considered unphysical before
they were eventually observed. If negative (or tachyonic) energy states are given a profound
role to play in physics, this must be fully understood otherwise we might be faced with
insurmountable difficulties at some later stage.

There is a widespread belief that the negative energy issue were once and for all
understood in terms of antiparticles. Indeed, because charged fields are required not to mix
operators with different charges, the charge conjugated creation and annihilation operators
(antiparticles) necessarily enter into the game. Following Feynman’s picture, such
antiparticles can as well be considered as negative energy particles propagating backward in
time. According S.Weinberg [2], it is only in relativistic (Lorentz transformation do not leave
invariant the order of events separated by space-like intervals) quantum mechanics (non
negligible probability for a particle to get from x; to X, even if x; - X is space-like) that
antiparticles are a necessity to avoid the logical paradox of a particle being absorbed before it
is emitted. However, these antiparticles have nothing to do with genuine negative energy
states propagating forward in time, whose quanta are by construction of the conventional QFT
fields never created nor annihilated. Therefore, our deep understanding of the actual meaning
of field negative frequency terms in QFT does not “solve” the negative energy issue since the
corresponding solutions were actually neglected from the beginning. As we shall see, there is
a heavy price to pay for having neglected the negative energy solutions: all those field
vacuum divergences that unavoidably arise after quantization and may be an even heavier
price are the ideas developed to cancel such infinities without reintroducing negative energy
states.

2) A unitary time reversal operator

Consider a particle carrying positive charge and energy emitted at space-time point
X1,t; and propagating toward space-time point X,,t, where it gets destroyed. One can say as
well that a particle with negative charge and energy were created at X,,t; and propagated
backward in time toward x1,t; where it was destroyed. Indeed, since the end result is the same,
there is no way to distinguish between the two processes, which led Feynman to his famous
interpretation of antiparticles. However, when one comes to establish in Quantum Field
Theory the effect of time reversal on various fields, nobody wants to take the Feynman’s
picture serious anymore mainly because of the unwanted negative energy spectrum it would
unavoidably bring into the theory. It is argued that negative energy states remain undetected
and that their existence would necessarily trigger catastrophic decays of particles and vacuum:
matter could not be stable. To keep energies positive, the mathematical choice of an anti-
unitary time reversal operator comes to the rescue leading to the idea that the time-mirrored
system corresponds to ‘running the movie backwards’ interchanging the roles of initial and
final configurations as in Feynman’s picture but without reversing energies and charges. We
shall come back to the stability issue later. But for the time being, let us stress that the running
backward movie picture is no more self-evident or imposed by common sense than the
Feynman one or others. In particular, the interchange of initial and final state under time
reversal is very questionable. To see this, let us first recall that there are two mathematical
possibilities for a time reversal operator; either it must be unitary or anti-unitary. These lead
to two quite different time reversal conjugated scenarios:



-The conventional QFT antiunitary one interchanging initial and final states:
T
i—>f = Tf)>T">)

-The unitary one which does not interchange initial and final state:

i f = TUGE) > TY(f)

[ f
] .
0 tl
T°(f) T (i)
] |
-t -t1 0
TA() TA(f)
« | |
-t 0 tl

Though our common sense intuition tells us that the interchange of initial and final
state stands to reason, a quick inspection of the above pictures convinces us that the unitary
picture (following the same usual procedure as for all other discrete and continuous
symmetries in nature) is very natural as a time reversal candidate process. At the contrary
there seems to be no clear reason for triggering time reversal starting from the final state as is
the case in the anti-unitary picture.

Both time reversal conjugated candidates are of course perfectly mathematically
coherent and there is no strong reason to prefer and adopt the QFT T anti-unitary choice. We
can even list several arguments in favor of the unitary choice:

- There is no doubt that the Feynman’s picture does not provide us with the
time reversal conjugated process because it involves charge reversal while anti-unitary time
reversal reverses momentum and unitary time reversal reverses energy but both keep charges
invariant. Rather the Feynman’s picture should be considered as a going backward in time
process equivalent to the going forward in time process we started from. Anyway, it exhibits a
process going backward in time which necessarily has to carry negative energy quanta
otherwise it could not be indistinguishable from the process going forward in time. But the
existence of such negative energy processes is very enigmatic in the context of conventional
QFT where all operators keep energies positive.

- The mathematical handling of an anti-unitary operator is less trivial and
induces unusual complications when applied for instance to the Dirac field.

- The QFT choice leads to momentum reversal, a very surprising result for a
mass-less particle, since in this case it amounts to a genuine wavelength reversal and not
frequency reversal, as one would have expected.

- Under the anti-unitary T operator, not all four-vectors transform the same
way as the reference space time four-vector as is the case for all homogeneous Lorentz
transformations and Parity transformation as well. T really is exceptional in QFT.

- Time irreversibility at macroscopic scale allows us to define unambiguously
our time arrow. But the microscopic time arrow may be not so well defined. Indeed, following



again Feynman’s picture it appears that there is no way to distinguish between a given
quantum propagator forward in time and the opposite quantum propagator backward in time.
Because both descriptions are equally valid, in principle no one is able to decide in which
direction the time is actually running. Thus, recalling that the propagator is the basic object
from which any process amplitude may be computed in QFT, we conclude that the
microscopic time arrow direction is not only undecidable but, as for a spatial coordinate,
probably not defined. The statement that the time arrow is only a macroscopic scale or
statistical physics (which we may identify to entropy) valid concept which does not make
sense for a single particle is not so innovative. We know from Quantum Mechanics that all
microscopic quantum observables acquire their macroscopic physical status through the still
enigmatic measurement process. Guessing that the time arrow itself only becomes meaningful
at macroscopic scale, we find it safe to reverse our microscopic time coordinate t (not yet our
familiar macroscopic time before any measurement process actually takes place) as a spatial
coordinate. At first sight, reverting the macroscopic time with its well defined time arrow
seems more problematic since this apparently raises the well known time reversal and
causality paradoxes. However, we should be aware that these paradoxes are closely linked to
the sort of time reversal intuition hidden in the backward movie picture and are simply
irrelevant in the unitary operator time reversal picture. In the latter, going backward or
forward in time you just see the same succession of events, only the signs of the involved
energies are affected. Therefore, in a certain sense, the running backward movie picture
appears just as a confusing and inappropriate concept obscuring our understanding of time
reversal.

- Charge and charge density are invariant while current densities get reversed
under a unitary time reversal (see section VI).

- Negative energy fields are natural solutions of all relativistic equations.

- The instability is generic but we may safely live with it in a modified general
relativistic model where its timescale keeps small, as hopefully is the model we shall propose
here.

IV) Negative energy quantum fields, time reversal and vacuum energies

We shall now explicitly build the QFT neglected solutions, e.g. the usual bosonic and
fermionic negative energy fields, show how these are linked to the positive ones through time
reversal and how vacuum divergences cancel from the Hamiltonians.

1) The neutral scalar field

The positive energy scalar field solution of the Klein-Gordon equation is:

d’p

st =] GTRE

WithE =/ p*>+m?* .

The negative energy scalar field solution of the same Klein-Gordon equation is:

I:a( D, E)ei(Et—px) + a‘r(p, E)e—i(Et—px):|

d®p
(272')3/2(2E)1/2

¢~(X,t) = J. I:éT(_ p1_E)ei(Et—px) + a(_ p,_E)e—i(Et—px)]



We just required this field to create and annihilate negative energy quanta. Assuming T is
anti-unitary, it is well known that a scalar field is transformed according

To(X, 0T ' =g(x,-t)

where, for simplicity, an arbitrary phase factor was chosen unity. Then it is straightforward to
show that:

Ta'(p,E)T ' = a'(-p,E)

We do not accept this result because we want time reversal to flip energy, not momentum. If
instead, the T operator is chosen unitary like all other discrete transformation operators (P, C)

in Quantum Field Theory we cannot require T¢(Xx,t)T " = ¢(x,—t) , but rather:

To(x, )T =g(x,-t)
The expected result is then obtained as usual through the change in the variable p—>-p:
Ta'(p,E)T = a'(p,-E)
This confirms that a unitary T leads to energy reversal of scalar field quanta. Momentum is
invariant which is not surprising if energy reversal comes along with mass reversal since

velocity obviously must also flip sign.
The Hamiltonian for our free neutral scalar field reads:

H =+ oo [ (22 2Dy g (x

The Hamiltonian for the corresponding negative energy field is:

i_po_ Lr.s (X0, . OP(X )2 o7
H=P"= 2jolx[( S ) e m g (x )

The origin of the minus sign under time reversal of H will be investigated in sections VI and
VIII. After replacing the scalar fields by their expressions, the computation then follows the
same line as in all QFT books, leading to:

1
H=>]d%p p’(a'(p,E)a(p,E)+a(p, E)a(p.E))
~ 1 ~ ~ ~ ~
H=-—]d’p p’(&(-p,~E)a(-p,~E)+&(-p,~E)d'(-p,~E))
With p®=4/p*+m?* and the usual commutation relations,

[al.a,]1=56"(p-p").[a].a,]1=5"(p-P)

vacuum divergences cancel, and for the total Hamiltonian we get:



Hew = [d°p p°{a(p,E)a(p,E)-&"(-p,~E)a(-p,-E)}|

It is straightforward to check that the energy eigenvalue for a positive (resp negative) energy
ket is positive (resp negative), as it should. For a vector field, the infinities would cancel in
the same way assuming as well the usual commutation relations.

2) The Dirac field

Let us investigate the more involved case of the Dirac field. The Dirac field is solution
of the free equation of motion:

(iy“0, —my(x,t)=0
When multiplying this Dirac equation by the unitary T operator from the left, we get:

(T 7T 0, ~TmT YTy (x,t) = (iTy*T 0, ~TmT ) (x,~t) =0

If m is related to the Higgs field value at its minimum (or another dynamical field) its
transformation under time reversal is more involved than that of a pure number. Rather, we
have:

m=gg,(x,t) > m=TmT * = g4, (x,-t)

Making the replacement, d,=-0°,0, =8' and requiring that the T conjugated Dirac and
scalar fields at its minimum w(x,-t)=T 1//(x,t)T‘1,¢30(x,—t):T¢50(x,t)T‘1 together should
obey the same equation, e.g. (iy“0” —gq?o(x,—t))y?(x,—t) =0 asy(x,t)and ¢,(x,t), leads to:

T}/iT_l =]/i1 T]/OT_l =_7/0

The T operator is then determined to be T =p"%°*. Now assuming also that
&, (x,t) = —¢,(x,t) , the Dirac equation satisfied by 1 (x,t) reads:

(iy“o, +my(x,t)=0

»°,7" being a particular gamma matrices representation used in equation
(iy“0, —m)y(x,t) =0, then (iy“0, +m)y(x,t) =0can simply be obtained from the latter by
switching to the new gamma matrices representation —y°,—»' and the negative energy Dirac
fieldy(x,t) . As is well known, all gamma matrices representations are unitary equivalent and
here »°is the unitary matrix transforming the sety°,»' into —°,—»' (7/5;/”(;/5)_1 =—p").

Thus 7(x,t) satisfies the same Dirac equation as »°w(X,t). The physical consequences will

be now clarified. Let us write down the positive (resp negative) energy Dirac field solutions
of their respective equations.



w(xt)= @ )3/2 Z J.(ZE)”Z {u(~E,m,—p,-c)a (E,m, p,c)e'® ™ +u(E,m, p,o)a' (E,m, p,o)e" ™}

o=+1/2

0= 3 | (ZdE)p {U(-E, M —p,~0)a (-E,-m—p,~0™ ™ +U(E,-m, p,0)3,(-E,-m—p,-o)e @ 7}

o‘—L‘IJZP
with E =,/p*+m”.

Classifying the free Dirac waves propagating in the x direction we have as usual for the
positive energy field spinors:

1 1

u(E,m,p,,+1/2)=| ¢ p | UCE,m-p,,-1/2)=| 5 p,
m+E m-E
L 0 _ L 0 _
- C o

1 1

u(E,m,p,,-1/2)=| o |, u(-E,m-p,,+1/2)=| 0
o, Py Oy Py
_E:E: Lm—E |

The negative energy field spinors are also easily obtained through the replacement m - -m

1 1

u(-E,-m,-p,,-1/2)=| & p, | U(E,-m,p,1/2)=| & p,

-m—-E -m+E
(. 0 . L 0 .
S S
1 1
u(-g,-m,-p,,+1/2) = 0 , U(E,—m,p,,-1/2) = 0
o, Py Oy Py
We demand that:
TV/(X!t)T_l = W(X!_t)
This implies:

Ta'(E,m, p,o)T u(E,m, p,o) =u(-E,-m,—p - p,-o)a' (-E,-m, p,-0o)
Hence:
Ta'(E,m, p,o)T *=4a"(-E,-m, p,—0o)

Thus, upon time reversal, energy, mass and spin are reversed. Because momentum is left
invariant one would expect helicity to also flip sign. However, defining helicity as the spin
projection along the true direction of motion given here by velocity and not momentum
(remember that mass becomes negative), helicity is not reversed. Without having reverted the
mass term in the negative energy Dirac field equation we could not have obtained this simple
link through time reversal between the positive and negative energy creation operators. The



mass reversal in the spinor expressions also reveals the difference between a true negative
energy spinor u(-E,—m,.,.) and a negative frequency spinor u(-g, m,.,.).

The Hamiltonian for w(x,t)is:
H = P° = [d*[7(x,t)(iy" .8, +my (x,1)] + he

The negative energy field Hamiltonian will be built out of negative energy fields explicitly
different from those entering in H. Hence, it is hopeless trying to obtain such kind of simple

transformation relations such as P° = +P°. On the other hand we can build the negative
energy Hamiltonian and check that it provides the correct answer when applied to a given
negative energy ket.

We know that Ty'T =", Ty°T ' =—»°, so that:

Ty T =Ty ()7 T =Ty (X, OT " =Ty (x,HT)y° == (x,-1)

This will produce an extra minus sign in the negative energy Dirac field Hamiltonian. The
origin of the other minus sign is the same as for the scalar field Hamiltonian and will be
clarified later. The Hamiltonian for y(x,t)is then:

H=P"=—- j d3x[7 (X, t)(—iy'a, —m)z(x,t)] + hc
Because the positive (resp negative) energy spinor satisfies (iy“0, —m)y(x,t)=0 (resp
(iy“0,+myz(x,t)=0), we have  (—iy'd; +my(x,t)=iy°0w (1), (resp

(—iy'0, —m)y(x,t) = iy°0,7 (X 1)).
The Hamiltonians then read:

H =P° =i[d*Xfy " (x,.)ow (x.)] + he
H=P=i j A" (x, 1)o7 (x,1)] + he

Assuming for simplicity that we are dealing with a neutral field, the computation proceeds as
usual for the positive energy Hamiltonian. With p°® =/ p*>+m*:

H=2 Y [d°p p°@'(E, p,o)a(E, p,o)-a(E, p,o)a' (E, p.o))

2 o=+1/2

Negative energy spinors possessing the same orthogonality properties as positive energy
spinors, the negative energy Hamiltonian is then obtained by the simple replacements

a'(E, p.o) »a(-E,—p,—o); a(E, p,c) > &' (-E,-p,—0):

-t > -[d°p p°(@'(-E,~p,—0)a(-E,~p,~0)-&(-E,~p,~0)a' (-E,~ p,~0))

2 o=%1/2

10



Infinities cancel as for the boson fields when we apply the fermionic anti-commutation
relations {a:w,ap,v } ' (p-p) 0,5.la { L pa} s*(p-p") &, leading to:

How= 2. [d°p p°{a’(p.E,0)a(p,E.0)-a"(-p,~E,~0)a(-p,~E,~0)|

o=+1/2

It is also easily checked that the energy eigenvalue for a positive (resp negative) energy ket is
positive (resp negative), as it should. When we realize how straightforward are the
cancellation of vacuum divergences for all fields it is very tempting to state that such infinities
appeared only because half of the field solutions were neglected!

V) Phenomenology of the uncoupled positive and negative energy worlds

We shall now show that the uncoupled positive and negative energy worlds are both
perfectly viable: no stability issue arises and in both worlds the behavior of matter and
radiation is very similar.

Consider a gas made with negative energy matter particles (fermions) and negative
energy photons. The interaction between two negative energy fermions is going on through
negative energy photons exchange. Because the main result will only depend on the bosonic
nature of the considered interaction field, let us compute and compare the simpler propagator
of the positive and negative energy scalar fields.

-For a positive energy scalar field:

d3 ipx —ipx
¢(X):j(2”)3/2(;p0)1/2 [a(p)e +aCT(p)e :'

we get as usual:

(O[T (#(x)¢" (¥))|0) = (0] #(x)¢' (¥)|0) 9(Xo—yo)+<0|¢T(Y)¢(X)|0> (Yo —%)

(P)a " (p)e™*0)6(x, — o) +(0| (P)a, (p)e P[0 0(y, —%,)

|J(z)z(’ W

P airxvg —ip(x-Y) _
j(Zﬂ)32p ( 0 y0)+.[(2 )32 0 e(yo XO)

= A(y_ X)Q(XO - yo) +A(X_ Y)H(YO - Xo)

-For a negative energy scalar field:

~ d3 ~ ipx ~ —ipx
¢(X):I(2ﬂ)3/2(§p0)1/2 [a*(p)e +a0(p)e ]

we obtain:

11



(O[T (S(x)8"(¥))[0)=(0|#(x)8"(¥)[0) O(X, — ¥,)+ (0|47 (¥)B(x)[0) O(y, —X,)

d ip(x-y ip(x-y
= (01 [ g ot PV (R)e ™7 [0) 00, o) + 0|1Wa(p)a (P)e™[0) 0y, — %)

— dsp -ix-Y)g
[y ™00 oy

= A(X_ y)¢9(x0 - yo) +A(y_ X) 49(y0 - Xo)

"0(y, ~x,)

Summing the two propagators, the theta functions cancel:

(O[T (8" ())]0)+(0| T (#()8' (¥))|0) = (A(X— y) + ALY = X))(O% — Yo) +O(Yo — %,) )
=A(X—y)+A(y—x) < I(5(E — p°)+5(E + po))e*iE(XO*yo)dE

Therefore, if the two propagators could contribute with the same coupling to the interaction
between two currents, the virtual particle terms would cancel each other. Only on-shell
particles could still be exchanged between the two currents provided energy momentum
conservation does not forbid it. For a photon field as well the two off-shell parts of the
propagators would be found opposite. Hence the coulomb potential derived from the negative
energy photon field propagator would be exactly opposite to the coulomb potential derived
from the positive energy photon field propagator: as a consequence, the 1/r Coulomb potential
and electromagnetic interactions would simply disappear. The interesting point is that in our
negative energy gas, where we assume that only the exchange of negative energy virtual
photons takes place, the coulomb potential is reversed compared to the usual coulomb
potential generated by positive energy virtual photons exchange. However in this repulsive
potential between oppositely charged fermions, these still attract each other, as in the positive
energy world, because of their negative inertial masses. The equation of motion for a given
negative energy matter particle in this Coulomb potential is:

. ouU .,
-mv=—-—
or
or
. ouU,
mv = —
or

We find ourselves in the same situation as that of a positive energy particles gas
interacting in the usual way e.g through positive energy photons exchange. Hence negative
energy atoms will form and the main results of statistical physics apply: following Boltzman

law, our particles will occupy with the greatest probabilities states with minimum Emv2 , thus

. . 1 .
with maximum energy—Em\'/z. Entropy and temperatures are negative, entropy decreases

(Just as if time were reversed!), etc... This result can be extended to all interactions propagated
by bosons as are all known interactions. The conclusion is that the non-coupled positive and
negative energy worlds are perfectly stable, with positive and negative energy particles
minimizing the absolute value of their energies:

12



E>0

Vacuum

E<0

V1) Actions and Hamiltonians under Time reversal and Parity

1) Negative integration volumes?

Starting from the expression of the Hamiltonian density for a positive energy neutral

scalar field:
T°°(x,t):(—a¢(61(’t)j +Z[—a¢g:’t)j +m?g?(X,t)

i=1,3 i

and applying time reversal we get:

0§(x 1)) 5[ 00(x Y | 2r2
( p J+i§3[ ox j+m¢(x, t)

with Tg(x, )T * = g(x,—t)

From such expression, a naive free Hamiltonian density for the scalar field ¢(x,t) may

be proposed:
=00 _ 8¢Z(X,t) i 8¢Z(X,t) i 272
T (x,t)_(—at J +§3(—8Xi ) +m?@?(x,1)

It thus happens that T®(x,t) is manifestly positive since it is a sum of squared terms.

We of course cannot accommodate negative energy fields with positive Hamiltonian densities
so following the procedure used to obtain negative kinetic energy terms for a phantom field,
we just assumed in the previous sections a minus sign in front of this expression. But how
could we justify this trick if time reversal does not provide us with this desired minus sign?
One possible solution appears when we realize that according to general relativity, actually
T® is not a spatial energy density but rather,/gT® where g=-Detg,,. This is also

expected to still remain positive because of a rather strange mathematical choice in general

relativity: integration volumes such as dt, d*x, d°x are not signed and should not flip sign
under time reversal or parity transformations.
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Let us try the more natural opposite way: t——-t=dt—o-dt
and x > —x= dx — —dx, natural in the sense that this is naively the straightforward
mathematical way to proceed and let us audaciously imagine that for instance a negative 3-
dimentional volume is nothing else but the image of a 3-dimentional positive volume in a
mirror. Then, the direct consequence of working with signed volumes is that the general
relativistic integration elementd‘x/g is not invariant anymore under coordinate
transformations (such as P or T) with negative Jacobian (it is often stated that the absolute
value of the Jacobian is imposed by a fundamental theorem of integral calculus[2]. But

should not this apply only to change of variables and not general coordinate
transformations?). We are then led to choose an invariant integration element under any

o0& o0&

8_’ where 6_ stands for the Jacobian of the

X X
o¢

OX

coordinate transformations:; this is d*x

transformation from the inertial coordinate system &“tox”*. Because is not necessarily

positive as is\/E in general relativity, it will get reversed under P or T transformations

affecting Lorentz indices only so that spatial charge density ‘Z—é J°, scalar charge
X

0 0
o-[|% :

vector P“ :.[

J°d®x, spatial energy-momentum densities|—=|T*° and energy-momentum four-

o¢

OX
unitary time reversal operator is not allowed because it would produce the not acceptable
charge reversal. This analysis is no more valid if the Jacobi determinant flips its sign. Indeed,
though J°, as all four-vector time components, becomes negative, the spatial charge density

os

OX

OX

T#°d°x should transform accordingly. For instance, it is often stated that a

J°d®x remain positive under unitary time reversal.

J%and scalar charge Q = J' ‘%
OX

It is also worth checking what is now the effect of unitary space inversion:

P4 = J' (2—5 T#°d®x transforms under Parity as T*“° times the pseudo-scalar
X
. L
Jacobi determinant ek so that:
X
P°=-P° P =P
Q :I‘Z—é J°d®x also transforms under Parity as J° times the pseudo-scalar
X
. _ae _
Jacobi determinant ek so that:
X

Q=-Q

So, if unitary Parity has the same effect on various fields, currents and energy densities as in
conventional quantum field theory, it now produces a flip in the energy and charge signs but
does not affect momentum!
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Anyway, we see that the signed Jacobi determinant could do the good job for
providing us with the desired minus signs. However, working with negative integration
volumes amounts to give up the usual definition of the integral which insures that it is positive
definite. If we are not willing to give up this definition, another mechanism should be found
to provide us with the necessary minus sign. The issue will be reexamined and a more
satisfactory solution described at section VIII.

2) Interactions between positive and negative energy fields ?

% is
OX

Postulate the existence of a new inertial coordinate system & such that

negative. This can be achieved simply by considering the two time reversal conjugated (with
opposite proper times) inertial coordinate systems&and& . We may then define the positive
energy quantum F(x) fields (resp negative energy F(x)fields) as the fields entering in the

action with positive 0% oc
X

—={ (resp negative ) entering in the integration volume so that the

energy P° :J"Z—‘f T d%x) is positive (resp negative). The action for
X

- 85
T 3% (respP® = [|—=
(resp J.‘ax

positive energy matter and radiation is then as usual:
o¢ o¢” o¢”
S=|d*x L(¥(x), X))+ L(A,(X), X)) +J (X)A“(x
[ ax{( (0,2 () + L(AL (00, (x0) +3, () ()}
Similarly, the action for negative energy matter and radiation is:

a2 L0, 28 00+ LR 0.2 0005 3 (A
S _J.d X o {L(‘P(x), o (X)) + L(A, (), o (X)) +J,(x)A (x)}

oE®

ox*

Hence positive energy fields move under the influence of the gravitational field while

negative energy fields move under the influence of the gravitational field ?;g# . Then, the
X

mixed coupling in the form Jﬂ(x),&“(x) that we might have naively hoped is not possible just

o5

OX OX

type fields. Indeed coherence requires that in the action the negative Jacobian be associated
with negative energy fields F(x) involving negative energy quanta creation and annihilation

operators. This is a good new since it is well known that couplings between positive and
negative energy fields lead to an unavoidable stability problem due to the fact that energy
conservation keeps open an infinite phase space for the decay of positive energy particles into
positive and negative energy particles. A scenario with positive and negative energy fields
living in different metrics also provides a good way to account for the undiscovered negative
energy states.

However the two metrics should not be independent if we want to introduce a
connection at least gravitational between positive and negative energy worlds, mandatory to
make our divergences actually cancel. We shall soon explicit this dependency between the
two conjugated metrics and the mechanism that gives rise through the extremum action
principle to the negative source terms in the Einstein equation. It will be clear that this

because the integration volume must be d*x for F(x) type fields and d“x % for F(x)
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mechanism only works properly if, as in general relativity, we keep working with Jacobi
determinants absolute values and do not give up the usual definition of integrals.

VII) Intermediate synthesis: negative energies in special relativity

It’s time to gather the information we learned from our preliminary investigation of
negative energies in special relativity:

However,

All relativistic field equations admit negative energy field solutions.

Time reversal is the most natural symmetry to provide the link between positive
and negative energy fields.

Positive and negative energy fields vacuum divergences we encounter after
second quantization are exactly opposite.

The non coupled positive and negative energy worlds are both perfectly stable and
viable.

If positive and negative energy fields are time reversal conjugated, their
Hamiltonian densities (or the actions from which they are derived) must also be so.
For a scalar field with an Hamiltonian density which is just a squared terms sum
and with a positive-definite integration it seems that there is no way for any
symmetry to generate a negative Hamiltonian density from a positive definite
Hamiltonian density. The only remaining way is to investigate how the metric field
transforms upon time reversal and let us hope that this can generate the sign
flipping of the general relativistic Hamiltonian densities.

As is well known, vacuum divergences are only a concern when gravity comes
into the game. This is because any energy density source must affect the metric
through the Einstein equations. Thus, the positive and negative energy worlds must
be maximally gravitationally coupled in such a way as to produce exact
cancellation if we really want all vacuum divergences to disappear from the theory.

It was shown for the electromagnetic interaction that allowing both positive and
negative energy photon propagators to propagate the interaction simply makes the
interaction disappear. We are going to build a model where the positive and
negative energy worlds only interact gravitationally. In such model the
gravitational interaction should of course not vanish. Moreover the dynamical
classical stability of small metric fluctuations about a given background
(cosmological solution) should be carefully studied.

The inverse metric (time reversal conjugated metric) mechanism and extremum action
procedure we shall now describe will give rise to negative energy sources in a modified
Einstein equation in such a way that vacuum divergences cancellation actually takes place.
The Schwarzschild solution, neglecting possible effects due to the cosmological background,
will get modified at PPN order. A flat universe accelerated expansion phase will also result as
a natural behavior of our new cosmological equations solution.
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VIII) Positive and negative energy worlds gravitational coupling

As is well known, general coordinate transformations do not leave the
integration four volume invariant so a compensating Jacobi determinant modulus must be
introduced to build a scalar integration volume. Then, if Parity and Time reversal transform
the general coordinates, this will not affect our scalar actions however if the inertial

coordinates £“ are also transformed in a non trivial way:
T
éa %50!
P
éa %_ éa
non trivial in the sense that in general £ = £, our metric terms will be affected and our
action is not expected to be invariant under P or T . Then it appears that for a given general
coordinate system there exists not one but two time reversal conjugated inertial coordinate

systems allowing to build, following the usual procedure, two time reversal conjugated metric
tensors:

& 0&F
Qv =t B o7
3 oE* 9&F
Qv =Mep o o

Then, a new set of fields will couple to our new g, metric field and we shall see how such
fields will eventually acquire a negative energy from the point of view of our world.

Now we have all we need in hands to deduce the modified Einstein equation. Let us
first considerI,,, the usual action for positive energy matter and radiation in the external

gravitational field g, and I,, the action for negative energy matter and radiation in the
external gravitational field §,, . Infinitesimal arbitrary variation of the metric fields produces

a variation of our actions which takes the form:
1

sl,, +ol, :Ejd“xmw”(x)égw(x)+%jd4xmf”(x)5gw(x)

where we recognize the familiar energy-momentum tensor T*"(x) for positive energy fields
(for example A, (x)) along with T (x) for negative energy fields (for example Aﬂ(x) ). The

latter is obtained by varying §,, (x)with negative energy field A, (x) held fixed. Notice that

because A, (x) and Aﬂ(x) don’t live in the same metric there is no way for them to interact.

The two actions are built in such a way that they are separately general coordinate scalars. But
the metric terms are non trivially affected under improper transformations so adding the two
pieces is just necessary to obtain a time reversal and parity invariant total action. Also notice
that in both actions the invariant volume is PT invariant since & — —£“ neither affects the

Jacobi determinant modulus nor the metric fields. Hence fields live in the same metric as their
PT conjugated and may interact. Both P symmetric and T symmetric of our world positive
energy fields will at the end of the story acquire a negative energy field status from our world
point of view.
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Now, let us postulate that there exists a general coordinate system such that
everywhere g, identifies with g** and any (resp co)contravariant tensor, for instance the

energy momentum tensor T** and velocity four vector U#, with a (resp contra)covariant one,
for instance 'I:W and U#, the latter identification being a natural consequence of the former

for a cosmological constant term. This privileged coordinate system will later be determined
to be the cosmological conformal coordinate system where both the background cosmological
metric solutions and the first order gauge invariant perturbations can be treated
simultaneously [7]. Because the equality is not one between tensors of the same kind it
obviously does not apply in arbitrary general coordinate systems. A link is then established
between our two metrics which had remained up to now completely independent.

But A, (x) and A“(x) remain completely dynamically independent fields contrary to
g, (x)and §,,(x). Notice that our postulate does not spoil the general covariance of our

framework (no more than the statement that there exists a locally inertial coordinate system
such that the metric identifies locally to the Minkowsky metric and all its first derivatives
vanish) . Working in the privileged coordinate system our action variation becomes:

1

5|M +5|~M ZEJ.d‘lXJg(X)T”"(x)5g#v(x)+%jd4x Ig—l(x)fw(x)é‘guv(x)
Then, using the relation 59 (x)=-g(x)g" (x)&g,, (x) one gets:

1

S, +o1, =§Id4me‘”(X)5g,,v(x)—%jd“x\/g_l(x)fp,((X)gp"(x)gv’“(x)ﬁgw(x)

When we eventually ask that the total action variation should vanish under arbitrary field
variations, the previous matter and radiation action will produce in Einstein gravitational
equation positive and negative energy twin source terms of the form:

BT (0)-2a ()7 (1

For a vacuum energy source term:

T (%) =A™ (%), T (x) = A) g™ ()
we get :

~9 () A()a(X) =R (x)/g7 (1)

The desired cancellation between vacuum energy terms will take place as in flat space time if

everywhere:
X _—g‘l(x) R(X)= = A(x
M= A= A0

But we can write :

18



so that the previous condition reads :
d*E(X)A(x)=d*E(X)A(X)

Not only scalar vacuum energy cancels but also, as can be checked easily for a perfect fluid,
all field second quantization vacuum energies if and only if:

1
g(x

1

000 P () =55 Puc ()

Puac (X) =

or

d*E(X) Pra (X) = 0 E(X) e (%) A“E(X) P (X) = d*E(X) P ()

Indeed, with

Tﬂv = pVanﬂV +( pvac +pvac)U ’uU V’T//V = ﬁvacgljv +( pvac +:5vac)UﬂU~V
and U#,U* the velocity four-vectors defined so that:

g“u U, =-1
g ‘”UHUV =-1
we then have :

fyv = pvacg/w +( r)vac + ﬁvac )Gyljv

with U*=U, verifying g*U0U, =-1 as a consequence of the velocity four-vector
U “ defining relation, thus

U# :U#
and the condition for the divergences to vanish is then again satisfied :

T
g

T =

or
dETH =d*ET™

Now the action 1+ I for the gravitational field alone reads:

IG+I~GE—ﬁJ‘d4x g(x)R(x)—ﬁjd“x 3 (x)R(x)
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where R(x)can be obtained from R(x) through the replacementsg,, — §,, = g**. This is

manifestly a scalar under general coordinate transformations as well as discrete P and T
transformations. Under arbitrary variations of our metrics we get:

0T, =i [0 R (450 (4R o (e [6500] R (9— (9R04 g,

But, working again in our privileged coordinate system, we get:
- 1oy, 1, 1w aals o 1 5 | s
0l = [0 R0 (R g, 1+ [0 R, 050, (9 w3

where R, (x),R(x)can simply be obtained fromR*"(x),R(x)through the replacements

9*" (x) > g,,(x). 9,,(x)—>g*(x). It's now time to require the total action to be stationary

with respect to arbitrary variations in the metric field. We again make use of the simplifying
relation 697 (x)=-g”(x)g"™ (x)&g,, (x) to obtain our new gravitational equation:

_ = 1 — ~ 1 ~
876 (Ja (T, -8 (07,0 ) =800 R =5 0,0k |8 ()[R 38,8
This is of course not a general covariant (though still Lorentz invariant) equation. For
example, through the replacement g**(x) — g,, (x), g, (x) > g**(x)the affine connection
becomes a quite strange object
1—*1 _ 1 gﬂ,p 8gp,u + agpv _agyv _)E ag/)# n agpv _59”‘/
X' Xt ox” Lo Xt ox”

wep 29
which obviously violates the familiar ‘rules’ for summing or multiplying tensor-like objects.
But it should be kept in mind that the above equation is only valid in our privileged working
coordinate system so it does not need to be generally covariant. On the other hand, our
general framework is of course generally covariant since we started from a scalar action.

Moreover, once our metric solutions g, and g, have been determined in our privileged

coordinate system, these can still be exported to any arbitrary general coordinate system in a
straightforward way since these are tensors.

Explaining how a negative energy can be generated through time reversal, we have
now completed the program initiated in section VI and by the way reinforced various results
obtained there in the naive signed volumes approach. We have also achieved the important
task of introducing the negative energy sources in the gravitational equation. The
corresponding fields live in the conjugated metric which prevent them from interacting with
our world fields except through gravitation. In the presence of a gravitational field, there

exists a locally inertial coordinate system &£“where our usual metric identifies with the

Minkowsky metric and its first derivatives vanish. There is also another &* locally inertial

coordinate system where the conjugated metric identifies with the Minkowsky metric and its
first derivatives vanish. At last, considering that we have two metric fields, it is not very

surprising that there exists at least locally a third coordinate system whereg*” =g, . We

postulate that this is global so that this new coordinate system is essentially unique and we
shall identify it to be the conformal cosmological coordinate system. So the model is not
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actually bi-metric and it is easily checked that the linearized gravitational side of our new
Einstein equation is the same as in General Relativity so that the number of physical degrees
of freedom of the gravitational waves polarization tensor is still two. It may also be that we

could exceptionally find locally inertial coordinate systems satisfying £ =¢
whereg,, =0, =7, =pn*, the first part of this relation being an equality between tensors

must remain locally valid in any general coordinate system. In such case, which does not
necessarily follow from a flat metric situation, we may say that there is no gravitational field
in an absolute way. This opens the fascinating perspective that then fields (particles) may be
able to jJump from one metric to its conjugated identical metric.

The minus signs needed to interpret our new energy-momentum sources as negative
sources naturally emerge from the extremum action and inverse metric mechanism, starting
from a fully general coordinate, time reversal and parity scalar action. Therefore fields living
in the reversed time arrow world are just seen from our world as negative energy fields. Last
but not least, divergences cancel provided vacuum action terms are equal in the time
conjugated inertial four-volumes. The solutions will be now derived and their physical
consequences explored for the most important physical cases.

IX) The Schwarzschild solution

We now want to solve our gravitational equation in the very important physical case of
a static isotropic gravitational field. In principle, this should be studied as a linear metric
perturbation about the cosmic background solution [7]. For simplicity we neglect possible
background effects and assume that in our cosmic privileged coordinate system where our

fundamental relation g =g, applies, the perturbation solution is isotropic and static (which

certainly is only valid in linear perturbation theory [7]). We start from the proper time interval
written in the so-called isotropic form:

dz? = B(r)dt* — A(r)(dr® +r’d6” +r’sin® 6d ¢4’ )

whose Jacobian modulus for our metric tensor is:
J9(X) = A(r)yA(r)B(r) r’sing

Obviously, in the polar coordinate system, g““cannot be identified with a
metric §,, because g, is not dimensionless. Moreover, it is natural to require that in our

privileged coordinate system, both conjugated metrics should in general possess the same
isometries so here be static and isotropic. Thus the polar coordinates are not appropriate. An
acceptable system is the Cartesian one where we have:

dz? = B(r)dt” — A(r) (dx?)

0" _ A(r)JAMB()

ox*
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de_L Z_L(dXZ)
B(r) A(r)

o[ _ 1

x| A(r)JAMB()

and the gravitation equation reads (keeping only diagonal terms is enough for our needs):

1 1
A\/A Gxx_— _Gxx:|
A~ AB A’ A—1/ABo>1/B
1 1 T T
A\/ABGW—? FGW} A
AV AB | A—>1/A;B—>1/B Tyy 1 T
- = AVAB - i
1 1 T.| AVAB|T,
AVABG, - ———| —G,, ?
AVAB LA A-1/A;B-1/B Ty Ty
1 M1
ANVABG, - ——| =G }
| K A~V AB _BZ ! A->1/A;Bo>1/B |
But G, T,and T are tensors. Hence,
@) (3
- ~ or 06 o¢
G XX G rr Txx Trr Txx Trr 2 2 2
A | oy oy oy
G G T T T . P EY) EY}
wil=c| || Y|=c| || »|=C| ”|withC = (arj (89} o0¢
G, G¢¢ T, T¢¢ E 90 5 ) 2
Gtt Glt Ttt Ttt Tu Ttt (a—zj (5_2) 8_2
or 06 o¢
1

Substituting this in the above gravitational equation, the C matrix drops out and one obtains in

the polar coordinate system:

1 [1 ]
AJABG,, - —G”}
AVAB _A2 A—1/A;B—1/B
AJABGQH_; LZG€€:| Trr -[rr
AVAB _A A—-1/A;B—>1/B _ A\/ﬁ THH _ 1 TE’E’
o1 (1 Ty | AVAB | T,
AVABG,, -G, i
A V AB L A A—1/A;B—1/B Ttl Ttt
1 [1
AVABG, - —— | =G }
I “ AVABLB? Yl iaeoue |

1 . . .
So we can computeR,, (x)—EgW (x)R(x)in the more convenient polar coordinate system,

starting from the non vanishing metric tensor components:

9, =A(r), 9y = rZA(r)’ 9y = r’sin’ OA(r), 9, =—B(r)
g"=Ar), g¥ =r?AN(r), g¥” =r?sin? A (r), g" =-B7}(r)
then get R, (x)—%gw(x)f{(x) readily in the polar coordinate system where the

interpretation of the final solutions is easier. We first compute the non-vanishing components
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of the affine connection and insert them in the four non-vanishing components of the diagonal
Ricci tensor. This yields:

R A B B? (AY A 1A(B
" A 2B 4B? A Ar 4 A( B

EA!r Aurz ~ A12r2 15’[ A!r2 j

Ry = + +
“ 2 A 2A 4A? 2B

R,, =sin®6R,,

1B” 1BA 1B? 1B

tt 2+ _
2 A 4 A 4BA Ar

from which the curvature scalar readily follows:

A" B" B? 3(AY AN 1A(B B' (1
R=2 —+—-— S —— | — | +td 5+ | = [+2—| =
A AB 2AB° 2A\ A Ar 2A°\ B AB\r
as well as the needed gravitational terms:

’ 2 ! ! ! !
R, Lop LA KB 1N

4\A) Ar Br 2A\B
1
R¢¢_Eg¢¢R 1 1 AT AT2 A%2 1B B"'r2 B'?r2
——5, = Ru 5 9uR=-73 - + 2 o Rm' T or T imZ
sin’ @ 2 2 A 2A 2A’ 2B 2B 4B
1 BA” 3B( A _BA
g R=— -2 | 2
R 2 9T 4A(Aj A’r

The terms (RW (x) —% 9, (x) F?(x)j are simply obtained through

A(r) —» A™(r), B(r) - B™(r) starting from R‘”(x)—%g‘”(x)R(x) where tensor indices

were raised using the Cartesian metric components.

’ 2 ! ! ’ ’
g Ly popl LAY A B 1A(E
2 4\ A Ar Br 2 A\B

1
¢¢_§g¢¢R ~ 1 R {EA,r A”rZ_A'ZI’Z 1B B"r2 3B!2r2}

sinZ o :Ree_ggeaR:Az

+ —+——TI+ .
2 A 2A 2A° 2B 2B 4B

-1 - Al A A% 3A(AY A
-~g,R=B*{=| ——+2 A A
R 2 9 {B[ A Azj 4B(AJ Br}

In the approximation ~/ AB ~ 1 (valid for not so weak fields) we then obtain:
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G:(r)tal :AVAB(Rrr_%grer_ - (ﬁrr_lgrrﬁjz_zé(i+ B ]

AVAB 2 rlA B

' "2 12,2 ’ "2 12,.2
G;cgale/AB(R%_%gggRj 1 ﬁ]:A{_AF_AI’ A“r- B Br° B I’}

1 _
-—F—— R, —— + e +
A«/AB( v 2999 A A A’ B B B2

Gtotal _AmKRI _lg Rj_ 1 (ﬁt _lg ﬁj—ZB _”+2£_A_'2
tt t 2 tt A\/ﬁ t 2 tt A AI’ A2

Substituting A=e* and B=e", many derivatives quadratic terms simplify in these
expressions thanks to the difference between the two conjugated metric contributions.
a
Gl = 2% (a'+1)
r
G;O;al — ea {_alr _ a/!rz —b'r- b//rZ}

ar
Gtttotal — 2eb {aﬂ + 2?}

In vacuum we find new exact Schwarzschild solutions

0={ra”+2a’}=(a’r+a)':>a=ZMG
r
2MG 2 2
= A=¢e " z1+2E+2M ZG
r r
_2MG 22 33
S B=t-¢ 1 ~1 2MG MG AMEG
A r r 3 r

The Newtonian potential ¢(r) =—MG/r generated by the central mass M is attractive
for a positive M but repulsive for a negative source M living in the conjugated metric. The
metric solutions we get are different from the exact usual ones though in good agreement up
to Post-Newtonian order:

4 2~ 2
A:(1+Ej z1+2MG+§M2G
2r r 2 r
MG
= MG .M?2G? 3MG®
B=-———"%5=%1-2 +2 3
(1+MG) r r 2 r
2r

Notice that our new solutions do not share the pathological behavior at finite radius
B=0. The singularities at r=0 are normal since the source mass M confined within an
asymptotically null volume becomes an infinite density source. No finite radius (black hole)
singularity arises in the Cartesian isotropic metric. Singularities will again show up if we
export our metric solutions to the “standard” form of the metric but we have now good
reasons to consider that this is due to a choice of coordinate system which does not respect the
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isotropy of our configuration for both conjugated metrics. Notice that in standard general
relativity, if we are willing to allow the world an unusual topology, it is also possible to find a
singularity free coordinate system but this is completely artificial.

In short, we could demonstrate that any energy density is the source for a gravitational
field that manifests itself as two conjugated metrics g and § . Positive energy fields follow the

geodesics of the g metric while negative energy fields follow the geodesics of the § metric.
But all fields act as sources for both g and § . In the very important physical case of a static

isotropic gravitational field in empty space, it is straightforward to derive the twin potentials
created by a positive source mass M:

d(r)=MG/r ¢(r)=-MG/r
or a negative source mass M (from our world point of view):
d(r)=MG/r ¢(r)=-MG/r

Positive energies attract each other. Negative energies also attract each other. Positive and
negative energies repel each other.

Let us stress that our model is generally covariant and therefore it respects Einstein’s
principle of equivalence. Only did we exhibited another (apart from the two inertial ones)
privileged coordinate system where a simple relation links our conjugated metrics.

X) Cosmology

Negative energy density is of course a good candidate to produce the universe
acceleration that is actually observed. But most of this effect is believed to be produced by a
negative pressure source, the so called dark vacuum energy. However, the analysis of
cosmological data favoring this picture needs to be revised since it is not clear that in our

model the observed expansion (H,)of our universe will give the universe such a high

expansion gravitational energy as H,’. Indeed, we could show that some quadratic terms in

the metric field derivatives are strongly suppressed for weak fields in the Schwarzschild
configuration and this may also happen to gravitational kinetic energy terms in the FRW
metric.

Our first task is to find a coordinate system where both metrics would appear in the
spatially homogeneous and isotropic form appropriate for cosmology. Again the most general
suitable working privileged system is here the Cartesian one:

dz? = c2(t)dt? — R2(t) f (k, r)dx?

where c(t) and R(t) are dimensionless scale factors.
The FRW metric in polar coordinates and standard form reads:

dr!Z
1-kr”

dz? :cz(t)dtz—Rz(t){ +1%d@% +r"”? sin20d¢2}
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The corresponding isotropic form reads:
dz? =c*(t)dt* —R*(t) f (k,r) {dr® +r°d6” +r*sin’ 6d ¢’
The change of variable from r to r’:r'* = f (k,r)r*is such that :

11 1

1-_kr 1—kf(k,r)r2=( i df(k1r)jz

2f(k,r) dr
Thus f (k, r) is solution of the differential equation :

YO T A O ) )
At kn ) Ttk

The only solution such that f~'(k,r)= f(k’,r) (both metrics should be isotropic and

homogeneous ) with k =+1,0;k’ =+1,0is obtained for k =k’=0and f(k,r)=1 so that in our
coordinate system we get:

dr? =c®(t)dt® — R*(t)dx?

We see that our model predicts without resorting to inflation that our 3-dimensionnal

space is flat. We then follow the same method as for the Schwarzschild solution to get in the
polar coordinate system:
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and our modified cosmological Einstein equations with R=—=, & =
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If both energy densities are dominated by non-relativistic matter, we have
p<<p, P<<p. We may then neglect the source terms in the space-space equation and

i . M . M . . .
expect that as in the classical case pz—g,pzﬁ. We shall impose these relations with



M =M and check that our two equations eventually yield coherent solutions. Furthermore,
we postulate that our privileged coordinate system is such that € =R,c=R because it is the

conformal time choice which allows to study in the conformal-Newtonian gauge, gauge
invariant scalar perturbations of the cosmological background in the simplest way [7]. Our
time-time equation then becomes:
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Taking the first derivative of (1) and dividing by (1) the constant factor cancels and we
obtain:
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Our space-space equation becomes:
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Thus our space-space and time-time equations are in good agreement which at
3 )

posteriori justifies our primary assumptions p zRM p~RM when p<<p, f<<p in the

various ranges:
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In our working conformal time coordinate system our universe is always accelerating during
the non relativistic matter dominated era but not in the proper time coordinate system as we
shall see. The fact that space-space and time-time equations do not identify is certainly due to
matter exchanges between our twin universes (possibly at places with g, ~§,, and high

pressures such as the center of stars) such that even in the non-relativistic matter dominated
. . M . .
era energy conservation does not imply pzﬁ,pz RM though these equalities may still

remain good approximations. By the way, it is easy to compute that the space-time curvature
of our universe is negative:
R = —6i <0

space—time R3
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At last, to express our solution in the most usual cosmological coordinate system we
need R’(t") in the proper time t’ coordinate system where c'(t") =1. Because the coordinate
transformation only affects the time coordinate the space-space metric element is left
unchanged: R'(t") = R(t). So we only need to express R(t) in term of t"using :

dt’ = R(t)dt = t' = [R(t)dt = f (1)

R(f*(t") is the searched solution in the proper time coordinate system. During the non

relativistic matter dominated era we find that our spatially flat universe undergoes a constant
acceleration (present) phase followed by a deceleration phase with in between a no
acceleration radius where our universe and its conjugate will temporarily identify:
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Let us compute what luminosity distance the model predicts at the beginning of the
first accelerating phase during the non relativistic matter dominated era. For the comoving
radial coordinate of a light source we have (k=0):

t t
¢ odt pdt 101 1 1 1 —
RO 1L, JROJR R



then

d, =R (l+2)= \/RT,(\/sz—l) (1+72) :Hi(Jsz—l) (1+7)

0

This relation should approximately fit the observed magnitude versus red-shift supernovae
plot as long as we are far away from the R=1 zone where the two universes will cross and
acceleration will temporarily vanish. A more accurate study should give access to the time
and radius at which the crossing will happen.

In this model the age of our universe is rougthHiz 28.10°years and the age of the
0

oldest galaxy (z=5) is ~17.10° years in quite a good agreement with the oldest stars ages while
providing more time for galaxy formations.

XI) Stability of the perturbed metric

In general relativity, the energy of gravitational radiation is always positive. Therefore
negative energy sources are problematic for a negative energy particle would catastrophically
fall to an infinite negative energy by radiating a positive infinite gravitational energy. The
time scale of such generic instability is closely related to the background metric solution time
evolution. In our new context, gravitational energy is not necessarily positive. Hence the
classical dynamical stability of gravity in vacuum should be reconsidered by studying the time
evolution of small metric fluctuations about a FRW background. Now that the background is
fully understood the study of this crucial stability issue can be carried on by the experts.

If the model turned out to be stable and in good agreement with observations the new
inverse metric mechanism introduced should be taken seriously and may provide a key
element in the quest for a coherent theory of quantum gravity. The quantum stability issue
should then be readdressed in a new and quite unusual context.

XII) Outlooks: phenomenological aspects and theoretical implications

The existence of negative energy fields interacting with positive energy fields has
many interesting consequences.

1) Astrophysics, galaxies and large scale structures

First of all, missing mass effects, gravitational anomalies, gravitational lensing, could
all be reinterpreted as being produced by negative energy invisible matter and no dark matter
may be needed anymore. For instance, wide empty areas in the universe at very large scale
may be due to the presence of large negative energy structures repulsing normal matter at the
frontier of what would appear to us as empty bubbles. Also at smaller scale, galaxies would
have formed and may rotate much better within bubbles surrounded by a confining uniform
on cosmological scale negative energy sea (universe is accelerating!). Indeed, it is not obvious
that the Birkhov theorem is still valid in our model for a spatially infinite energy density
distribution isotropic about every point.
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By the way, we were also led to a surprising and unexpected result: finite radius
singularity has disappeared from our final Schwarzschild metric solutions expressed in the
most natural coordinate system. So what about black holes in this new context?

2)Theoretical issues
- UV divergences

We have demonstrated how vacuum divergences vanish but what about UV loop
divergences? [5] As we have seen, negative energy virtual propagators would completely
cancel positive energy ones if both were allowed to propagate the interaction with identical
couplings. Suppose that such a connection between the two worlds is actually fully
reestablished above a given energy threshold and that then loop divergences naturally get
cancelled. Such reconnection could take place through a new transformation process allowing
quantum particles to jump from one metric to the conjugated one [5]: such particles would
just disappear from our world, maximally violating charge and energy conservation: an easy
detectable signature for a particle tracker if it is not filtered out by a low level trigger! If the
process takes place at the spontaneous symmetry breaking scale it may be possible to discover
it in the forthcoming high energy accelerators. But a more realistic possibility as we already
noticed is that such a transformation be triggered where our two conjugated metrics are
exactly equal. Indeed, here our positive and negative energy fields live in the same metric.

- Maximal C, P and baryonic asymmetries

One of the most painful concerns in High Energy Physics is related to our seemingly
inability to provide a satisfactory explanation for the maximal Parity violation observed in the
weak interactions. The most popular model that may well account, through the seesaw
mechanism, for the smallness of neutrino masses is quite disappointing from this point of
view since parity violation is just put in by hand, as it is in the standard model, in the form of
different spontaneous symmetry breaking scalar patterns in the left and right sectors. The
issue is just postponed, and we are still waiting for a convincing explanation for this trick.
Actually, one gets soon convinced that the difficulty comes from the fact that Parity violation
apparently only exists in the weak interaction. Much more easy would be the task to search
for its origin if this violation was universal. And yet, quite interestingly, it seems possible to
extend parity violation to all interactions, just exploiting the fundamental structure of fermion
fields and at the same time explain why this is only detectable and apparent in the weak
interactions.

There exists four basic degrees of freedom, solutions of the Dirac field equations:
these are y (X),wR(X), . (X), 5 (X) but two of them suffice to create and annihilate quanta

of both charges and helicities: for instance the usualy(x) =y, (X) +y(X) may be considered
as the most general Dirac solution:

#pjﬁu(p,@ac(p,a).e“m+v<p,a)a*(p,a)e"‘p*> d*p

But another satisfactory base, as far as our concern is just to build kinetic_interaction terms
and not mass terms, could be the pure left handed y, (x)+w . (X) field making use of the
charge conjugated field.

w(X) =
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w.(X)= W J- u(p,o)a(p,o) e (px) +v(p,o)a, (p,o)e (px) d3p
p,o

Indeed, from a special relativistic mass-less Hamiltonian such as

HY = [dy, (e ] +[d*¥lp, (FaV)p,]

the same normal ordered current and physics as the usual one are derived when requiring
various global symmetries to become local. Assume now that the corresponding general Dirac
field built out of only right handed components is not redundant with the previous (as is
generally believed because except for a Majorana particle, both create and annihilate quanta
of all charges and helicities) but lives in the conjugated metric, an assumption which we shall
later justify. This then would be from our world point of view a negative energy density field.
This manifestly maximal parity violating framework would not allow to detect any parity
violating behavior in those interactions involving only charged Dirac particles in their
multiplets, because the charge conjugated left handed field y_, (x) can successfully mimic the

right handed field y,(x). However, in any interaction involving a completely neutral e.g
Majorana fermion, y (x) could not play this role anymore resulting as in the weak

interaction in visible maximal parity and charge violation (we claim that though no symmetry
forbids it, the one degree of freedom Majorana field for a neutrino cannot be associated
simultaneously with the two degrees of freedom of the Dirac charge field, since this amounts
to duplicate the Majorana kinetic term and appears as an awkward manipulation, therefore
one has to choose which electron/positron charge is associated with the neutral particle
(neutrino) in the multiplet, this resulting in maximal charge violation and making the already
present parity violation manifest). Even neutral-less fermion multiplets as in the quark sector
of the weak interactions could then have inherited this parity and charge violation provided
their particles lived together with neutral fermion particles in higher dimensional groups
before symmetry breaking occurred producing their separation into distinct multiplets.

Now what about mass terms? For charged fields, coupling with a positive energy right
handed field must take place to produce the chirality flipping mass term. But the right handed
field is not there. It may be that no bare mass term is explicitly allowed to appear in an action
and that a new mechanism should be found to produce interaction generated massive
propagators starting from a completely mass-less action. Let us guess that such scenario is
not far from the one which is actually realized in nature, because maximal Charge and Parity
violation, and the related bayonic asymmetry of the universe has otherwise all of the
characteristics of a not solvable issue.

But why should right handed chiral fields be negative energy fields? Because, as we
already noticed, they live in the same metricg,, as the time reversal conjugated fields.

Therefore, they just in the same way both acquire through the inverse metric and extremum
action mechanism described above a negative energy from our world perspective. The
pseudo-vector behavior under Parity of the four-momentum was also foreseen using the naive
Jacobi determinant approach in section VI.1. Quite strangely, it appears that a positive energy
parity conjugated field i.e a field which creates positive energy point-like quanta (obtained by
the action of a unitary parity operator) acquires a negative energy density, which we may
consider as a positive energy per negative inertial 3-volume, so that it leads to a negative
energy when integrated on a general 3-volume. Then the PT fields are again positive
integrated energy fields but oppositely charged ( antiparticles?) living in our world metric and
interacting with their PT symmetric.
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In short, we believe that giving Parity violation a universal character is also an
interesting approach to the issue and may turn out to be a simpler task than trying to restore
Parity. Then it may be, as already Sakharov suggested in 1967 [6], that we are living in a left
chiral positive energy world with its particles and antiparticles while the conjugated world is
from our world point of view a right chiral negative energy world with its particles and
antiparticles.

XI11) Conclusion

Of course, negative energy matter remains undiscovered at present and the stability
issue strongly suggests that making it interact with normal matter requires new non standard
interaction mechanisms. However, considering the seemingly many related theoretical and
phenomenological issues and recalling the famous historical examples of equation solutions
that were considered unphysical for a long time before they were eventually observed, we
believe it is worth trying to understand how negative energy solutions should be handled in
general relativity. We proposed a special treatment for discrete parity and time reversal
transformations in General Relativity. A new gravitational picture is then derived which opens
rich phenomenological and theoretical perspectives and makes us confident that the approach
is on the right way.
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