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Abstract
For a stratified pseudomanifold, we have the de Rham Theorem

* ffﬁ
H_(X) = Hom <]H* (X),R) ,

for a perversity 0 < p < t, where t denotes the top perversity. We extend this result to any
perversity p. In the sense cohomology — homology, we obtain the isomorphism

*

H’(X) = Hom (JHi’ﬁ (X, X)), R) ,

where X = U S. In the sense homology + cohomology, we obtain the isomorphism
p<0
H"(X) = Hom <JH (X),R) .

In our context, the stratified pseudomanifolds with 1-codimensional strata are allowed.

max(0,t—Pp)

The perverse de Rham Theorem IH F(X ) = Hom (H ?E(X ) R) relates the (singular) intersec-

tion homology of [3] with the (de Rham) intersection cohomology of [1]. Here, the perversity p
lies between the zero perversity and the top perversity.

We find the first proof of this fact in [1]. The sheaf characterization of the intersection coho-
mology is used. The perversity p is a filtration-depending perversity of Goresky-MacPherson [2],
it verifies 0 < p < t. The one codimensional strata are not allowed.

In [6], we give a geometrical proof by using the integration | of differential forms on simplices,
for a larger family of perversities. The perversity p verifies 0 < p < f but is a stratification-
depending perversity. The one codimensional strata are not allowed.

In this work we extend this approach to any (stratification-depending) perversity p. The one
codimensional strata are allowed. We prove that, in the sense cohomology — homology, the
integration [ induces the isomorphism

I’ (X) = Hom (JH?E (X, X.), R) ,

where X = U S (cf. Theorem 3.2.2). In the sense homology + cohomology, we have the iso-
p<0
morphism

H"(X) = Hom <JH (X),R)

max(0,1—p)

(cf. Corollary 3.2.4).
We end the work by noticing that the Poincaré Duality of [1] and [0] is still true in our context.
*UPRES-EA 2462 Géométrie-Algebre. Faculté Jean Perrin. Université d’Artois. Rue Jean Souvraz SP 18. 62
307 Lens Cedex - France. saralegi@euler.univ-artois.1fr.
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1 Stratified spaces and unfoldings.

We present the geometrical framework of this work, that is, the stratified pseudomanifolds and
the unfoldings. For a more complete study of these notions, we refer the reader to, for example,
[3] and [6].

In the sequel, any manifold will be considered connected, second countable, Haussdorff, without
boundary and smooth (of class C*).

1.1 Stratifications. A stratification of a paracompact space X is a locally finite partition Sy
of X into disjoint smooth manifolds, called strata, such that

SNS 40+ Sc9,

written S < S”. Notice that (Sx, <) is a partially ordered set. A subset Z C X is saturated if it
is the union of a family B C Sx of strata. This subset is closed when S € B and S' < S imply
S" e B.

We shall say that X is a stratified space. The depth of X, written depth X, is the length of
the maximal chain contained in X. When X is compact, this length is finite. The minimal (resp.
maximal) strata are the closed strata (resp. open) and viceversa. The open strata are the regular
strata and the other ones are the singular strata. We shall write Sy’ the family of singular strata.
The union Xy of singular strata is the singular part, which is a closed subset. The regular part
X — X x is an open dense subset. We ask the regular strata to have the same dimension, written
dim X.

We shall consider, for each ¢ € {—1,0,...,dim X}, the saturated subset:

X, = {5 €Sy / dims <i}.
This gives to filtration Fx:

X

dim X

DX

dim X —1

DX, DX, DX =10

The main example of stratified space is given by the following conical construction. Consider
L a compact stratified space and write cL the cone of L, that is, cL = L x [0, 1[/L x {0}. The

points of c¢L are denoted by [z,t]. The vertex of the cone is the point ¢ = [2,0]. This cone is
naturally endowed with the following stratification: S, = {{9}} U{Sx]0,1] / S € S.}. For the
filtration F.;, we have: (cL), = igi}_l i z ; 8

The canonical stratification of a manifold X is the family Sx formed by the connected com-
ponents of X. The filtration contains just one element: Xy, x.

A continuous map (resp. homeomorphism) f: Y — X between two stratified spaces is a
stratified morphism (resp. isomorphism) if it sends the strata of Y to the strata of X smoothly
(resp. diffeomorphically).

Notice that depth ¢L = depth L + 1.

1.2 Stratified pseudomanifolds. A stratified space X is a stratified pseudomanifold when it
possesses a conical local structure. More explicitly, when for each point x of a singular stratum S
of X there exists a stratified isomorphism ¢: U — R™ x cLg, where

(a) U C X is an open neighborhood of x endowed with the induced stratification,
(b) Ls is a compact stratified space, called link of S,
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(c) R™ x cLg is endowed with the stratification {R™ x {J}} U{R" x §'x]0,1[ / S" € 8.}, and

(d) #(z) = (0,9).
The couple (U, ¥) is a chart of . Un atlas A is a family of charts covering X. The stratified

pseudomanifold is normal when all the links are connected. Notice that in this case each link is a
connected normal stratified pseudomanifold.

1.3 Unfoldings. Consider X a stratified pseudomanifold. A continuous map L: XX , where
X is a (not necessarily connected) manifold, is an unfolding if the two following conditions hold:

1. The restriction Lx: £ (X —Yx) — X — Sy is a local diffeomorphism.

2. There exist a family of unfoldings {L,: Lg — Ls}gogeme and an atlas A of X such that
X
for each chart (U, ¥) € A there exists a commutative diagram

R" x Lgx] — 1,1] v, LH0)

Ql LXJ/
R"™ x ¢Lg e U

where

(a) ¥ is a diffeomorphism and

() Qa.&,t) = (. [ £5(O) 1t1]).

We shall say that X is an unfoldable pseudomanifold. This definition makes sense because it
is made by induction on depth X. When depth X = 0 then Lx is just a local diffeomorphism.
The restriction Lx: £5'(S) — S is a fibration with Lg as a fiber, for any singular stratum S.

The canonical unfolding of the cone Lg is the map L.r: cfifq = ng] — 1,1[— ¢Lg defined by
ECL5<C7t) = [‘CLs(C)v |ﬂi| :

From now on, (X,Sx) is a stratified pseudomanifold endowed with an unfolding £ : X — X.

2 Intersection homology.

The intersection homology was introduced by Goresky-MacPherson in [2]. We use here the singular
intersection homology of [1].
2.1 Perversity. A perversity is a map p: S;ng — 7Z. The zero perversity 0 is defined by
0(S) = 0. The top perversity t is defined by #(S) = codim x S — 2. Notice that the condition 0 < £
implies codim y S > 2 for each singular stratum 5.

The usual notion of perversity (see [2], [3], [I], ...) is not defined on the stratification Sy
but on the filtration Fy. It also verifies the condition 0 < p < ¢, which implies that X does not
possess any one codimensional stratum.

We fix for the sequel p a perversity.
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2.2 Intersection homology. First approach. A singular simplex o: A — X is a p-allowable
simplex if

(All) o71(9) C (dim A — 2 — 7(S) + p(9))-skeleton of A, for each singular stratum S.

A singular chain £ = eraj € S, (X) is p-allowable if each singular simplex o; is p-allowable. The
j=1

family of p-allowable chains is a graded vector space denoted by AC’T(X ). The associated differen-

tial complex is the complex of p-intersection chains, that is, IC” (X) = AC"(X) N0~ 'AC"_ (X).

Its cohomology ]Hﬁ(X) =H, (IC’?(X)) is the p-intersection homology of X. This is the approach

of [3]. The intersection homology verifies two important computational properties: Mayer-Vietoris
and the product formula H' (R x X) = IH (X) (see [6]). The usual local calculation is (see [4]):

Proposition 2.2.1 Let L be a compact stratified pseudomanifold. Then
H(L) if i <T(9) —p(v)

(3

H'(cL) =1} 0 ifO#i>1+1
R if0=i>1+1

) = D(V)
) = B(V).
Proof. For i <1+ t(9) — p(¢) we have SC?_(CL) = SCf_(Lx]O, 1[) which gives ]Hf_(cL) = ]H?(L)
if i <t(v) — p(v).
For a singular simplex o: A? — c¢L we define the cone co: Al — cL by

t
t

X T
R = (1 —a; : '
co(xo, , Tit1) = ( Tiy1) -0 (1 — Tigq 11— 17i+1)

Here, we have written r - [z, s] = [z, rs] for a point [z, s|] € ¢L and a number r € [0, 1]. In the same
way, we define the cone ¢£ of a singular chain £. It defines the linear operator

c: AC” cL) — AC" cL).

>14E(9)—P(9) ( >24E(9)—B(9) (

Let us see that. Take 0 € AC” _ (cL) and prove co € AC” . (cL). Notice first that,
>147(9)~P(9) >247(9)~P(9)
for x;,1 # 1, we have
( o e i ) € j — skeletton of A" = (z,...,2i41) € (j + 1) — skeletton of A",
I -2 I =2

-~

So,

(o) () = {(0,...,0,1)} U{(w0, ..., 2ir1) € AF ) (@, ..., 2i11) € 0 () and 4y # 1}
{(0,...,0,1)}U (i — 2 —E(¥9) + p(V) + 1) — skeletton of A™H!

C (i+1—-2—7%)+p(9)) — skeletton of A",

N

since i > 1+ t(¢) — p(¥). We have, for each singular stratum S of L:
(CO’)_I(SX]O, 1[) = {(SL’(], R ,.CL’Z'+1) € AH_I / T(Io, R ,LUZ'+1> c O'_I(SX]O, 1[) and Tit1 §£ 1}
C (i+1—2—1%(Sx]0,1]) +p(Sx]0,1])) — skeletton of A",
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We conclude that co € AC;RW)%M(CL). Notice that any singular simplex verifies the formula
dco = cdo + (—1)" o, if i > 0 and dco =9 — o, if i = 0.

Consider now a cycle ¢ € ]C?(CL) with ¢ > 14+ #(J) — p(¥) and i # 0. Since £ = (—1)"1dc
then £ € ICZ_)_H(CL) and therefore ]Hj_(cL) = 0.

Fori =0 > 1+%(J) —p(¥) we get that for any point o of cL — {0} the cone co is a p-allowable

chain with dco = o — o). This gives H, (cL) = R. &

The intersection homology can be expressed in terms of the usual homology H, (—) in some
cases (see [2]).

Proposition 2.2.2 Let X be a stratified pseudomanifold. Then we have
o H' (X)=H,(X —%x) ifp <0, and
o H'(X)=H,(X)ifg>T and X is normal.

Proof. We prove, by induction on the depth, that the natural inclusions S, (X — ¥y) — [ C’f(X )

and IC"(X) — S,(X) are quasi-isomorphisms (i.e. isomorphisms in cohomology). When the
depth of X is 0 then the above inclusions are in fact two identities. In the general case, we use
the Mayer-Vietoris procedure and we reduce the problem to a chart X = R" x c¢L. We apply the
product formula and we arrive to X = c¢L. Here

p(¥)<0

7 2.2.1, p(w)<0 7 ind
o H'(cL) === H_, (L)% H_, . (L-3%) H(L—-%p)=H(cL—Y.p).

2%1 HE(L) igd HO(L) mng _ H*(CL>

0

e For g(1) = #(¥) we have: H' (cL)

e For g(1) > #(¥) we have: H'(cL) 221 R _ H,(cL).

This ends the proof. Notice that we can replace the normality of X by the connectedness of the

links {Lgs / q(S) =t(S5)}. L]
The following result will be needed in the last section.

Corollary 2.2.3 Let X be a connected normal stratified pseudomanifold. For a perversity D then
H(X)=R.

Proof. We prove this result by induction on the depth. When the depth of X is 0 then IH z (X) a0
H,(X) =R. Consider now the general case. Notice that any point 0 € X — Yy is a p-intersection
cycle. So, H](X) # 0. We prove o] = [02] in JH, (X) for two p-allowable points. This is the
case when 0,09 € X — YXx since we now from [5] that X — ¥ is connected. Consider now a
p-intersection cycle o1 € Xx and ¥: U — R" x cL a chart of o;. Since

221, ind R,

H.(U) = H.(R" x cL) = H. (cL)

0

we have [o1] = [09] in ]Hj(X) for some p-intersection point oy € X — Xx. Then ]Hf(X) =R. &
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2.2.4 Relative case. The conical formula given by the Proposition 2.2.1 for the intersection
homology does not fit with that of Proposition 3.1.1 for the intersection cohomology. For this
reason we introduce the following notion of relative intersection homology. If Z C X we put
SC"(X, Z) the differential complex

(Aof(X) 45 (Z)) no-? (ACil (X) + SH(Z)>
S.(Z)

and HH (X, Z) its cohomology. Of cowrse, H (X,Z) = IH (X) when Z = § and H (X,Z) =
H (X, Z) when depth X = 0.

The same arguments of 2.2 show that the relative intersection cohomology verifies the Mayer-
Vietoris formula and the product formula IH (R x X,R x Z) = IH (X, Z). For the typical local
calculation we have:

Corollary 2.2.5 Let L be a compact stratified pseudomanifold and Z a subset of L. Then

H (L, Z) ifi <t() -5

IPIZ.(CLCZ):{ 0 ifi > 1+1(0) —p(v),

where we write c) = 9.

Proof. For i < 1+ {(9) — p(¥) we have SC?(CL,CZ) = SC’?(LX]O,l[,ZX]O, 1[) and therefore
H' (cL,cZ) = H (L, Z) if i <#(®) —p(0).

Consider now a cycle ¢ € SC?(CL,CZ) with @ > 1+ ¢(9) — p(9¥) and i # 0. We write
£ = &1+& € ACT(cL)+8,(cZ) with O € S,_,(cZ). We have c€ = c€i+c& € ACT_ (cL)+8S,,,(cZ).
Since 0c€ = (—1)"1¢ + o€ € AC?(CL) + S, (¢Z) then ]H?(CL, cZ) =0.

Fori =0 > 1+1¢(0) —p(?) we get that for any point o of cL — {¥} the cone co is a p-allowable
chain with dco = o — 9. This gives ]Hj(CL) = 0. [ )

2.3 Intersection homology. Second approach. (see [(]). In order to integrate differential
forms on allowable simplices, we need to introduce some amount of smoothness on these simplices.
Since X is not a manifold, we work in the manifold X. We consider in fact those allowable simplices
which are liftable to a smooth simplex X.

2.3.1 Linear unfolding. The unfolding of the standard simplex A, relative to the decomposi-
tion A = Ag*---* Ay, is the map pa: A =¢Ag x --- x eAj_; x Aj — A defined by

IMA([LU(), to], e [Ij_l, tj—l]a l’j) = to.f(f(] + (1 - to)tlxl + -+ (1 - to) cee (1 - tj_2>tj_1l'j_1
+(1 - t(]) s (1 - tj_l).flfj.

Here ¢A; denotes the closed cone A; x [0,1] /A; x {0} and [x;,t;] a point of it. This map is smooth
and its restriction pa: int (A) — int (A) is a diffeomorphism (we write int (P) = P — 9P the
interior of the polyhedron P). It sends a face U of A on a face V of A and the restriction
pa: int (U) — int (V) is a submersion.
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On the boundary OA we find not only the blow-up OA of the boundary A of A but also the
faces F'= ¢Ag x -+ x ;1 X (A; x {1}) X ey X -+ x ¢Aj_y x Ay with ¢ € {0,...,5 —2} or
i =7 —1and dimA; > 0, which we shall call bad faces. This gives the decomposition

(1) A = OA + A

Notice that

(2) dim pa(F) = dim(Ag * -+ - A;) < dim A — 1 = dim F.

2.3.2 Liftable simplices. A liftable simplex is a singular simplex o: A — X verifying the two
following conditions.

(Lifl) Each pull back o=*(X;) is a face of A.

(Lif2) There exists a decomposition A = Ag % ---x A; and a smooth map (called lifting)

0: A — X with Lxo0 = gopn.
A singular chain & = er 0 is a liftable if each singular simplex o is liftable. Since a face of liftable
j=1

simples is again a liftable simplex then the family L, (X) of liftable chains is a differential complex.
We write LC" (X) = AC”(X) N L,(X), the graded vector space of the p-allowable liftable chains.

The associated differential complex is RCT(X ) = LC’T(X )N 8‘1LCT71(X ). The cohomology of
this complex verifies the Mayer-Vietoris formula and the product formula H, (RC’_E(]R x X )) =

H, (RC?(X )) For the typical local calculation we have

Proposition 2.3.3 Let L be a compact unfoldable pseudomanifold. Consider on cL the canonical
induced unfolding. Then

H,(RC(L)) i i <T(9) - B(¥)
H, (RC;(CL)) = 0 if0#£7>1+E0)
R if0=1i>1+%)

p(v)
p(0).
Proof. We proceed as in Proposition 2.2.1. In fact, it suffices to prove that the cone co: ¢A — cL
of a p-allowable liftable simplex o: A — cL, with dim A > 14#(9) —p(¥}), is a p-allowable liftable
simplex. Let us verify the properties (All).,, (Lifl)., and (Lif2),,.
Put ¢A = A« {Q} with co(tP + (1 —t)Q) =t - o(P). We have:
{Q} if o7 (cL); =0
c(o7(cL);) if o7Y(cL); # 0.

(co)™" (cL), = {
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We obtain (Lifl),, from (Lifl),. For the property (All)., we consider a stratum S € S.;,. We have

({Q} it S = {0};071(9) =0

5 c(oe™(?) it S = {0};071(0) £ 0
(co)™(S) = 0 if S # {907 1(S) =0
| 2(071(9)) —{Q} if S # {9}07H(S) £ 0

(0 — skeletton of ¢A

(All)_ (14 (dimA — 2 —t(¥) +p())) — skeletton of ¢A
0
(

[ (14 (dim A =2 —#(S) +p(5))) — skeletton of A
C  (dimeA —2—#(S) +p(5))) — skeletton of A,

since dim A > 1+ () — p(9). We prove (Lif2).,. Consider the decomposition A = Ag -+ - % A,
and the smooth map ¢ = (d1,02): A — Lx] —1,1[ given by (Lif2),. We have the decomposition
A ={Q} * Ay * - - - x A; whose lifting pizn: €A =¢{Q} X A — €A is defined by

pea([Q, 1), ) = tQ + (1 — t)pa(z).
We put co: e{Q} x A — Lx] — 1, 1] the smooth map defined by
co([Q,1], ) = (o1(x), (1 = 1) - 72(x)).
Finally, for each ([@,t],z) € e{Q} x A we have:
copea([Q, 1], 2) = co(tQ + (1 —t)ua(r)) = (1 —1)-opa(z) = (1 = 1) - Lepo(x)
= (1 —1)-[Lror(x),|o2(z)|] = Lereo([Q, 1], ).
This gives (Lif2).,. )

2.3.4 Relative case. If Z C X we put RCﬁ(X , Z) the differential complex

(LCT(X) +5.(2)) not (LT (X) +5.,(2))

5.(2) ’
Of course, when Z = () then RC’f(X, Z) = RC’f(X) and RC’T(X, Z)=S,(X,Z) when depth X =
0. Proceeding as in [1], [6] one sees that this cohomology verifies the Mayer-Vietoris formula
and the product formula H. (RC?(R X X,R X Z)) — H (RC?(X, Z)). For the typical local

calculation we have (see [0]):

Corollary 2.3.5 Let L be a compact unfoldable pseudomanifold and Z a closed subset of L.
Consider on cL the canonical induced unfolding. Then

(R (eL e2) - { H,(RCI(L,2)) i i <U(9) ~p({9})
A 0 ifi > 1+1(0) —p({9}),
where we write cf) = 9.

Proof. Same proof of the Corollary 2.2.5. &
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2.4 Comparing the to approaches. When the perversity p lies between 0 and # then we have
the isomorphism H' (X) = H. (RC%(X )) (cf. [6]). We are going to see that this property extends
to any perversity for the absolute and the relative case.

Proposition 2.4.1 For any perversity p, the inclusion IC’T(X) — RCT(X) induces the isomor-
phism H'(X) = H. (RC?(X)).

Proof. We proceed by induction on the depth. When depth X = 0 then IC’i (X) = RCi (X) =
S.(X). In the general case, we use the Mayer-Vietoris procedure and we reduce the problem to a
chart X = R" x cL. Here, we apply the product formula and we arrive to X = c¢L. We end the
proof by applying the Propositions 2.2.1, 2.3.3 and the induction hypothesis. &

Proposition 2.4.2 Consider Z a saturated closed subset of X . For any perversity p, the inclusion
IC7(X,Z) € RCT(X, Z) induces the isomorphism H" (X, Z) = H. (RC?’ (X, Z)).

Proof. We proceed by induction on the depth. If depth X = 0 then [Ci (X,2) = RC’i (X,2) =
S.(X,Z). In the general case, we use the Mayer-Vietoris procedure and we reduce the problem
to a chart. Since Z is a closed saturated subset then (X, Z) = (R" x ¢L, ) or (X,Z) = (R" x
cL,R" x {9}) or (X,Z) = (R™ x ¢L,R™ x ¢N), where N is a closed saturated subset of L (cf.
1.1). Here, we apply the product formula and we arrive to (X, Z) = (cL, () or (X, Z) = (cL,{9})
or (X,Z) = (cL,cN) We end the proof by applying the Propositions 2.2.1, 2.3.3, the Corollaries
2.2.5, 2.3.5 and the induction hypothesis. )

3 Intersection cohomology

The deRham intersection cohomology was introduced by Brylinski in [1]. We use here the presen-
tation of [6].

3.1 Perverse forms. A liftable form is a differential form w € Q" (X — Y y) possessing a lifting,
that is, a differential form @ € Q° ()Z' ) verifying @ = Liw on L (X — Sy).
Given two liftable differential forms w, n we have the equalities:
wrn=0+7 ;  WOAn=0+AT ;  dw=d®.
We write IT' (X) the differential complex of liftable forms.
Recall that, for each singular stratum S, the restriction Lg: £g'(S) — S is a fiber bundle.

The perverse degree ||w|s of w relatively to S is the vertical degree of the restriction w relatively
to Ls: L5'(S) — S. The differential complex of p-intersection differential forms is

*

Q(X)={we IT'(X) /max (||w]]s, ||[dw||s) < P(S) V singular stratum S}.

The cohomology IH 5(X ) of this complex is the p-intersection cohomology of X. The intersection
cohomology verifies two important computational properties: Mayer-Vietoris and the product
formula IH ﬁ(R x X)=IH ﬁ(X ). The usual local calculation is (see [1], [0])

Proposition 3.1.1 Let L be a compact stratified pseudomanifold. Then
H (L) ifi <P
0 if i > p(0).

Sl

H' (cL) = {
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3.2 Integration. The relationship between the intersection homology and cohomology is es-
tablished by using the integration of differential forms on simplices. Since X is not a manifold,
we work on the blow up X.

Consider a ¥: A — X a liftable simplex. We know that there exists a stratum S containing
o(int (A)). Since pa: int (A) — int (A) is a diffeomorphism then o = Lxegou': int (A) — S
is a smooth map.

Consider now a liftable differential form w € II" (X ) we define the integration as

/ o*w if S a regular stratum (i.e. o(A) ¢ Xx)
/u) = int (A)

0 if S a singular stratum (i.e. o(A) C Xx)
This definition makes sense since ocfw = / o'w = / o*w. By linearity, we have the
int (A) int (A) A

(X),R). This operator commutes with the differential d in

*

linear pairing /: IT"(X) — Hom (L
some cases.

Lemma 3.2.1 IfDp is a perversity then /: QE(X) — Hom (RC’?WX),]R) is differential pairing.

Proof. Consider o: A" — X a liftable ( —p)-allowable simplex with o(A) ¢ Xy and w € Q;ﬁl(X ).
It suffices to prove

(3) /de:/%w.

The boundary of A can be written 0A = 01 A + 0, A where 0 A (resp. 02 ) is composed by the
faces F' with o(F) ¢ Xx (resp. o(F) C Xx). This gives the decomposition (see (1))

OA = O, A + O, + SA.

By the Stokes formula the equation (3) becomes

/5%:/@%:/?%:/@:/w:/ 7.
oA A A o o o1 A

We end the proof if we show that w = 0 on F for a bad face F' or a face F verifying o(F) C Xx.
Put C the face u(F') of A and S the stratum of X containing o(int (C')). Notice that the condition
(All) implies

(4) dimC <dimF+1—-2—t(S) + (¢(S) —p(S)) = dim F — 1 — p(S).
We have the following commutative diagram

int (F) —2— L£3(S)

s | ex |

int (C) —2— S

It suffices to prove that the vertical degree of o*w relatively to ua is strictly lower than the
dimension of the fibers of ua, that is

|lo*@|| < dim F' — dim C.
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When S is a regular stratum the differential form w is defined on S. We have
o'W =0"Lw = pro'w,

which is basic form relatively to pa. So,

2
1553 < 0 < dim F — dim C.

When S is a singular stratum, we have

4
llo*@|| < ||lwlls <D(S) < dim F —dimC — 1 < dim F' — dim C.
This ends the proof. &

The above pairing induces the pairing

/ . 7' (X) — Hom (zHi’ﬁ(X),R),

(cf. Proposition 2.4.1) which is not an isomorphism: for the cone we have Proposition 2.2.1 and
Proposition 3.1.1. For this reason we consider the relative intersection homology. Define

x, =Js,

p<0

which is a saturated closed subset of X x. Since the integration / vanishes on Y x then

/ Q(X) — Hom (RC\(X,X,).R),

is a well defined differential operator. We arrive to the deRham duality (in the sense cohomology
— homology):

Theorem 3.2.2 Let X be an unfoldable pseudomanifold. If D is a perversity then the integration
induces the isomorphism

H

*
P

(X) = Hom (H_" (X, X,);R)
Proof. Following the Proposition 2.4.2 it suffices to prove that the pairing
/ - Q(X) — Hom (RCT" (X, X,).R)

induces an isomorphism in cohomology. We proceed by induction on the depth. If depth X =
0 then X = () and we have the usual deRham theorem. In the general case, we use the
Mayer-Vietoris procedure and we reduce the problem to a chart. By definition of X_ we have

(X, X)) = (]R” x cL,R" x (cL) ) Here, we apply the product formula and we arrive to (X, X)) =

(cL, (cL)_). Now, we distinguish three cases

P

e p > 0. Here (cL)_ = () and we have

P

3.1.1 . <pw)

H (L) "= H""(L) 2 H "
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e p(V) <0andp>0on L. Here L_ =0, (cL)_ = {d} and we have

L) ™ H7 (L)*2° B (L, () =H" (cL, (cL) )

<P(¥)

3.1.1

H_(cL) H

<p(¥) ( P

P

e 7 #0on L. Here (cL)_= cL_ with L # () and we have

P

3.1.1

<P(¥)

H H

L)™' (LL)*2 m (e, (e1), ).

<p(¥)

(cL)

This ends the proof. &

The intersection cohomology can be expressed in terms of the usual cohomology H (—) in
some cases (see [1]).

Proposition 3.2.3 Let X be an unfoldable pseudomanifold. Then we have
. ]HE(X) =H (X —Xx) ifp>t, and

. HE(X) = H (X,X.) ifg <0 and X is normal.

Proof. From the above Theorem it suffices to prove Hifﬁ(X) =H, (X —Xx) and Hiﬁ (X,X,) =
H, (X , Xa)' The first assertion comes directly from the Proposition 2.2.2. We consider for the
second one the differential morphism

(AT (x) +5.(xX)) ot (ACTI0 +5.,(X) s (x)
S (X) TS

q * q

A:

defined by A{¢} = {¢}. We prove, by induction on the depth, that the morphism A is a quasi-
isomorphism. When the depth of X is 0 then A is the identity. In the general case, we use the
Mayer-Vietoris procedure and we reduce the problem to a chart X = R"™ x cL. We apply the
product formula and we arrive to X = cL. Now, we have three cases

0. Here (¢cL) = () and we have

q

®q

H (CL, (cL) ) = H "(cL) 227

q

H.(cL)=H. <cL, (cL) )

e () =0and g # 0 on L. Here (cL) =cL; and L, # { and we have
H (L, (eL),) = B (L er,) P27 1, (L, 1) ™ H,(L,1,) "2 0 = H, (cL, (cL),)

e q(v) <0. Here (cL)_= cL; # () and we have

17 (L, (e, ) = 1.7 (cL,er,) 270 = 1 (cL, (c1),)

q

This ends the proof. Notice that we can replace the normality of X by the connectedness of the

links {Lg / q(S) = 0}. )

In the sense homology — cohomology we have the following de Rham Theorem
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Corollary 3.2.4 Let X be a normal unfoldable pseudomanifold. If D is a perversity then we have
the isomorphism

H(X) = Hom <JH (X),R)

= () then we have that IH )(X) is isomorphic to IH (X) =
min(p,t)

Himn(p’t) (X) (cf. Theorem 3.2.2). It suffices to prove that the inclusion /C (X) — IC"(X)
induces an isomorphism in cohomology. We proceed by induction on the depth. When the depth
of X is 0 then ]C’:mn(p’t) (X) = IC"(X) = S,(X). In the general case, we use the Mayer-Vietoris
procedure and we reduce the problem to a chart X = R"™ x ¢L. We apply the product formula

and we arrive to X = cL. Now, we have two cases
e (V) < P(v). We have

max(0,1—p)
*

Proof. Since X

t—max(0,—Pp)
max(0,1—p *

max(0,t—P

Hmin(ﬁi) (CL) =4

* 0

e (V) > P(9¥). We have

2.2.1 o min@D) ind o7 223,221
0

2.2.1 e (L) ind

2
<E(9)—B(9) T <) -5 (L)

This ends the proof. &

=™ (cL)

*

3.3 Poincaré Duality. The intersection homology was introduced with the purpose of ex-
tending the Poincaré Duality to singular manifolds (see [2]). The pairing is given there by the
intersection of cycles. In the context of manifolds the Poincaré Duality also derives from the
integration of the wedge product of differential forms. This is also the case for stratified pseudo-
manifolds.

Consider that the stratified pseudomanifold X is compact and orientable, that is, the manifold
X — Yx is an orientable manifold. We put m the dimension of X. It has been proved in [I]
(see also [6]) that, for a perversity p, with 0 < p < 7, the pairing P: QF(X) X Q:; (X) — R,
defined by P(«, ) = / a A 3, induces the isomorphism: IH

X-%x

*
P

(X) = H;;(X) The same

proof works for any perversity. For example, if p < 0 or p > #, we obtain the Lefschetz Duality
H(X,%x)=H""(X - Zx).
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