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Skew category, Galois covering and smash product
of a category over a ring

Claude Cibils, Eduardo N. Marcos*

Abstract

In this paper we consider categories over a commutative ring provided
either with a free action or with a grading of a not necessarily finite group.
We define the smash product category and the skew category and we show
that these constructions agree with the usual ones for algebras. In case of
the smash product for an infinite group our construction specialized for a ring
agrees with M. Beattie's construction of a ring with local units in [ﬂ] We
recover in a categorical generalized setting the duality theorems of M. Cohen
and S. Montgomery in [E] and we provide a unification with the_results
on coverings of quivers and relations by E. Green in @] see also [E] We
obtain a confirmation in a quiver and relations free categorical setting that
both constructions are mutual inverses, namely the quotient of a free action
category and the smash product of a graded category. Finally we describe
functorial relations between the representation theories of a category and of
a Galois cover of it.

1 Introduction

Throughout this paper we will consider small categories C over a commutative ring
k, which means that the objects Cy forms a set, the morphism set ,C; from an object
x to an object y is a k-module and the composition of morphisms is k-bilinear.

Inspired by the work of [B, |, B, B, L9, [L0, ] we consider in addition G-categories
over k and G-graded categories where G is a group. A G-category over k is provided
by a category C with firstly a set action of G on the objects and secondly k-module
maps s : 4Cp — syCsy for each s € G and for each couple of objects x and y,
verifying s(gf) = (sg)(sf) in case g and f are morphisms which can be composed
in the category. If the action of G is free on Cy we say that C is a free G-category.

A G-graded category C over k has a direct sum decomposition of k-modules
yCo = Bscq yCa° for each couple of objects, verifying cht 4Ca® C yCztS and
o1y € LCt

In the first section we recall the definition of the quotient category C/G which
makes sense only if C is a free G-category. It has been introduced and considered
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during the preparation of this work



in @ E] as well as in subsequent work by several authors and recently in IE] Note
that C is a Galois covering of the quotient C/G. Next we consider the skew-category
C[G] which is an analogue of the skew-ring construction. We prove a coherence
result between our approach and the ring theoretical construction in case G is finite
and the category has a finite number of objects. The main result in this section is
that C/G and C[G] are equivalent. This property unifies and generalizes previous
results obtained for rings by M. Cohen and S. Montgomery [E] and for quivers and
relations in [B, B,

In the second section we consider a G-graded category B over k and we define
the smash product category B#G. In case G is finite, we obtain again a coherence
result with the k-algebra case used in [E] The categorical approach for the smash
product that we introduce here is equivalent to the ring without identity construction
obtained by M. Beattie in [[]. Therefore the same remarks from the introduction
of [fl] are in force: the rings considered in [[L1, [L4] differ from the present approach.
Note that in the context of quivers and relations - that is categories given through
a presentation - the categorical smash construction has been considered in @ E]
The first result in this section relates the categorical smash product with quotients:
let B be a G-graded category over k, then B#G is a free G-category and there is
a canonical isomorphism (B#G) /G ~ B.

The second result of this section concerns a free G-category C over k: the
quotient category C/G is graded and the smash product (C/G)#G is isomorphic
to C.

In other words we provide in this paper a confirmation in a uniform categorical
setting that gradings of a category over k are in one-to-one correspondence with
Galois coverings, after the work of E. Green [E] Moreover the skew-category of the
smash product is equivalent to the starting category, which is a general statement
of Cohen-Montgomery duality for a non necessarily finite group and a category with
possibly infinitely many objects.

In order to make precise the link with [E] we specialize our results in case to the
case of a finite group G. Let A be a G-graded k-algebra, which we consider as a
single object category C4 with endomorphism ring A. The smash product algebra
A#G has a free G-action and the corresponding skew group algebra (A#G)[G] is
proved in [E] to be a matrix algebra over A of size |G|. Now the smash product
category Co#G we consider in this paper has G as set of objects. Since we assume
here that G is finite, we can consider the k-algebra of the category a(CA#G),
namely the direct sum of all the k-modules morphisms of C4#G equipped with the
usual matrix product. We show that this algebra is precisely A#G.

Our results in this specific case provide the existence of a single object full
subcategory of C4#G[G] which is equivalent to the ambient one and isomorphic
to Ca. Since C4#G has precisely |G| objects we infer Cohen-Montgomery result
quoted above.

In another direction note that Hochschild—Mitchell cohomology of equivalent
k-categories remain isomorphic through the corresponding change of bimodules. In
[ a Cartan—Leray spectral sequence is obtained relating the Hochschild—Mitchell
cohomology of the categories of a Galois covering C — C/G. Our results show that
this Cartan—Leray spectral sequence translates into a spectral sequence relating



Hochschild—Mitchel cohomology of C and of C[G], since C[G] is equivalent to C/G.

Finally in the last section we consider left modules over a category C, namely
contravariant functors from C to the category of k-modules. Note that if a category
C over k is presented by a quiver with relations, left C-modules are precisely repre-
sentations of the quiver subjected to the relations. In case of a Galois covering of
categories C — B, modules over the base category B coincide with the fixed mod-
ules over the covering category under the action of the group, while all the modules
over the covering category coincides with graded ones over the base category.

Acknowledgements: The authors would like to thank Guillermo Cortifias and
Maria Julia Redondo for useful questions and remarks preluding this work, as well
as M. J. Redondo and A. Solotar for a careful reading of a preliminary version of
this paper.

2 Galois coverings and the skew-category

Let C be a free G-category over a commutative ring k. Recall that the G-set of
objects Cy is free, namely if sx = x for an object z, then s = 1.

DEFINITION 2.1 LetC be a free G-category over k. The quotient category C/G
has set of objects the orbits of Cy. The k-module of morphisms of C/G from the
orbit o to the orbit (3 is

sC/@a=| @ /G

r€a, Yy

Note that @ycq, yep yCo is @ kG-module and (Dyeq, yes Cu) /G is the largest
k-module quotient with trivial G-action: if X is a kG-module X/G X/(kere) X
where € : kG — k is the augmentation map given by e(s) =1, for all s € G.

Composition in C/G is deduced from composition in C and is well defined pre-
cisely because the action of G on the objects is free.

LEMMA 2.2 Let C be a free G-category over k, let o and (3 be orbits of objects
and let x, € oo and xg € 3 be representatives. Then

ﬁ(C/G)oz = as;acsasa
seG
Proof. There is a normalization map
¢
D =Dl
€, yeB seG

given by &(,fz) = sf where s is the unique group element such that sy = zg.
Note that ¢(tf) = ¢(f) hence ¢ : 3(C/G)a — BsccysCsz. is well defined.
Conversely, consider

w@zgsza(_) @ C_’ﬁC/G

seG TEw, YEP



which is an inverse for ¢. O

DEFINITION 2.3 Let C be a G-category over k. The skew-category C[G] has set
of vertices (C[G])o = Co, and morphisms , (C[G]), = ®sec yCou-

Composition of morphisms is provided by the composition of C after adjustment,
more precisely let g € ,Cyy and f € yCsz. Then gf = go (tf).

We show now a coherence result with the usual skew-algebra construction.

PROPOSITION 2.4 Let G be a finite group and let C be a free G-category over k,
with a finite number of objects. Let a(C) be the k-algebra associated to C, namely
a(C) = Bz yec, (yCx) provided with the matrix product induced by the composition
of morphisms.

Then G acts on a(C) by algebra automorphisms and a(C[G]) is the skew-algebra
a(C)[G].

Proof. Recall that if A is a k-algebra with G acting by automorphisms on it, the
skew group algebra A[G] is the k-module A® kG with the twisted product provided
by sa = s(a)s for all s € G and a € A. As it is well known and easy to check the
twisting (see for instance [J]) conditions are satisfied and the skew group algebra is
a k-algebra which has A and kG as subalgebras.

The isomorphism of algebras ¢ : a(C[G]) — a(C)[G] is defined as follows. Let
f € 4Csyz be an elementary morphism of ,C[G],. Then ¥(f) = f ®s.

We have that

Y(gf) =Y(go(tf)) = g(tf) ®ts,

while
Y(@)v(f) = (g@t)(f ®s) =gtf) @ts.
Moreover
1) =) el) =Y WGl) =Y (Gl ®le) = (Y ) ®le =10 16

O
The following result shows a fact that we need to be true in C[G]. Together with
the coherence property above it justifies the definition we gave for the skew-category

cla.

LEMMA 2.5 Let C be a G-category over k. Objects in the same G orbit are
isomorphic in C[G].

Proof. If sz = y then ,1, € ,C[G]; and 1, € ,C[G],. These morphisms are
mutual inverses.
O

PROPOSITION 2.6 Let C be a G-category over k and let C[G] be the skew-
category. Choose an element x, in each orbit o and let C[G] be the full subcategory

of C|G] given by these objects. Then the categories C|G| and C|G| are equivalent.



Proof.  Consider the functor F' : C[G] — C[G] defined on objects by F(z) = x4
if the orbit of = is a. Since = and x,, are canonically isomorphic - see the Lemma
above - a morphism f : x — y provides a unique morphism z, — g where 3 is the
orbit of y. This construction is functorial, moreover F' and the natural embedding
are inverse equivalences.

O

PROPOSITION 2.7 LetC be a free G-action category over k. Then the categories
C/G and C|G] are isomorphic.

Proof. This is a consequence of Lemma @
O
We have proved the following

THEOREM 2.8 Let C be a free G-category over k. The quotient category C/G
and the skew category C[G] are equivalent.

Remark 2.9 This Theorem suggests that the categories C[G] or C[G] can be con-
sidered as a substitute for the quotient category in case the action of G on C is not
free.

3 Smash Product Category

Let B be a G-graded category over k where GG is a group: each k-module of mor-
phisms , B, is a direct sum of sub k-modules ,5,° where s € G, and ZByt Bz C
.B."*. Moreover .1, € B

The smash product category B#G is defined below. We will show a coherence
result in case B is a single object category given by a G-graded k-algebra. Then we
will prove that a Galois covering of categories is isomorphic to a smash product of
categories.

DEFINITION 3.1 The smash product category B#G has object set By x G. Let
(x,s) and (y,t) be objects. The k-module of morphisms is defined as follows:

w.) (B#G) (2,5) = yBrti
Note that (y+)(B#G) (2,s) and (y,ut)(B#G) (z,us) are k-modules morphism from
different objects which coincide as k-modules.
In order to define the composition map

) B#G) (1) Ok (9,0) B#G)(a,5) —  (2u) (B#G) (2,5

note that the left hand side is

—1

—1t t
ZByu ®r yBe

while the right hand side is 281“718. The graded composition of B provides the
required map.



PROPOSITION 3.2 Let B be a G-graded category over k. The category B#G
is a free G-category and (B#G)/G = B.

Proof. On objects we define u(x, s) = (x, us).
Let f be a morphism in (, ) (B#G)(s,5) = yBgls, we define

uf = f € (y,ut)(B#G)(x,us)

In other words the action is obtained by translation. Clearly this is an action and
moreover the action on objects is free. Note that orbits of objects are in one to one
correspondence with objects of 3, by retaining the first component of each couple.

This shows that [(B#G)/G]o = By. Moreover recall that by definition we have

JB#G)/GCla=| P  woB#D) s | /G-

seqG, teG

The action of GG on the numerator transports (,, 1)(B#G)(z.s) t0 (y,u)(B#G) (2,us)
consequently those k-modules are identified in the quotient. This remark shows the
following:

D woBED ey | /G=ED 1)(BH#HG) s =D 4B,” -

seqG, teG seG seG

O
The following is a natural consequence of the former proposition.

COROLLARY 3.3 Let G be a group and B be a G-graded category over k. Then
the categories (B#G)[G] and B are equivalent.

Proof. We know that B#G is a Galois covering of B. The result of the previous
section shows that B[G] is equivalent to B/G, namely (B#G)[G] is equivalent to
(B#G)/G = B. O

Remark 3.4 In case a ring A is graded by a finite group the coherence result below
shows that the preceding Corollary is Cohen-Montgomery duality theorem, (see [E]

and []).

Remark 3.5 In case of an infinite group grading of a k-algebra A the preceding
Corollary shows that the category (Ca#G)|G] is equivalent to C4, where C, is the
single object category over k determined by A.

In order to prove the coherence property of the categorical smash product with
the smash product of a graded G-algebra we first recall its definition. Note that the
usual smash product of a graded algebra requires G to be finite, see for instance [E]
As quoted in the Introduction, the categorical smash product we consider in this
paper is an alternative approach to the ring without identity defined by M. Beattie

in [@.



DEFINITION 3.6 Let A be a G-graded k-algebra where G is a finite group. The
smash product A#kC is the twisted (see for instance [E] ) tensor product of algebras
A® kY where the twist map 7 : k¢ ® A — A® kS is given as follows: let §, be the
Dirac mass on an element s € GG, and let f; be an element of degree t in A. Then

T((St ® fs) = fs X 55*116-

The verifications of the twisting properties of 7 insuring associativity are well
known, we provide them for the convenience of the reader and in order to avoid any
missprint for 7. We omit the tensor product symbol as well as the map 7, in other
words we consider &; fs = fi05-1, as the product in A ® kC.

First observe that

(0ue)fa = 0 if u £ t while (3,0¢)fs = fuby1y ifu=1

and
0u(02fs) = dufsOs—14 = fs0s—1,05-14 = 0 if uw # ¢ while 0,,(5¢ fs) = fs0s—1; if u=1.
Second
6U(gtf6) = gtfsé(ts)*lu since gtfs S Ats;
(6ugt)fs = gtétflufs = gtfs(ssfltflu .
Moreover

Ly fo = Oufe =Y fobymry = folyo.

ueG seG

Recall that in case B is a finite object set category over k, the k-algebra of
morphisms of B is denoted a(B), it is the direct sum of the morphisms k-modules
of B equipped with the matrix product.

PROPOSITION 3.7 Let G be a finite group and let A be a G-graded k-algebra.
Let B4 be the single object category over k with endomorphism k-algebra A. Then
the category B4 is G-graded and a(Bo#G) = A#G.

Proof. We define a map ¢ : a(Ba#G) — A#G as follows. Consider an
elementary matrix ;Fs € a(Ba#G) with all entries zero except perhaps the entry
(z0,t) — (w0, s) with value an element f,—1, € (5,,0)(Ba#G)(a,,5)- Observe that

(:EO.,t)(BA#G)(zO75) = wo(BA)z0t7 — Atfls-
We put
¢(th) = ftfls 6871.

Note first that the unit element in a(B#G) is 1 = 2515 where (1, is the
seG
elementary matrix with nonzero entry only on the entry (g, s) — (20, s) with value
1€ Ag-1y = Ay, Then

(> 1) => 11 61 = lage.

seG seG



Let ,Gy and ;Fs be elementary matrices. Then ,G, Fs = 0 if u # ¢ and
vGu oFs is the elementary matrix ,(GF)s with zero entries except a possible
nonzero entry (zg,v) — (2o, s) with value g,-1;f;—1,. We have that

¢(UGU)¢(tF5) = GJv—1u 6u*1ft*15 55*1 = gvfluftfls 6sfltu*1 65*1-
Note that if u # ¢t we have ¢(,Gy)¢(+Fs) = 0 while if u =t

¢(vGu)¢(th) = .g'fl'uft*1553*1 = (b(th th)-

Clearly the morphism we have defined is an injective and surjective k-module
map, since the image of the elementary matrix ;Fs belongs to A;—1, ® §4-1. (]

The following result can be linked with Proposition @ in order to obtain that
the categorical smash product and the categorical quotient are inverse constructions
between graded categories and free action categories.

THEOREM 3.8 Let G be a group and let C be a free G-category over k. Then
C/G is G-graded and the category (C/G) #G is isomorphic to C

Proof. Let {zq | 2o € a} be a choice of representatives in each G-orbit of objects
of C. Recall that 3(C/GQ)a = [Baca, yes yCz| /G- Let 4 fr € 4Cs. Inorder to define
the degree deg[, f5] of the class [y f;] we first normalize , f, in order to obtain as
source object z,, then we retain the gap between the target object obtained and
x3. More precisely there is an unique s € G such that sz = z,, then there is a
unique element of G that we denote (deg[f])~! such that (deg[f])~'zs = sy.

First we note that deg[f] is well defined: let u € G, then uf € ,,Cyy. The
normalization uses su~! and the target object is again sy.

Second we define

5(C/G)a” = {D /1 | f€,Cowherew € a, y € 3 and deg[f] = s}

Then 45(C/G)a = EP 5(C/G)a’.
seG
Finally we check that deg(gf) = deg(g)deg(f). Indeed consider (gegg)-12. 9us

and (degf)~1z;fz,- In order to compose those morphisms we first have to adjust g
in order that it's source object coincide with the target object of f. The resulting
composition is
1 (degg) -1, |(degf ") gf] .
(degf)~'(degg) 'z, g 97 ..

Hence (deg(gf))™" = (degf)™"(degg) ™" and deg(gf) = (degg)(degf).
Using the graduation we have just described we define a functor

F:(C/G)#G —C

as follows. Let (a, s) be an object of the smash category. Then F(a, s) = sxq.
Recall that by definition

(8,t) (C/G)(a,S) = B(C/G)ozF %



Let o110, [flen € (8,0)(C/G)H#G)(a,s) Where f € -144,(C)z,. We define

F(sfltx,g[f]wa) = Sf € tl‘ﬁcswa'

We consider now
t=luz., [g]zg € (v,u)(C#G)(B,t)'

In order to compose [g] and [f] in (C/G)#G we have to adjust g using the G action,
obtaining the right object for its source namely the target of f.

Then [g] o [f] = [s™'tg][f]. So
F (s-1uz, [s7't9)[flaa) = s ((s7't9)(f)) = (t9)(sf) = F(9)F(f)

It is not hard to see that F' is a bijection on objects and an isomorphism of
k-modules on morphisms. O

4 Modules

Let us recall the following definition:

DEFINITION 4.1 LetC be a category over a commutative ring k. A left C-module
M is a collection of k-modules {, M} cc, provided with a left action of the k-
modules morphisms of C, given by k-module maps ,Cy ®j, M — 4, M where the
image of , fz ® ;m is denoted , f,, ,m, verifying the usual axioms

2. 21y om=,m

In other words M is a contravariant functor from C to the category of k-modules.
We denote by C — Mod the category of left C-modules. As it is well known and easy
to establish the agreement property holds, namely if C is a finite number objects
category and a(C) is the corresponding algebra of morphisms, C-modules and usual
a(C)-modules coincide. In particular if A is a k-algebra and C4 is the single object
category with endomorphism ring A, then C4-modules and A-modules are the same.

Let F' : C — B be a functor between categories over k. Note that functors
do not correspond really to algebra maps. In case C and B have finite number
of objects, the corresponding map a(C) — a(B) do not send, in general, 1,(c) to
14()- However the map is additive and multiplicative.

DEFINITION 4.2 Let F : C — B be a functor of k-categories, and let N be a
B-module. We denote by F*N the module N o F and by F'* the corresponding
functor F* : B — Mod — C — Mod.

In other words F'* is the restriction functor and F* A is the C-module given by

«(F*N) = p@N and

(yeo)- (F0n) = (F)F(Or@) (ren) € y(FN).



Let f be a natural transformation between modules, then F*(f) = f. Note
that F'* is faithful. In case F is a full functor the functor F* is also full.

In case of a G-category C over k the group G acts on the category C — Mod in
the following way: let M be a C-module and s € G, then * M is given by

I(SM) = s*lmM

and

(yez) (s-1zm) = (sT')m € i, M = (" M).

THEOREM 4.3 Let F : C — B be a Galois covering where C is a free G- category
over k and B = C/G. Then B — Mod and (C — Mod)® are isomorphic categories.

Remark 4.4 (C — Mod)€ is a full subcategory of C-Mod provided by fixed objects
under the action of G, namely modules M such that M = M for all s € G.

Proof. The image of the functor F* is precisely (C — Mod)®. Indeed
x (S (F*N» = sz (F*N) =F(slx) N = F(I)N

Note that by definition the functor F' of a Galois covering is full.
O
Next we want to prove that the entire category C-Mod is isomorphic to the
category of graded modules over B. Recall that in case of a Galois covering F :
C — B (where C is a free G-category over k and B = C/G) we have shown that 5
is G-graded. We also have shown that C = B#G and we will use this description.
First recall that in case B is graded, a graded B-module is a B-module N/
provided with a direct sum decomposition at each k-module, namely

N =P N® such that ,BL .N° C N,
seG

We denote by B — Modg the category of graded B-modules.

THEOREM 4.5 Let B be a G-graded category over k and let C = B#G be its
Galois covering. Then B — Modg and C — Mod are isomorphic categories.

Proof. Let NV be a graded B-module. We define the C module C(N) as follows:

1

(zs)C(N) =z N87 )

and the action maps
(y,t) (B#G)(zs) (23 (z,s)C(N) — (y,t)C(N)
are given by the maps
B e N N

Clearly this is an action of C on C'(N) and a map between graded B-modules
gives in a functorial way a map between the corresponding C-modules.

10



Conversely, let M be a C-module. Let B(M) be the B-module defined by

EB(M) = @ (m,s)M-

s€G
The graduation is given by
«BM)* = (4 -1y M.
The action is graded by construction. In order to give the maps
yBr @k e B(M)* — B(M)"

recall that .

(y,t)(B#G)(w,s) = met 5
Then
szt = (y,(ts)*l)(B#G)(w,sfl)'

The required maps
(u,(ts)=) (B#G) (z,5-1) @k (2,5~ )M — (y,105)-1)M

are obtained through the given action of B#G on M.

Clearly the two constructions provide functors which are inverse to each other.

O
The following result is now clear:

PROPOSITION 4.6 Let F' : C — B be a Galois covering of categories over k

with Galois group G. Let N be a B-module. Then

BF*(N) = @NS where N° = N for each s € G.

seqG

The graded action on @scqN*® is given by ,B," @i .N* — ,N" using the B-action
on N. Ignoring the grading, the B-module BF*(N) is a direct sum of copies of N

indexed by G.
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