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Stochastic differential equations with
non-Lipschitz coefficients: 1. Pathwise
uniqueness and Large deviations

Shizan FANG and Tusheng ZHANG

[LM.B, UFR Sciences et techniques, Université de Bourgogne, 9 avenue Alain
Savary, B.P. 47870, 21078 Dijon, France.

Department of Mathematics, University of Manchester, Oxford road, Manch-
ester, M13 9PL, England.

Abstract

We study a class of stochastic differential equations with non-Lipschitzian
coefficients. A unique strong solution is obtained and a large deviation
principle of Freidlin-Wentzell type has been established.

1 Introduction

Let 0: R — R*@ R™ and b: RY — R? be continuous functions. It is
well-known that the following It6 s.d.e:

dX (1) = o(X (1)) dW, + b(X (1)) dt, X(0) = =, (1)

has a weak solution up to a lifetime ¢ (see [SV], [IW, p.155-163]), where
t — W, is a R™-valued standard Brownian motion. It is also known that
under the assumption of linear growth of coefficients o and b, the lifetime
¢ = 400 almost surely. If the s.d.e (1) has the pathwise uniqueness, then
it admits a strong solution (see [IW, p.149], [RY, p.341]). So the study of
pathwise uniqueness is of great interest. It is a classical result that under
the Lipschitz conditions, the pathwise uniqueness holds and the solution
of s.d.e. (1) can be constructed using Picard interation; morever the solu-
tion depends on the initial values continuousely. The main tool to these
studies is the Gronwall lemma. When the coefficients ¢ and b do not sat-
isfy the Lipschitz conditions, the use of Gronwall lemma meets a serious
difficulty. Therefore, there are very few results of pathwise uniqueness



of solutions of s.d.e. beyond the Lipschitzian (or locally Lipschitzian )
conditions in the literature except in the one dimensional case (see [IW,
p.168], [RY, CH IX-3]). In the case of ordinary differential equations,
the Gronwall lemma was generalized in order to establish the uniqueness
result (see e.g. [La]). However the method is not applicable to s.d.e.. In
this work, we shall deal with a class of non-Lipschitzian s.d.e.. Namely,
we shall assume that

lo(@) — o2 < Cle-yPlogly,  forle—yl <1,
<

(H1) { b(z) — b()|

where || denotes the Euclidean distance in R? and ||o||? = Y%, S0

C\x—y\logﬁ, for [x —y| <1

We will prove the pathwise uniqueness of solutions under (H.1) and
non explosion of the solution under the growth condition |z|log|z|. The
results are valid for any dimension. Our idea is to construct a family of
positive increasing functions (®,),~0 on Ry so that the Gronwall lemma
can be applied to the composition of the functions (®,) with appropri-
ate processes. This family of positive functions plays a crucial role. In
this work, we will also establish a Freidlin-Wentzell type large deviation
principle for the solutions of the s.d.e’s (see [FW]). As a by-product, it
is seen that the unique solution of the s.d.e. can be obtained by Euler
approximation. Our strategy for the large deviation is to prove that the
Euler approximations to the s.d.e. is exponentially fast. The method
of estimating moments used in the literature ([DS],[DZ], [S] ) wouldn’t
work here because of the non-Lipschitzian feature of the coefficients. We
again appeal to a family of positive functions (®, 1),>0. The proof of the
uniform convergence of solutions of the corresponding skeleton equations
over compact level sets is also tricky due to the non-Lipschitzian feature.

The organization of the paper is as follows. In section 2, we shall
discuss the case of ordinary differential equations; although the results
about non explosion and uniqueness are not new, but our method can also
be used to study the dependence of initial values and the non confluence
of the equations. In section 3, we shall consider the s.d.e. The path-
wise uniqueness and the criterion of non-explosion will be established.
However, the supplementary difficulties will appear when we deal with
the dependence with respect to initial values and the non confluence of
s.d.e., that we shall study in a forthcoming paper. The ordinary differ-
ential equation

dX(t)

dt
gives rise to a dynamical system on R?. In section 4, we shall consider its
small perturbation by a white noise. Namely, we shall consider the s.d.e

= BX(1), X(0) =, (2)

AXE(t) = e2 o(XE(t)) AWy + b(XE(t)) dt,  X°(0) = o (3)



and state a large deviation principle for (X¢(t))cjo,1)- Section 5 and 6
are devoted to the proof of the large deviation principle. Section 5 is for
the case of bounded coefficients. Section 6 is for the general case.

2 Ordinary differential equations

Let b: RY — R? be a continuous function. It is essentially due to Ascoli-
Arzela theorem that the differential equation (2) has a solution up to a
lifetime (. The following result weakens the linear growth condition for
non explosion.

Theorem 2.1 Letr: Ry — Ry be a continuous function such that (i)

1ims—>+oo T(S) = 100, (“) J"Ooo ST’(iﬁ = +00.
Assume that it holds
b(z)| < C (Jx|r(jz]?) +1). (4)

Then the lifetime is infinte: ( = +oo.
Proof. Define for £ > 0,

3 s
0O = [ S ad a(g) = .
We have B(¢)
o'(6) = GESS (5)
Let & = | X;|?, where X(t) is a solution to (2). Then
L ab(€0) = 20/(6) (X, X (1), (©

where (, ) denotes the inner product in R?. By assumption (4), we have

a6 < 200/ (€)] %] (1Xilr(€) + 1) ™)

By (i), it holds that

2. (o2
- s°r(s®) + s

—_— <<
3218 s2r(s?) +1 Foo

Therefore for some constant Cy > 0,
d
’a‘@(ft)‘ < 2029(&). (8)

It follows that for ¢t < (,

B(6) < B(lnof) +2Cs [ @6 ds.



By Gronwall lemma, we have

(&) < B(|o|?) €2, (9)
If ¢ < +oo, letting ¢ T ¢ in (9), we get ®(&) < ®(|x,|?) €272¢ which is
impossible because of {; = +00, ®(+00) = +00.
Remark. By considering the inequality %@(&) > —2C5 D(&), we have

B(6) > B(lau)) 26, [ "B (e, ds,

which yields to
(&) = D(Jzol)e .

If we denote by X;(z,) the solution to (2) with initial value z,, then we
get limy, | 400 ®(|X¢(20)|) = +00, which implies that

lim | X¢(z,)| = +00. (10)

o] —+00

In what follows, to be simplified, we shall assume that the solutions of
(2) have non explosion.

Theorem 2.2 Let r:]0,1[— Ry be a continuous function such that

(i) limg_,o7(s) = +o00;
(i1) I Sﬁl(ss) = +oo for any a > 0.
Assume that

o) = b(y)| < Clz =yl r(le—yl*) for Jz —y| < 1. (11)

Then the differential equation (2) has an unique solution.

Proof. Let (X(t))i>0 and (Y (¢))t>0 be two solutions of the equation
(2). Set n; = X(t) — Y (t) and & = |n|%. Let p > 0, consider

We have
(12)

Let
T=inf{t >0, & >1/2}.

By assumption (11), we have

[, BX () = BY (D] < C &er(&), <.

Therefore according to (12), for ¢ < 7, by chain rule,

t
D,(6) <1420 [ @,(8)ds,



which implies that ®,(&) < e?Ct for t < 7. Letting p | 0, we get that
e%0(&) < ¢2Ct Now by hypothesis (ii), we obtain that £ = 0 for all ¢ < 7.
If 7 < 400, letting t T 7, we get

which is absurd. Therefore {& = 0 for all ¢t > 0. In other words, X (t) =
Y (t) for t > 0.

Example 2.3 Define

Z sin kxzy - sin kxo

f(xlny) — ]{?2

k>1

Obviously the function f is continuous on R?. We have

F(X) = f(V)] £ C |X = V]log for X Y| <. (13)

X - Y]

where X = (z1,29) and Y = (y1,y2). In fact,

(sinkxy —sinkyy)sinkzy  (sin kzg — sin kyq) sin ky;
k2 * k2

P -0 = 32

k=1

It follows that

| sin ( k: S| |sin (B2
If(X |<2§:{ + = 3

Lemma 2.4 For(0<0 < 1/e, we have

WWFZ

k=1

| sin k9|

<q910 (14)

Proof. Consider ¢(s) = Si?—fe. We have

526 cos s — 2s sin s6
(b/(s) - 1 :

S

Then |¢/(s)| < 34. Let W(0) = [, % ds. We have

oo k1
VO - WOl < X [ 16— olk)] ds
k=1
7T
< :—.
_:sazk2 5 (15)
Now +oo |sint| Usint dt +oo ¢
| sin sin * ds
IW®_HA ot < 96—77+9A =

3



which is dominated by

1
9(1og 5t 1).
Therefore, according to (15)
1 2
V(@) < 6(log§ + 1+ 7),

which is less that 2(”—22 +1) flog§ for 0 <6 <1
Now applying (14), for |21 — yi| + |22 — y2| < 1/e,
[F(X) = f(Y)]
10y (P tog o + 2l 0g )

22|
< 401(\931*%@\932*3/2

IN

| 2
log |$1—y1|+\x2—y2|) (16)

where the last inequality was due to the concavity of the function £ log %
over ]0,1[. Therefore (13) holds for some constant C' > 0.

In what follows, we shall study the dependence of initial values.

Theorem 2.5 Assume that the conditions (4) and (11) hold. Then
xo—Xt(o) s continuous.

Proof. Lete > 0. Consider a small parameter 0 < § < €. Let (x,,y,) €
R x R such that |z, —yo| < 6. Set n: = X¢(x0) — X¢(yo) and |&| = |ne|?.
Define

T(Z0,Yo) = inf{t >0, & > ¢ }.

Consider . ]
wp(ﬁ)z/o m and  ®,(&) = e¥e©,

As in proof of theorem 2.2, we have for t < 7(x,,¥o),
©y(&r) < @p(6o)e™ .
Taking p = |z, — yo|, we get
P,(&) <e€f eQCt, for t < 7(x0, Yo)- (17)

Fix the point x,. If liminf, ., 7(2,,yo) = T < +00, we can choose
Yn—, such that lim, 4o 7(20, yn) = 7. Applying (17) for (z,,y,) and
letting ¢ T 7(z0, yn), we get

), (€) = ©p, (Er(ag ) < €/ TN,
where p,, = |z, — yn|. Letting n— + oo, we have
+00 = B,(c) < °7
which is absurd. Therefore

lim T(xo,yo) = 00,

Yo—To



which means that for any ¢ > 0, there exists 0 > 0 such that for |y, —z,| <
9, T(zo,Yo) > t. In other words,

| Xt (o) — Xe(yo)| < e

Proposition 2.6 Assume that the conditions (4) and (11) hold. Then
for xy # Yo, we have Xi(x,) # Xt(yo) for allt > 0.

Proof. Let n; = Xy(w,) — X4(yo) and & = |n;|>. Without loss of gener-
ality, assume that 0 < &, < 1/2. Let

T=inf{t >0, & > %}

By starting from 7 again , it is enough to prove that & > 0 for ¢ < 7.
Consider

_ [t ds NG
v = | ST, M BE) =

By assumption (10), for ¢t < 7, we get
d®, (&)
\#\ <209,(&).

It follows that ®,(&) > ®,(&,) — 2C [ ®,(&5)ds or
D,(&) > B,(E)e 2 for t< T (18)

For p > 0 small enough, ®,(¢,)e 2% > 1. It follows that ®,(&) > 1 or
& > 0.

Now using (11) and proposition 2.6, and by the standard arguments,
we obtain

Theorem 2.7 Assume that the conditions (4) and (11) hold. Then for
any t > 0, x,—X;(x,) defines a flow of homeomorphisms of RY.

3  Stochastic differential equations

Let 0 : R™=R?® R™ be continuous function. Let X (t) be a solution of
the following It0 stochastic differential equation:

dX(t) = o(X(t))dW +b(X(t))dt, X(0) =z, (19)
with the lifetime ((w).

Theorem 3.1 Letr: [1,+oo[— R, be a function of C', satisfying (i)

limg 0o 7(8) = 400,  (i1) e sr(csl§+1 = 400 and
(i) lime o S =0,



Assume that for |z| > 1,

{uamw < C(jaPr(l2?) + 1),

20
b < C(lalr(2P?) +1). 2

Then the s.d.e (19) has no explosion: P({ = +o00) = 1.

Proof. For 0 < s <1, define r(s) = r(%). Then there exists a constant

C > 0 such that the condition (20) holds for any z. Consider

€ ds
— [ _ ()
w(s)-/o PP and ®(&) =e¥®, ¢£>0.
We have
(&) (E7(8) +1) = 2(¢), (21)
2©(-rH+ird) o<
1 2 § < 17
@"(6) = Emﬁ“) | (22)
o 1—r(&)—¢&r' .
o it >

By conditions (i) and (4i7), there exists M > 0 such that ®”(£) < 0 for
&< ﬁ or & > M. Remark that the function ® is not C? at the point
¢ = 1. Fix a small § > 0, take ® € C%(R,) such that

O>®, D) =) for&[l—61+4]. (23)
Denote
Ki= s (|®@©+8")), Kr= sup (£r(e)).

€€[1-6,1+4) €€[1-6,1+4)
Then

=, Ki(Ka+1) ()

IR e e e T A (RLI R NECY
and

=~y Kl (KZ + 1)2 (I)(é‘)
[2"(&)] < 51-0) @@ 17 Eel—6,14+97]. (25)

Let &(w) = | Xy (w)]?. We have

dé& = 2(Xy,0(X(t))dWy) + 2(X;, b(X (1)) dt
+o (X (1)) dt, (26)

and the stochastic contraction d&; - d§; is given by
dg; - dé; = 4|o™ (Xo) Xy dt (27)

where ¢* denotes the transpose matrix of o.

8



Define
Tr=inf{t >0, & >R}, R>0.

Then 7 T ¢ as R T +o00. Let

I, ={t >0, &(w) €
Taking M big enough such that [1 — 6,1+ 8] C [+, M]. By (22),

(&) =D"(&) <0 for t & I,. (28)
Combining (22) and (25), there exists a constant C such that

1@(&5)
<&+

By (21) and (24), for some constant Cy > 0, we have

‘ (ft)
N 5t &r(&) +1

Now by It6 formula and according to (26), (27), we have

(&)

t € L. (29)

t>0. (30)

Mo = 016 +2 [ O Ko (X6,
o2 [ 06000 ds
tATR -, 9
v [l ) as
+ o2 [T 0" (X ()X, ds, (31)
0

By (28) and (29),

tATR ~ N tATR C @é‘
/0 " (€,) o™ (X (5))X,[2 ds g/o 1[w(s)m o (X () X |2 ds.
(32)
By (20),
|J*(X(5))XS|2 s (Esr(€s) +1)
) +17 = @ @) 117 (%)
which is dominated by a constant Cs. According to (32), we get
tATR tATR
/O B (£,) |0 (X (8))Xs[2 ds < Cs /O BE,)ds.  (34)
In the same way, for some constant C4 > 0, we have
(X XN+ e XN _ () (35)

Esr(&s) +1 B
Now using (31) and according to (30), (35) and (34), we get



B(®(nen)) < B(B(Enen) < B(6) + C5 [ B®(Eunr) ds,

which implies that

B(®(&nrg)) < O(E)e".

Letting R— + oo, by Fatou lemma, we get

B(®(&n¢)) < ®(€)e®".

(36)

Now if P({ < +00) > 0, then for some T > 0, P(¢ < T) > 0. Taking

t =T in (36), we get

E(l(ggT)@(gc)) < @(50)60515

which is impossible, because of ® (&) = +o0.

Theorem 3.2 Letr:]0,1[— R, be C'-function satisfying the conditions

(i) lime_g7(§) = +o0,

(i) limg_g f;j(g =0,

(i) [y Sf(ss) = 400, for any a > 0.

Assume that for |x —y| < 1,

{ lo(@) —o* < Clz—ylPr(z—yP),
b(z) —b(y)| < Clo—ylr(la—yP).

Then the s.d.e. (19) has the pathwise uniqueness.
2

Proof. Let m(w) = X(t) — Y (¢t) and &(w) = |ne(w)]=.

Define the function v, : [0,1]—R by

3 ds
¥p(€) :/0 s s) T p

It is clear that for any 0 < £ < 1,

£
Uol€) Ton() = [ =00, asp L0,

o sr(s)

Define
®,(6) = e¥r(8)

Then we have

©3,(8) (€r(§) + p) = 2(8),

and

2,(€)(1 — £5'(€) ~ ()

R e NP

10

(37)

Let p > 0.

(38)



By assumption (i), (i) on r, there exists 6 > 0 such that ®7(£) < 0 for
0<&<é.
Let

T=inf{t>0, & >0}

By It6 formula, we have

Blene) = 142 [ @€ (2(X(5)) — o (¥ ()W)
2 [T ) (b)) — b ()

o Ello(X(s) - (Y (s))I]* ds

o2 ®) (&) 1(0"(X () — o™ (Y (s))msl*ds. (42)

Applying the hypothesis (37), we get

tAT
B(@y(6inn) <1420 ([ #)(6) &ur(se) ds)
which is smaller by (41) than

t
1+2C/0 B(®(Enr)) ds.
Now by Gronwall lemma, we get E(<I>p(§t/\7)) < et or

E(ewp(&”)) < e2Ct, (43)

Letting p | 0 in (43),
E(ewo(&AT)) < 20t

which implies that for any ¢ given,
&ar = 0 almost surely. (44)

If P(1 < 4+00) > 0, then for some T" > 0 big enough P(r < T') > 0.
By (44), almost surely for all t € Q N [0,T], {&ar = 0. It follows that on
§T =0
which is absurd with the definition of 7. Therefore 7 = 400 almost surely
and for any t given, & = 0 almost surely. Now by continuity of samples,

the two solutions are indistinguishable.

Remark 3.3 In the case of d = m = 1, finer results about pathwise
uniqueness have been established. Namely o was allowed to be Holder of
exponent > 1/2 (see [RY, Ch. IX-3], [IW, p.168]).

Theorem 3.4 Assume that the coefficients o and b satisfy the assump-
tion (20) and (37). Let X(t,z,) be the solution of the s.d.e. (19) with
initial value x,. Then for any € > 0, we have

lim P( sup |X(s,9,) — X(s,2,)] >¢)=0. (45)
Yo—To <5<t

11



Proof. Fix z,. Let § be the parameter given in proof of theorem 3.2,
consider |y, — x,| < e < 6. Let &(w) = | X (¢,v0) — X (t,2,)|?. Define

Tw(To, Yo) = inf{t >0, & > g2 }.

The same arguments as above yields to

B(®p(Einr(roe)) < Pol&o) .

Taking p = |z, — yo|, we have E(Cbp(ft/w(mo,yo))) < eP et Hence

P(r (0, 40) < )0)(2) < E(®p(Eunr(zy ) < € 2",
It follows

P( sup ‘X(37yo) _X(Sw%'o)’ > 8) = P(T(xmyo) < t) < e~ Vr(E) P 20t
0<s<t

as p = Yo — To|—0.

Corollary 3.5 The diffusion process (X (t,x)) given by the solution of
the s.d.e. is Feller, i.e., the associated semigroup (Ty,t > 0) maps Cy(R?)
into Cy(R?).

Proof. It is a direct consequence of Theorem 3.4 and the definition
Tif(x) = B[f(X(t,x))], | € Cy(RY)

Remark 3.6 We have a difficulty here to apply the Kolmogoroff mod-
ification theorem to obtain a version X (t,x,) such that z,—X(t,z,) is
continuous. However the situation for the case of S! is well handled (see
[F], [M]).

4 Statement of large deviation principle

Let 0 : R* 5 RE®@ R™ and b : R?* — R? be continuous functions.
Consider the following It6 s.d.e:

dXE(t) = e20(X° (1)) dW, + b(X°(t)) dt, XZ(w) ==z,  (46)

where t — W; is a R™-valued standard Brownian motion. In order to be
more explicit, we shall work under the following assumptions,

lo(z) — o
(H1) { Ib(z) — biy)|

[z—y[”

WIP < Cle—yPlog 2 for |z —y| < 1,
< C|x—y|logﬁ, for [z —y| <1

12



le@I? < C(zf logla| +1),
(H2) Uhe £ Cimeetin

where || denotes the Euclidean distance in R? and ||o||? = Y%, >y O'sz.
The rest of this paper is to establish a large deviation principle for solu-
tions of above s. d. e.

Let C,([0,1], R™) be the space of continuous functions from [0, 1] into
R™ with initial value . If g € Cy([0, 1], R™) is absolutely continuous, set
e(g) = fol |g(t)|?dt. Let F(g) be the solution to the differential equation

o)t = o+ [ HEG))ds

+ [LoF@E)aes, 0<i<oo (1)
0

the uniqueness and non explosion being obtained as in section 2 for the
differential equation (2). See also lemma 5.3 below.

Theorem 4.1 Let pi. be the law of X¢(-) on Cyy ([0, 1], R?). Assume (H1)
and (H2). Then {ue,e > 0} satisfies a large deviation principle with the
following good rate function

1) =t {5e@P Flo) = 1} FeCu0IRY )
1.e.,
(i) for any closed subset C' C C,,([0,1], RY),

limsup e log pe (C) < — inf I(f) (49)
e—0 fecC

(ii) for any open subset G C Cq,([0,1], R?),

o o
lim inf e log e (G) > J}ggf (f) (50)

The proof of the theorem will be given in Section 5 and 6.

5 Large deviations when o, b are bounded

The theory of large deviations for diffusion processes under Lipschitzian
coefficients is well established (see [A], [S]). Some new developments in
infinite dimensional situations are discussed in [FZ1,2], [Z1,2]. The main
task of this work is to handle the non Lipschitzian feature. For n > 1,
let X¢(-) to be the solution to

[ns]

X0 = w0+ [ 06

/Ot - (X,«@)) aw, (51)

13
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We need the following lemma from Stroock [S,P.81].

Lemma 5.1. Let a(-) and ((-) be (Fi)i>0 -progressively measurable with
values in R?®@ R™ and RY respectively. Assume ||a(-)|| < A and |3(")| <
B, and set £(t) = [y a(s)dWs + [5 B(s)ds. Then for T > 0 and R > 0

satisfying d2BT < R:

P( sup |€(t)] > R) < 2dexp (— (R — d2BT)?/2A%dT)  (52)
0<t<T

Proposition 5.2. In addition to (H.1), we also assume that b,o are
bounded. For any § > 0, it holds that

lim limsupelog P( sup |X°(t) — X (t)] > ) = —0 (53)
=0 0 0<t<1

Proof. We may and will assume § < e~! < 1. Let Y,2(¢) := X*(t)— X5(¢)
and & (t) = |Y,2(t)|?. We have

[s]

vie) = [ pxion - sonahy) as

and

vello(xe(e) - o (g2 ar (55)

The stochastic contraction d¢7 - d€; is given by

ig; - de; = 1el (o000 - o 2 ) vioP @ o)

where ¢* denotes the transpose of o. Let p > 0. Define the function
Yp:[0,1] — R by

§ ds
= _ o7
W= [ T (57)
It is clear that for any 0 < &£ < 1,
¢ ds
0o 190(6) = [ =g —os, asp 0.
o slog
Define for A > 0
O, = O, (58)
Then we have 1
pa(€) (€log e p) = APy (), (59)

14



and

" 1 (1 — log l)
P,2(8) = )\Z‘I’p,x(ﬁ)m + )\‘I’p,A(§)(£k%%—+i))2
<N, () < e, (60)

(€log £ +p)
Now, choose a positive constant §; < e~! satisfying d; log % < p. Define

— inf{t > 0; | X5 (t)— X5 ()| > 6,}, and set &€ 5 (1) = E(tATE),t > 0.
Putting T; = inf{t > 0, |£; 5 (t)] > 67}, we have,

P( sup [Y7(t)]>6) = P( sup [V (t)]>0d,7,; <1)
0<t<1 0<t<1
+P( sup |V, ()| > 6,1, >1)
0<t<1
< Pl <)+ P(T, <1) (61)
Observe,
& k—
Pri=n < P( s X0 -Xi(za). (62)
k=1 NEl<ck "

Using Lemma 5.1 and the boundness of o, b, there exists a constant c5, >
0 such that

P(r; < 1) < nexp(—ncg, /¢). (63)
Hence,
lim limsupelog P(7, , < 1) = —o0 (64)
n—oo 0

For notational simplicity, write 1" for T); and 7 for 7. By Ito’s formula,

D,0( 5, (L AT))
= L2 T 66 () (0D, (o1X°(0)) - o (XD aw)
b 2T (65 (60) (YRGB (s)) - b () s

+ e 3T B (&5, ()0 (XE (s)) — o (X5 (1) [2ds
+ 2 T (€5 s () | (o(X5(9)) — (X (1)) Vis(s)[P ds. (65)

Note that for s < T AT, [Y,(s)| <61 < e ! < 1and |X:(s) —X,i([n—;}ﬂ <
81 < e~ L. Therefore, for s <T AT,

{60,005 — ()
= (Y7000 (6)) = B )+ 1Y), X3 ) — b ()
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< O () oa(rm) + C1X3 () — X5(D)] g ! )

V(s)] X5 (s) — X5(122d))
< L0€ (5) log () + 61 log(—) < C(€5(s) log(=——) + p),  (66)
< 308(s) oy 5,) = Clenls)loalzrs) + ).

where we have used the fact that the function xlog(l) is increasing on
[0,e~!]. Furthermore,for s <T AT,

o (7)) — o (2y2

< 2llo(X7(5)) — o(KEIP + 2o (X5 () — o (x5 (2

1

(s)lo L °(s) — X¢ M 210
< 2063(6) o8 g 5) + 201X )~ XE (Dl
c(s)lo !
< C(€a(s)1 g(gg(s)) +0) (67)
Similarly,
[ (rxe o) = o) ) P
< P (o005 — otz 2y ) e
€ € 1 e 1 2
< CENE ) oul ) + ) < CEE) o)+ (69)
Taking these inequalities into account, it follows from (65) that
B2y (&5 (EAT))]
< CB| [T 0),0(66,5,(6))(€5,(5) Bl y) + p)ds|

+ CeF

finr B (€55, (5))(E5.5, (5) log( . (S)) + P)st} (69)

which is smaller by (59) and (60) than

+Ce( 4 | CB[@,A (€55, (s A T))lds
By Gronwall’s inequality, we obtain that
B2 (6,5, (1 AT))] < SN (70)
On the other hand,
By 7€ (1AT))] 2 B8 0(€55,(T)), T < 1] = M OIP(T < 1)
Combining (70) with (71), we have ™

P(T < 1) < e o) CEN )
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Taking A = % it follows that

lim sup lim sup elogP(T < 1) < —¢,(6%) + 2C

n—oo e—0

This together with (64) implies that

lim sup lim sup elog P( Sup |Y€( )| >6) < —,(8%) +2C0  (72)

n—oo &0 0<
Sending p to 0 completes the proof.
For n > 1, define a map F,(-) : Co([0, 1], R™) — C,,([0,1], R?) by

F,(w)(0) = =z

o - o) (o (t)) ()
0 [ )

< kLl Tt is easy to see that F), is a continuous map from
m

for % < - t
) to Cuo ([0, 1], RY).

t
Co([0,1], R

Lemma 5.3. limy,—cc SUP{g.c(g)<a} SUPo<i<1 [Fn(9)(t) — F(g)(t)] = 0.
Proof . Note that for g with e(g) < «,

+/ ( < ])>g(s)d5 (74)

Thus,

+ [0 (")) - otk (79
0 n
Since b, o are bounded, we have for ¢t <1
Falo)® - Fulo) (Z2) 1 = [y 1oEuto) L ias

t

< ca(l)%, (76)

where C,, is a constant depending only on « and the uniform norms of
band 0. Let Y9(t) = F,(g)(t) — F(g)(t) and Z4(t) = |Y,9(t)|>. For any
0 < d <e !, define 7,(g) = inf{t > 0,|Y,9(t)| > §}. Given p > 0, define

®,(¢) = e (O,

17



where

3 ds
V(&) :/0 @-

Then 1
®,(6)(& 10gg +p) =2p(¢) (77)

By the chain rule,
®,(Z5(t ATa(9)))

tATn(g)
—vaz [ a2 (Vi) o) ()

tATn(g)
w2 [ w2 (¥, 0 (Falo) (") - 0 (@) 9))i(s) s

Using (H.1) and (76), for s < 7,(g),

—i—%CZﬂ(s) IOg(Zﬁ(s))
1.:

1 1
< CCy(—)2log(n2) 4+ CZI(s)log(

Zf{(s))

3

< C(Z}() o8 5g7) + 1) (79)

for n > N}, where N} depends on a and p. Similarly, for s < 7,(g) and
n>NL,

2 lotE o) (“L)) ~ Rl

< C(24() o8

It follows from (78) that for n > N} and all g € {g;e(g) < a},

)+0p) (80)

®,(Z5(t ATa(9)))

1
Zp(s)

tATr(g)
<10 [ a2 (Gre) + o)1+ L))
< [ 0,250 Amle))(1+ 5))ds )

18



By Gronwall’s lemma,

1.
B,(Z9(1 A Ta(g))) < Cettlo 19()Ids
Since ®,() is incresing in &, it follows that for n > N2,

o,(  sup ZI(1 A1p(g))) < Cel™™ (82)
g€{gie(g)<a}

Consequently, for any p > 0,

limsup®,( sup  ZI(1A7a(g))) < Ce't™ (83)
n—0o0 9€{g;e(g9)<a}

To complete the proof it suffices to show that for any é > 0 there exists
an integer N such that if n > N, then 7,,(g) > 1 for all g € {g;e(g) < a}.
This is now a consequence of (83). In fact, otherwise, there exists § > 0,
a subsequence {ny,k > 1} of positive integers and g,, € {g;e(g9) < a}
such that 7, (gn,) > 1. This implies that

O sup ZY (LATR(9) = ®p(Zigt (1A T, (gn,))) = ©,(6%)
g€{g;e(g9)<a}

Combing this with (83), we get
P,(6%) < Celt™ (84)

for all p. This leads to a contradiction since the left side of (84) tends to
infinity as p goes to 0. The proof is complete.

Proof of Theorem 4.1 when b,0 are bounded Notice that X¢(s)

= F, (€%W)(s), where W is the Brownian motion. The theorem follows
from Proposition 5.2 , Lemma 5.3 and Theorem 4.2.23 in [DZ].

6 Large deviations: general case

In this section we will remove the boundeness assumptions on b and o.
We begin with

Proposition 6.1 Assume (H.2). Then

lim limsupelog P( sup |X°(t) —xg| > R) = —o0 (85)
R—oo =0 0<t<1

where X¢(+) is the solution to equation (51).

Proof. Let §y be a fixed small positive constant, say &g < % Let f €
CY(R,) be a strictly positive C! function on R, that satisfies

) —slogs if0<s<1-4p
f(s)—{ slog s if s > 1+ g
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From now on, we will use C' to denote a generic constant which may
change from line to line. It is easy to see that there exists a positive
contant C' such that

s|llogs| +1 < C(f(s)+1), f(s)>-C fors>0 (86)

Define

and put

It follows from (86) that
1 1

Ph(¢) = )‘(I)A(f)m < CA(I)A(&)m, (87)
and
Vie) = )2 - e
T =X TG T g
< OO + N)Dy(€) (s5)

(§llog &| + 1)
Let n°(t) = X°(t) — 2, and &5(t) = |n°(t)|?. Define

TR —=inf {t>0,|7°(t)| > R}, R>0.
Now by Itd formula, we have
rtn) = 142 [ T B (6 (9) 0 (), o (X ()W)
2 [ € () (), X () s
+ e [T aE I ()P as
o2 [T o (P ds. (9

By (H2), there exists C; > 0 such that

{ lo@)|* < Ci(lz —zof? log |z — x| + 1),
b(z)] < Ci(Jx — x| log |z — x| + 1).

A

It follows that

o (XEs)n(s)” o, E)(E(s) [log &(s)| +1)
(62(s) [log &°(s)[ +1)* ~ (&°(s) [log £°(s)| + 1)

which is dominated by a constant C. According to (88), we get

[ e @ o (e s < ot ) [ o s
(%0)
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In the same way, for some constant C' > 0, we have

[0 (), X (3)] + o (X () 1
& (s) [log & (s)| + 1 <0, s>0 (91)

Combining above inequalities together, we get

BE(@x(E(tATR))) < 1+ C(eX® + 2) /Ot B(®r(E5(t A TR))) ds,
which implies that
E(®A(€(1 A 7R))) < TENHY,
Let A = 1. It follows that

P( sup ’Xe(t) - 1‘0‘ > R)CI)%(R) < E((I))\(ge(l /\TR)))

0<t<1
< 0201
This gives that
limsupelog P( sup |X®(t) —zo| > R) < C —¢(R) (92)

e—0 0<t<1

Note that limp .~ ¥(R) = +00. Letting R tend to 400 in (92) proves
the proposition.

For R > 0, define mg = sup{|b(x)|, ||o(z)||;|z| < R} and bF = (—mp —
Vb A(mp+1), 0f; = (—mr—1)Vo;jA(mp+1),1 <i < d,0<j <m.
Put bp = (b{%,bg, ,bdR) and o = (Uﬁj)lgigd,lgjgm- Then for \x! <R,

br(xz) =b(z), ogr(z)=oc(x).

and bgr, op satisfy (H.1) and (H.2) with the same constants.
Let X%(-) be the solution to

Xilt) = a0+ [ bn(Xr(s)ds
v el /0 (X5 (s)dWe, £ > 0. (93)
For g with e(g) < oo, let Fr(g) be the solution to
Fr@(®) = w0+ [ ba(Fr(o)(s)ds

+ o (Fr(g)(s))g(s)ds (94)

In(f) =it {GelgPsFulo) = £}, fe (0.1 =R (95)



If supg<;<1 |F'(9)(t)| < R, then F(g) = Fr(g). Therefore,

I(f) = Ir(f), for f with sup [f()] <R (96)

0<t<1

Lemma 6.2 I(-) is a good rate function on Cy,([0,1], RY),i.c., for any
a >0, the level set {f;I(f) < a} is compact.

Proof. Arguing as in Lemma 5.3, it is easy to see that for v > 0,
SUP{g:e(g)<a} [1F(9)|lc < R for some constant R. Thus Fg(-) = F(-)
on {g;e(g) < a}. On the other hand, It is easy to see that Fg(-) is
continuous on the level set {g;e(g) < a}, so is F(-). This is sufficient to
conclude that I(-) is a good rate functional since e(-) is.

Proof of Theorem 4.1 in the Unbounded Case.

Let puf denote the law of X5(+) on Cy, ([0, 1], R%). According to previous
section, {,uf,g > 0} satisfies a large deviation principle with good rate
function Ig(-). Note that uf* and p. coincide on the ball {f;||f|le <
R}. For R > 0 and a closed subset C' C Cy,([0,1], R?), set Cr = C'N

{f;|fllc < R}. Then,
pe(C)

IN

1e(Cr) + P(sup |X(8)| > R)
0<t<1

= uf(Cr) + P(Oilzgl [XE(0)] > R) (97)

By the large deviation principle for {uff, e > 0},

lim sup ¢ log p(C)

e—0

< (— inf Ig(f))V (limsupelog P( sup |X°(t)| > R))
feCr 0<t<1

e—0

=(— inf I(f))V (limsupelog P( sup |X°(¢)| > R)) (98)
feCr e—0 0<t<1

Applying Proposition 6.1 and Letting R — 0o, we obtain
limsupelog pe (C) < (— inf I(f)) (99)
e—0 fec
which is the upper bound.
Let G be an open subset of C,,([0,1] — R?). Fix any ¢o € G. Choosing
6 > 0 such that B(¢o,d) = {f;[f = dollec < 0} C G. Let R = ||¢o||oc +9.

Since
B(¢0,9) C{f;llfllc < R}
We have

—1I(¢o) = —Ir(¢o) < limsup elogpul (B(¢0,5))

e—0

= limsup elog p. <B(¢0, 5)>

e—0

< (limsupelog pe(G)) (100)

e—0
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Since ¢q is arbitrary, it follows that

— inf I(f) < limsup e log p.(G) (101)
fe@ e—0

which is the lower bound.
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