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DIMENSIONS OF TRIANGULATED CATEGORIES
RAPHAEL ROUQUIER

ABSTRACT. We define a dimension for a triangulated category. We prove a representability
Theorem for a certain class of functors on finite dimensional triangulated categories. We study
the dimension of the bounded derived category of an algebra or a scheme and we show in
particular that the bounded derived category of coherent sheaves over a variety has a finite
dimension. For a self-injective algebra, a lower bound for Auslander’s representation dimension
is given by the dimension of the stable category. We use this to compute the representation
dimension of exterior algebras. This provides the first known examples of representation di-
mension > 3. We deduce that the Loewy length of the group algebra over Fs of a finite group
is strictly bounded below by 2-rank of the group (a conjecture of Benson).
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2 RAPHAEL ROUQUIER

1. INTRODUCTION

In his 1971 Queen Mary College notes [[Ad|, Auslander introduced an invariant of finite
dimensional algebras, the representation dimension. It was meant to measure how far an
algebra is to having only finitely many classes of indecomposable modules. Whereas many
upper bounds have been found for the representation dimension, lower bounds were missing.
In particular, it wasn’t known whether the representation dimension could be greater than 3.
A proof that all algebras have representation dimension 3 would have led for example to a
solution of the finitistic dimension conjecture [[gTd].

We prove here that the representation dimension of the exterior algebra of a finite dimensional
vector space is one plus the dimension of that vector space — in particular, the representation
dimension can be arbitrarily large. Thus, the representation dimension is a useful invariant of
finite dimensional algebras of infinite representation type, confirming the hope of Auslander.
The case of algebras with infinite global dimension is particularly interesting.

As a consequence of our results, we prove the characteristic p = 2 case of a conjecture of
Benson asserting that the p-rank of a finite group is less than the Loewy length of its group
algebra over a field of characteristic p.

Our approach to these problems is to define and study a “dimension” for triangulated cate-
gories. This is inspired by Bondal and Van den Bergh’s work [BoVdB] and we generalize some
of their main results.

Whereas Brown’s representability Theorem for cohomological functors deals with triangu-
lated categories with infinite direct sums (typically, the unbounded derived category of an
algebra or a scheme), we prove here a representability Theorem for finite dimensional triangu-
lated categories (typically, the bounded derived category of (finitely generated) modules over a
(noetherian) algebra or of (quasi-)coherent sheaves over a quasi-projective scheme).

We study the dimension for derived categories of algebras and schemes, providing lower and
upper bounds in various cases. The exact computation is achieved only in few cases.

Let us review the content of the chapters. In a first part §f, we review various types of
generation of triangulated categories and we define a dimension for triangulated categories.
Part §f is a study of analogs of bounded complexes of finitely generated objects in a triangulated
category. We analyze the corresponding cohomological functor. The finiteness condition we
introduce turns out to provide a new representability Theorem of Brown type, for triangulated
categories without infinite direct sums but with a strong generator (Theorem [.14). This
extends a main result of [BoVdH] which dealt only with Ext-finite categories. We define a
notion of (homological) regularity for a triangulated category.

In §f, we analyze the dimension of derived categories in algebra and geometry. We show
that the derived category of coherent sheaves D°(X-coh) for a separated scheme X of finite
type over a perfect field has finite dimension (Theorem [.38). We deduce that D’(X-coh) is
equivalent to the category of perfect complexes over a dg-algebra A such that D(A) is regular.
In the smooth case, the finiteness is a result of Kontsevich [BoVdB]. We give here an upper
bound in the smooth quasi-projective case : dim D?(X-coh) < 2dim X (Proposition f.§).

We prove that the dimension of the scheme is a lower bound for the dimension of the derived
category (Proposition p.36) and that the dimensions coincide in the smooth affine case (Theorem
b.37), as well as for some particular classes of varieties, including P™ where our result takes the
much more precise form of Beilinson’s Theorem (§5.1.7). We prove that the derived category
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of a ring is regular if and only if the ring has finite global dimension and the derived category
of quasi-coherent sheaves over a quasi-projective scheme over a field is regular if and only if the
scheme is regular (Propositions and p.34).

Finally, in §f, we analyze the dimension of the stable category of a self-injective algebra,
in relation with Auslander’s representation dimension. Via Koszul duality, we compute these
dimensions for the exterior algebra of a finite dimensional vector space (Theorem [.1(). This
enables us to settle the characteristic 2 case of a conjecture of Benson (Theorem (.14).

Preliminary results have been obtained and exposed at the conference “Twenty years of
tilting theory” in Fraueninsel in November 2002. I wish to thank the organizers for giving me
the opportunity to report on these early results and the participants for many useful discussions,
particularly Thorsten Holm for introducing me to Auslander’s work.

The geometric part of this work was motivated by lectures given by A. A. Beilinson at the
University of Chicago and by discussions with A. Bondal.

2. NOTATIONS AND TERMINOLOGY

For C an additive category and Z a subcategory of C, we denote by add(Z) (resp. add(Z)) the
smallest additive full subcategory of C containing Z and closed under taking direct summands
(resp. and closed under direct sums). We say that Z is dense if every object of C is isomorphic
to a direct summand of an object of Z.

We denote by C° the category opposite to C. We identify a set of objects of C with the full
subcategory with the corresponding set of objects.

Let 7 be a triangulated category. A thick subcategory of 7 is a dense triangulated subcate-

gory. Given X Ty 27 wa distinguished triangle, then Z is called a cone of f and X a
cocone of g.

Let A be a differential graded (=dg) algebra. We denote by D(A) the derived category of dg
A-modules and by A-perf the category of perfect complezes, i.e., the smallest thick subcategory
of D(A) containing A.

Let A be aring. We denote by A-Mod the category of left A-modules, by A-mod the category
of finitely generated left A-modules, by A-Proj the category of projective A-modules and by
A-proj the category of finitely generated projective A-modules. We denote by gldim A the
global dimension of A. For M an A-module, we denote by pdim M the projective dimension of
M. We denote by A° the opposite ring to A. For A an algebra over a commutative ring k, we
put A" = A®;, A°.

Let X be a scheme. We denote by X-coh (resp. X-qcoh) the category of coherent (resp.
quasi-coherent) sheaves on X. A complex of sheaves of Ox-modules is perfect if it is locally
isomorphic to a bounded complex of vector bundles (=locally free sheaves of finite rank).

Let €' be a complex of objects of an additive category and ¢ € Z. We put oS C = .- —
C' = C"—=0and 07'C =0 — C* — C"*!' — ... Let now C be a complex of objects of an
abelian category. We put 72C' = 0 — C*/imd"™! — C**! — C*? — ... and 75C' = -+ —

Ci=2 - 1 S kerd — 0.

3. DIMENSION

3.1. Dimension for triangulated categories.
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3.1.1.  We review here various types of generation of triangulated categories, including the
crucial “strong generation” due to Bondal and Van den Bergh.

Let 7 be a triangulated category.

Let Z; and Zy be two subcategories of 7. We denote by Z; * Z, the full subcategory of 7°
consisting of objects M such that there is a distinguished triangle M; — M — M, ~» with
M; € 7,.

Let Z be a subcategory of 7. We denote by (Z) the smallest full subcategory of C containing
T and closed under finite direct sums, direct summands and shifts. We denote by Z the smallest
full subcategory of C containing Z and closed under direct sums and shifts.

We put Z; 0 Zy = (Z; x I,).

We put (Z)o = 0 and we define by induction (Z); = (Z); 1 ¢ (Z) for i > 1. We put (Z),, =
Uizo(D)i-

The objects of (Z); are the direct summands of the objects obtained by taking a i-fold
extension of finite direct sums of shifts of objects of 7.

We will also write (Z)7; when there is some ambiguity about 7.

We say that

e 7 generates T if given C' € T with Home(D[i|,C) =0 for all D € 7 and all ¢ € Z, then
C=0

e 7 is a d-step generator of T if T = (I)4 (where d € N U {o0})

e T is a complete d-step generator of T if T = (I)4 (where d € N U {c0}).

We say that 7 is

e finitely generated if there exists C' € 7 which generates 7 (such a C'is called a generator)

e classically finitely (completely) generated if there exists C' € 7 which is a (complete)
oo-step generator of 7 (such a C'is called a classical (complete) generator)

e strongly finitely (completely) generated if there exists C' € 7 which is a (complete) d-step
generator of 7 for some d € N (such a C' is called a strong (complete) generator).

Note that C'is a classical generator of 7 if and only if 7 is the smallest thick subcategory of
T containing C'. Note also that if 7 is strongly finitely generated, then every classical generator
is a strong generator. _

It will also be useful to allow only certain infinite direct sums. We define Z to be the smallest
full subcategory of 7 closed under finite direct sums and shifts and containing multiples of
objects of Z (i.e., for X € T and E a set such that X ¥) exists in 7, then X&) € 7).

3.1.2.  We now define a dimension for a triangulated category.

Definition 3.1. The dimension of T, denoted by dim 7, is the minimal integer d > 0 such
that there is M in T with T = (M)qy1.
We define the dimension to be oo when there is no such M.

The following Lemmas are clear.
Lemma 3.2. Let 7' be a dense full triangulated subcategory of T. Then, dim7 = dim 7.

Lemma 3.3. Let F' : T — T’ be a triangulated functor with dense image. If T = (I)q, then
T'=(F(I))4. So, dim7’ < dim7.
In particular, let T be a thick subcategory of T. Then, dim7 /Z < dim 7.
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Lemma 3.4. Let Ty and 75 be two triangulated subcategories of T such that T = T;07T;. Then,
dim7 <1+dim7; + dim 7.

3.2. Remarks on generation.
3.2.1.

Remark 3.5. One can strengthen the notion of generation of 7 by Z by the stronger require-
ment that 7 is the smallest triangulated subcategory containing Z and closed under direct
sums. Cf Theorem for a case where both notions coincide.

Remark 3.6. Let (Z)' be the smallest full subcategory of 7 containing Z and closed under
finite direct sums and shifts. Define similarly (Z)/. Then, 7 is a classical generator of 7 if
and only if the triangulated subcategory (Z)’_ of 7 is dense. By Thomason’s characterization
of dense subcategories (Theorem [.2§ below), if Z classically generates 7 and the classes of
objects of Z generate the abelian group Ky(7), then 7 = (Z)’_.

A similar statement does not hold in general for d-step generation, d € N : take 7 =
D((k x k)-mod), where k is a field. Let Z be the full subcategory containing k x k and
k x 0 (viewed as complexes concentrated in degree 0). Then, 7 = (Z) and Ky(7) =Z X Z is
generated by the classes of objects of Z, but (Z)' is not a triangulated subcategory of 7.

Note the necessity of allowing direct summands when Ky(7') is not a finitely generated group

(eg., when 7 = Db(X-coh) and X is an elliptic curve).

Remark 3.7. It would be interesting to study the “Krull dimension” as well. We say that a
thick subcategory Z of 7 is irreducible if given two thick subcategories Z; and Z, of Z such that
7 is classically generated by Z; % Zy, then 7y = Z or Zy = Z. We define the Krull dimension
of 7 as the maximal integer n such that there is a chain of thick irreducible subcategories
O#IoCIl C--- CIn:TWIthIz%IH_l

By Hopkins-Neeman’s Theorem [Neel], given a commutative noetherian ring A, the Krull
dimension of the category of perfect complexes of A-modules is the Krull dimension of A

By [BeCaRj|, given a finite p-group P, the Krull dimension of the stable category of finite
dimensional representations of P over a field of characteristic p is the p-rank of P minus 1.

Another approach would be to study the maximal possible value for the transcendence degree

of the field of fractions of the center of @,., Hom(Id7/z,Id7/z[i]), where Z runs over finitely
generated thick subcategories of 7.

Remark 3.8. When 7 has finite dimension, every classical generator is a strong generator. It
would be interesting to study the supremum, over all classical generators M of 7, of min{d|7 =

(M)14a}-
Remark 3.9. One can study also, as a dimension, the minimal integer d > 0 such that there
is M in T with T = (M)qy1 or T = (M)441 This is of interest for D*(A) or D*(X-qcoh).

3.2.2.  We often obtain dévissages of objects in the following functorial way (yet another notion
of dimension...) :

Assume there is M € 7, triangulated functors F; : 7 — 7 with image in (M) for 1 <i <d,
triangulated functors G; : 7 — 7 for 0 < ¢ < d with Gy = Id, G4 = 0 and distinguished
triangles F; — G; — G_y ~ for 1 <i < d. Then, T = (M),.

3.3. Compact objects.
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3.3.1. Let C be an additive category. We say that C is cocomplete if arbitrary direct sums exist
in C.

An object C € C is compact if for every set F of objects of C such that @, F exists, then
the canonical map @ . Hom(C, F') — Hom(C, @y F) is an isomorphism. We denote by
C¢ the set of compact objects of C.

A triangulated category is compactly generated if it generated by a set of compact objects.

3.3.2. Let T be a triangulated category. Let Xy - X; =% ... be a sequence of objects
and maps of 7. If @,.,X; exists, then the homotopy colimit of the sequence, denoted by
hocolim X, is a cone of the morphism Yoiidx, =it Diag Xi = Ding Xi

We have a canonical map

colim Hom7 (Y, X;) — Homz (Y, hocolim X;)
that makes the following diagram commutative
Hom (Y, X;) — Hom(Y, P X;) —— Hom(Y, hocolim X;) —— Hom(Y, P X;[1]) —— Hom(Y, P X;[1])
T T A T T
0 — > @Hom(Y, X;) —> @ Hom(Y, X;) — > colim Hom(Y, X;) — > @ Hom(Y, X;[1]) —> @ Hom(Y, X;[1])

Since the horizontal sequences of the diagram above are exact, we deduce (cf e.g. [Nee2
Lemma 1.5]) :

Y

Lemma 3.10. The canonical map colim Homz (Y, X;) — Hom (Y, hocolim X;) is an isomor-
phism iof Y is compact.

We now combine the commutation of Hom(Y, —) with colimits and with direct sums in the
following result (making more precise a classical result [Nee?, Lemma 2.3]) :

Proposition 3.11. Let 0 = Xg — X7 — X5 — -+ be a directed system in T, let F; be a set of
compact objects such that @z, C evists and let X; 1 — Xy — @Dy, C ~ be distinguished
triangles, for i > 1.

Let'Y be a compact object and f : Y — hocolim X;. Then, there is an integer r > 1, a finite
subset F! of F; for 1 <i <r and a commutative diagram

0= Xy X

~ I I
Ds C D5 C D C

! T T :

B C ®sC e

< NN N

0= X, X
such that f factors through X! LN X, 2% hocolim X;.

X

X X,

X X} X!
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Proof. By Lemma B.10, there is d > 1 such that f factors through the canonical map X; —
hocolim X;. We proceed now by induction on d. The composite map ¥ — X; — @Cefd C
factors through the sum indexed by a finite subset F, of F,;. Let Z be the cocone of the
corresponding map Y — @Ceﬂ C and X/ the cocone of the composite map @Ceﬂ C —
Dcer, € — Xi-1[l]. The composite map Xj — @Cefc’l C — @Deer, C factors through Xg.
The map Y — X, factors through X/ and the composite map Z — Y — X/ factors through
X4-1. Summarizing, we have a commutative diagram

Xg1 — Xqg—> Dcer, €~

N

://
] A
: ‘a

Z Y > @Ce}‘é O

By induction, we have already a commutative diagram as in the proposition for the cor-
responding map Z — X,_;. We define now X} to be the cocone of the composite map
@Ceﬁ’z C — Z[1] — X/,_{[1]. There is a commutative diagram

Xoo1 —= X —> Dcer C Xaa[1]
\ /
201
Xc/l—l )ic/l - @CGf; C Xc/l—l[l]
Z Y Deer, C Z[1]

The composite map Z — Y — X factors through X, i, hence through X ;. It follows that
a factors through X/ and we are done. O

We deduce the following result [BoVdB|, Proposition 2.2.4] :

Corollary 3.12. Let Z be a subcategory of T¢ and let d € N U {oo}. Then, TN {(L)g = (I)q.

Proof. Let Y be a compact object and f : Y — X,, be a split injection where X, is obtained
by taking a n-fold extension of objects of (Z). The conclusion is now given by Proposition B.1]]
applied to a system (X;) constant for i > n. d

3.4. Relation with dg algebras. Following Keller, we say that a triangulated category 7 is
algebraic if it is the stable category of a Frobenius exact category [GeMd, Chapter 5, §2.6] (for
example, 7 can be the derived category of an abelian category).
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Recall the construction of [Kd, §4.3]. Let 7 = E-stab be the stable category of a Frobenius
exact category £. Let £ be the category of acyclic complexes of projective objects of £ and
70 . & — E-stab be the functor that sends C' to coker d'.

Given X and Y two complexes of objects of £, we denote by Hom*(X,Y") the total Hom
complex (i.e., Hom*(X,Y)" = [];c, Homg (X7, Y7)).

Let M € E-stab and M € & with Z°(M) = M. Let A = End®*(M) be the dg algebra of
endomorphisms of M. The functor Hom®* (M, —) : & — D(A) factors through Z° and induces a
triangulated functor R Hom®(M, —) : E-stab — D(A). That functor restricts to an equivalence
(M) = A-perf. In particular, if M is a classical generator of 7, then we get the equivalence
T = A-perf.

So,

Proposition 3.13. Let T be an algebraic triangulated category. Then, T is classically finitely
generated if and only if it is equivalent to the category of perfect complexes over a dg algebra.

This should be compared with the following result.

Assume now & is a cocomplete Frobenius category (i.e., all direct sums exist and are exact).
If M is compact, then R Hom®(M, —) restricts to an equivalence between the smallest full tri-
angulated subcategory of 7 containing M and closed under direct sums and D(A) (cf Theorem
(2) and Corollary below). So, using Theorem (2) below, we deduce [[Kd, Theorem
4.3] :

Theorem 3.14. Let £ be a cocomplete Frobenius category and T = E-stab. Then, T has a
compact generator if and only if it is equivalent to the derived category of a dg algebra.

4. FINITENESS CONDITIONS AND REPRESENTABILITY

4.1. Finiteness for cohomological functors. We introduce a class of “locally finitely pre-
sented” cohomological functors that includes the representable functors, inspired by Brown’s
representability Theorem. It extends the class of locally finite functors, of interest only for
Ext-finite triangulated categories.

4.1.1. Let k be a commutative ring.
Let 7 be a k-linear triangulated category. Let H : 7° — k-Mod be a (k-linear) functor. We

say that H is cohomological if for every distinguished triangle X Ty 4z ~>, then the

associated sequence H(Z) 56 H(Y) 24 H(X) is exact.
For C € T, we denote by h¢ the cohomological functor Homs(—,C) : 7° — k-Mod.

We will repeatedly use Yoneda’s Lemma :

Lemma 4.1. Let X € 7 and H : T7° — k-Mod a functor. Then, the canonical map
Hom(he, H) — H(C), f — f(C)(id¢) is an isomorphism.

Let H : 7° — k-Mod be a functor. We say that H is

e locally bounded (resp. bounded above, resp. bounded below) if for every X € 7, we have
H(X[i]) = 0 for |[i]| > 0 (resp. for i < 0, resp. for i > 0)

e locally finitely generated if for every X € 7, there is D € 7 and « : hp — H such that
a(X[i]) is surjective for all i.
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e locally finitely presented if it is locally finitely generated and the kernel of any map
hg — H is locally finitely generated.

Let X € 7. We introduce two conditions :
(a) there is D € T and « : hp — H such that a(X[i]) is surjective for all
(b) for every § : hy — H, there is f : F — E such that Sh; = 0 and hp(X[i]) —=
he(X]i]) 2H (X[i]) is an exact sequence for all i.
Note that H is locally finitely presented if and only if for every X € 7, then conditions (a)
and (b) are fulfilled.
Lemma 4.2. For C' € T, then h¢ is locally finitely presented.

Proof. We take D = C and « = id for condition (a). For (b), a map [ : hg — he comes from
amap g: E — C and we pick a distinguished triangle F SEANY 5 JINYo B Il

Proposition 4.3. Let Hy — Hy — H — Hy — Hj be an exact sequence of functors T° —
k-Mod.

If Hy and Hs are locally finitely generated and Hs is locally finitely presented, then H is
locally finitely generated.

If Hy is locally finitely generated and Hy, Hy and Hs are locally finitely presented, then H is
locally finitely presented.

Proof. Let us name the maps : H, oo Mg 2 H, B Hy Let X €T

Let ag : hp, — Hy as in (a). Let 83 = tzag : hp, — Hs. Let f3 : E — Ds as in (b).
Since H(E) — Hy(E) — Hj(FE) is exact, the composite map ashy, : hg — H, factors as
hg — H 2, H,. Let oy : hp, — Hj as in (a).

Let a : hx — H. The composite tya : hy — Hy factors as taa : hy LN hp, 22, H,. The
composition t3(taa) : hy — Hs is zero, hence b factors as b : hy = hg T, hp,. Now, we
have tyyc = ashp,c = asb = tya. Since the composite ty(a — yc) : hx — Hy is zero, it follows
that a — ye factors as hy — H; — H. Now, a; factors through a;. So, we have shown that
a factors through v + t1cq : hg @ hp, — H, hence H satisfies (a).

Let o : hp, — Hp as in (a). Let f' : hg — kerty. Then, there is §; : hg — H;y such that
B =t/ Since H; is locally finitely presented, there are u : hp — hp, and v : hp — hg such
that (81 + tocw)(u — v) = 0 and hp(X[i]) “=% hp(X[i]) ® hp,(X[i]) 2% H,(X[i]) is exact
for every ¢. Summarizing, we have a commutative diagram

| N

hp, he

[N\

H() T Hl —tl>kert2

It follows that Bv = 0 and hp(X[i]) — hg(X][i]) 2, (kertq)(X[i]) is exact for every i, hence
ker to satisfies (b).
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Let now 8 : hg — H. Let G = ker 3 and G5 = ker(t33). Now, we have exact sequences
0 — G — Gy — kerty and 0 — Gy — hg — H,. The first part of the Proposition together with
Lemma .3 shows that G is finitely generated. Consequently, H is locally finitely generated. [J

4.1.2.  We will now study conditions (a) and (b) in the definition of locally finitely presented
functors.

Lemma 4.4. Let H : 7° — k-Mod be a k-linear functor and X € T. Let 3. : hg, — H for
r € {1,2} such that (b) holds for f = 1+ Po : hg,er, — H. Then, (b) holds for 5y and (3.

Assume (a) holds. If (b) holds for those B : hg — H such that B(X[i]) is surjective for all i,
then (b) holds for all (.

Proof. Let E = E1&® Es. Denote by i, : E. — E and p, : E — FE, the injections and projections.
There is f : F' — E such that Shy = 0 and hp(X[i]) s, he(X][i]) 2, H(X]i]) is an exact
sequence for all 7.

Fix a distinguished triangle F} L F L Ey ~ and let fi = piffi : F1 — E;. We have
Bihy, = 0 since Bihy, f = —Fohy, .

For all 7, the horizontal sequences and the middle vertical sequence in the following commu-
tative diagram are exact

hf{ hp2f

he, <fm> I B (X)) 225 g, (XT0)
i) " b (X))

0 — hp, (X[i]) — hip(X[i]) — hp,

ﬁo

hence the left vertical sequence is exact as well.

Let us now prove the second part of the Lemma. Let 5 : hy — H. Since (a) holds, there
is D € T and o : hp — H such that a(X[i]) is surjective for all i. Let £/ = D @ E and
B =a+ 0 : hg — H. Then, (b) holds for /', hence it holds for 3 by the first part of the

Lemma. U

Remark 4.5. For the representability Theorem (cf Lemma [L.19), only the surjective case of
(b) is needed, but the previous Lemma shows that this implies that (b) holds in general.

Lemma 4.6. Let H : T° — k-Mod be a cohomological functor.
The full subcategory of X in T such that (a) and (b) hold is a thick triangulated subcategory
of T.

Proof. Let Z be the full subcategory of those X such that (a) and (b) hold. It is clear that Z
is closed under shifts and under taking direct summands. So, we are left with proving that Z
is stable under extensions.
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Let X; — X — X, ~ be a distinguished triangle in 7 with X;, Xy € Z. Pick D, €
7 and «, : hp, — H such that «,.(X,[i]) is surjective for all i. Put E = D; & Dy and
B =o+a: hg — H. Thereis F, € T and f, : F, — E such that Shy = 0 and

he (X.[i]) 21, he(X.[i]) 2, H(X,[i]) is an exact sequence for all i. Put FF = F} @ F, and
f=hH+fo:F—E. LetF S E Y E wbea distinguished triangle. We have an exact
sequence H(E') — H(E) — H(F). The image in H(F') of the element of H(FE) corresponding

to B8 is 0, since Bhy = 0. Hence, 3 factors as hg LR hp — H. Let D = E® E' and
a=0+vy:hp — H.

Let a : hx — H. Then, there is a commutative diagram where the top horizontal sequence
is exact

hxa-1) hx, hx
v K l
hp ——=he ——= H

The composite hx, -1 — hx, <5 hg e, hg: is zero, hence hic : hx, — hg factors as
hx, o, hx LN hg. We have ah, = B¢ = vhic = vbh,, hence the composite hx, — hx -, H
is zero, where o’ = a —~b. So, a’ factors through a map hx, — H. Such a map factors through
(3, hence o’ factors through 3 and a factors through a.. The same conclusion holds for a replaced

by any map hxp) — H for some i € Z. So, every map hxp — H factors through «, i.e., (a)
holds for X.

Consider now a map ' : hgr — H. Let " : hgr — H such that 8”(X;][i]) is surjective for
alli. Let 5 =04+ 3": hg — H, where E = E' ® E”. In order to prove that /3’ satisfies (b), it
suffices to prove that (3 satisfies (b), thanks to Lemma [[.4).

h

There is F7 € 7 and fy : I — E such that Shy, = 0 and hpg (X;]i]) s hp(X4i]) N
H(X[i]) is an exact sequence for all i. Let F; be the cone of fi. As in the discussion above,
3 factors through a map v : hg, — H. Let I, € T and f5 : Iy — E; such that yhy, = 0 and

hp, (Xs[i]) hiczX hi, (Xs]i]) == H(X,[i]) is an exact sequence for all i. Let F' be the cocone of

the sum map F @ Fy, — FE;. The composition hp — hg A, H is zero. We have a commutative
diagram

hF hF2

l lhfz
h
f1 hE‘ hE1
N
H

In the diagram, the square is homotopy cartesian, i.e., given Y € 7T andu:Y — E, v:Y — I,
such that the compositions Y — E — F; and Y —— F, — E; are equal, then there is
w : Y — F such that u is the composition Y — F — E and v the composition Y — F — Fj.

hp,
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Let a : hx — hg such that fa = 0. The composite hx, — hx 25 hg factors through
hp, . It follows that the composition hx, — hx s hp — hg, is zero. Hence, the composite

hy — hp — hg, factors through a map b : hx, — hg,. The composite O : hx, LN hg, — H
factors through a map ¢ : hyx,n) — H, since hx — hx, 2 H is zero. Now, ¢ factors as

hx,p h B, —— H. Summarizing, we have a diagram all of whose squares and triangles but
the one marked “#£” are commutative and where the horizontal sequences are exact

hX1 hX hXQ hX1[1]

a b: L E
v v o+ d

H~=
Let d’ be the composition hx, — hxip LN hg,. Then, the composition hx, bd, hg, 1S His

1" h a
zero. The map b — d’ factors as hy, &, hp, MELEN hg,. It follows that hx — hg — hpg, factors

1" h
as hx — hx, <, hp, 5, hp,. Using the homotopy cartesian square above, we deduce that a

factors through a' : hx — hp. So, the sequence hp(X) — hg(X) — H(X) is exact. The same
holds for all 4, hence (b) holds for X. O

Remark 4.7. All the results concerning locally finitely generated and presented functors remain
valid if we replace the conditions “for all : € Z” by “for all ¢ > 07, by “for all ¢ < 0” or by “for
i=0" in (a) and (b). The only change is in Lemma [£.§ : the full subcategory of those Y such
that (a) and (b) hold for X = Y'[r] for all r € Z is thick.

4.1.3. Assume k is noetherian. We say that 7 is Ext-finite if @, Hom(X,Y'[i]) is a finitely
generated k-module, for every XY € 7.

Assume now 7 is Ext-finite and let H : 7° — k-Mod be a functor. We say that H is locally
finite if for every X € 7, the k-module @, H(X[i]) is finitely generated.

Proposition 4.8. Let H be a locally finite functor. Then, H s locally bounded and locally
finitely presented.

Proof. 1t is clear that H is locally bounded. Let X € 7. Let [; be a minimal (finite) family
of generators of H(X[i]) as a k-module. We have I; = ) for almost all 7, since H is locally
bounded. Put D = @, X[i] @ ki and let a : hp — H be the canonical map. The map a(Xi])
is surjective for all 7. So, every locally finite functor is locally finitely generated.

Let now 3 : hg — H. Let G = ker 3. Since 7 is Ext-finite, GG is again locally finite, hence
locally finitely generated. u

4.2. Locally finitely presented functors.

4.2.1. Let us start with some remarks on cohomological functors.

Given 0 — Hy — Hy — H3 — 0 an exact sequence of functors 7° — k-Mod, if two of the
functors amongst the H;’s are cohomological, then the third one is cohomological as well. The
category of cohomological functors 7° — k-Mod is closed under direct sums.
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Given H; — Hy — --- a directed system of cohomological functors 7° — k-Mod, we have
an exact sequence 0 — @ H; — @ H; — colim H; — 0. This shows that colim H; is a
cohomological functor.

Lemma 4.9. Let Hy, ..., H, 1 be cohomological functors on T and f; : H; — H; 1 for1 <1 <
n. Let Z; be a subcategory of T on which f; vanishes. Then, f,--- f1 vanishes on Iy o---o1,.

Proof. Note first that if a morphism between cohomological functors vanishes on a subcategory
Z, then it vanishes on (Z).

By induction, it is enough to prove the Lemma for n = 2. Let X; — X — X, ~» be a
distinguished triangle with X; € Z;. The map f;(X) factors through Hs(X5), i.e., we have a
commutative diagram with exact horizontal sequences

Hy(Xp) — Hl( ) —= H1(Xy)

lo

HQ(XQ HHQ(X) 4>H2(X1
|
H3(X2 —>H3(X)—>H3(X1
This shows that fof;(X) = 0. O

Remark 4.10. Let M € T be a complete classical generator. Let f : @, Hom(Id, Id7[i]) —
@, Hom(M, M|i]) be the canonical map. Let C € ker f. It follows from Lemma [L.9 that ¢ is
locally nilpotent. If 7 = (M)4, then (ker f)¢ =

4.2.2. In this part, we study convergence conditions on directed systems. This builds on
[Bovas, §2.3).
Let V4 LN Vs 2 bea system of abelian groups. We say that the system (V) is almost
constant if one of the following equivalent conditions is satisfied :
o Vi=imf, |- - fof1 + ker f; and ker f;,,.--- f; = ker f; for any » > 0 and ¢ > 1.
e Denote by o; : V; — V = colim V; the canonical map. Then, «; induces an isomorphism
Vi/ker f; = V.

Let 7 be a triangulated category and Z a subcategory of 7. Let H; — Hy — --- be a
directed system of functors 7° — k-Mod. We say that (H;);>1 is almost constant on T if for
every X € T, the system H;(X) — Hy(X) — --- is almost constant.

Fro—1--fry41fr Frg—1-Fro+1fry

Given 1 < r; <ry < ---, we denote by (H,,) the system H,,

T
H,, — -

H,

Proposition 4.11. Let (H;);>1 be a directed system of cohomological functors on T .

(i) If (H;)i>1 is almost constant on Ty, I, . .., I,, then, for anyr > 0, the system (Hp;+r)i>0
18 almost constant on L1 0 ---o1,.

Assume now (H;);>1 is almost constant on I. Then,

(ii) (Hi)iz1 is almost constant on add(Z). If in addition the functors H; commute with
products, then (H;);>1 is almost constant on add(Z).
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(ili) (Hirts)io0 s almost constant on I for any r,s > 0.
(iv) the canonical map H, 1 — colim H; is a split surjection, when the functors are restricted
to (Z)n.

Proof. Let H = colim H; and let K; = ker(H; — H). Take Z and Z' such that (H;) is almost
constant on Z and Z'. Let [ — J — I’ be a distinguished triangle with I € Z and I' € 7'.
Given ¢ > 1, we have a commutative diagram with exact rows and columns

Hi(I') H(I') ——0
Hi(J) H(J)
0 K(I) Hy(I) H(I) 0

0 — Ki(I'[-1]) — Hi(I'[-1]) — H(I'[-1]) —=0

|

0 — K;(J[-1]) — Hi(J[-1])

This shows that H;(J) — H(J) is onto. By induction, we deduce that H;(X) — H(X) is onto
for any ¢ > 1 and any X € Z; ¢ --- 0 Z,. It follows from Lemma (.9 that the composition

K; LN K;11 — -+ — K;, vanishes on Z; ¢ - -- ¢ Z,,. We deduce that (i) holds.
The assertions (ii) and (iii) are clear.

By (i), it is enough to prove (iv) for n = 1. The map f, : H; — H, factors through H,/K;
as f1: Hi/K; — Hs. We have a commutative diagram

f

H,/K; - H,
.

When restricted to Z, the canonical map H;/K; — H is an isomorphism, hence the canonical
map Hs — H is a split surjection. This proves (iv). O

We say that a direct system (A, A, As LN -) of objects of 7T is almost constant on T if
the system (h,,) is almost constant on Z.

4.2.3.  We study now approximations of locally finitely presented functors.

Lemma 4.12. Let T be a triangulated category and G € T. Let H be a locally finitely presented

cohomological functor. Then, there is a directed system A; LN Ao P i T that is almost

constant on {G[i]}iez and a map colimhy, — H that is an isomorphism on (G) .
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Proof. Since H is locally finitely presented, there is A1 € 7 and «; : hy, — H such that
a1(G[r]) is onto for all r.

We now construct the system by induction on i. Assume A; LN As LI (o A; and
a1, ...,q; have been constructed.
Since H is locally finitely presented, there is g : B — A; with im h,(G[r]) = ker o;(G]r]) for

all r and with hya; = 0. Let B I, A, LN ir1 ~ be a distinguished triangle. We have an

exact sequence hp A ha, % ha,.,, hence, there is a1 @ hy,,, — H with a; = a1 f;. We
have a surjection hy(G[r]) : hp(GJi]) — ker a;(G[r]), hence ker o;(G[r]) C ker f;(G[r]). So, the
system is almost constant on {G[i]};ecz. It follows from Proposition 1] (iv) that the canonical
map H — colim hy, is an isomorphism on (G) . O

Proposition 4.13. Let T be a triangulated category classically generated by an object G. Let H
be a cohomological functor. Then, H is locally finitely presented if and only if there is a directed

system A, S Ay o in T that s almost constant on {Gli]}icz and an isomorphism
colimhy, = H.

Proof. The first implication is given by Lemma [L.13. Let us now show the converse.

Since 7 is classically generated by G, it is enough to show conditions (a) and (b) for X = G
(cf Lemma [[.6]). Condition (a) is obtained with oy : hsy, — H. Fix now 3 : hg — H.
There is an integer ¢ such that £ € (G);. By Proposition [L.1] (iii) and (iv), the restriction of
@it1 to (G); has a right inverse p. We obtain a map p@ between the functors hp and ha,,,
restricted to (G);. It comes from a map f : F — A;;;. Let F be the cocone of f. The
kernel of hy(G[r]) : hg(G[r]) — ha,,(G[r]) is the same as the kernel of 3(G]r]). So, the
exact sequence hp(G[r]) — hg(G[r]) — ha,,,(G[r]) induces an exact sequence hp(G[r]) —
he(G[r]) — H(G][r]) and (b) is satisfied. O

4.3. Representability.

4.3.1. We can now state a representability Theorem for strongly finitely generated triangulated
categories.

Theorem 4.14. Let 7 be a strongly finitely generated triangulated category and H be a coho-
mological functor.

Then, H is locally finitely presented if and only if it is a direct summand of a representable
functor.

Proof. Let G be a d-step generator of 7 for some d € N. Let (A;) be a directed system as
in Lemma {13, Then, agyy @ ha,,, — H is a split surjection by Proposition .11 (iv). The
converse follows from Lemmas [[.3 and [.G. O

Recall that an additive category is Karoubian if for every object X and every idempotent
e € End(X), there is an object Y and maps i : Y — X and p : X — Y such that pi = idy and
p =e.
Corollary 4.15. Let 7 be a strongly finitely generated Karoubian triangulated category. Then,
every locally finitely presented cohomological functor is representable.

Via Proposition [[.§, Theorem [.14 generalizes the following result of Bondal and Van den
Bergh [BoVdB, Theorem 1.3].
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Corollary 4.16. Let 7 be an Ext-finite strongly finitely generated Karoubian triangulated
category. A cohomological functor H : T° — k-Mod s representable if and only if it is locally
finite.

The following Lemma is classical:

Lemma 4.17. Let T be a triangulated category closed under countable multiples. Then, T is
Karoubian.

Proof. Given X € 7 and e € End(X) an idempotent, then hocolim(X = X = X — ...
the image of e. O

~—
—
n

We have a variant of Theorem [.14], with a similar proof :

Theorem 4.18. Let 7 be a triangulated category that has a strong complete generator and H
be a cohomological functor that commutes with products.

Then, H is locally finitely presented if and only if it is a direct summand of a representable
functor.

If T is closed under countable multiples, then H s locally finitely presented if and only if it
is representable.

4.3.2. Let us now consider cocomplete and compactly generated triangulated categories — the
“classical” setting.

Lemma 4.19. Assume T is cocomplete. Then, every functor is locally finitely presented.

Proof. Let H be a functor and X € 7. Let D = @, X [i]# XDl and a : hp — H the canonical

map. Then, o(X[i]) is surjective for every i. It follows that H is locally finitely generated.
Now, the kernel of a map hp — H will also be locally finitely generated, hence H is locally

finitely presented. O

So, we can derive the classical representability Theorem ([Need, Theorem 3.1], [Kd, Theorem
5.2], [Need, Lemma 2.2]) :

Theorem 4.20. Let T be a cocomplete triangulated category generated by a set S of compact
objects. Then,

(1) @ cohomological functor T° — k-Mod is representable if and only if it commutes with
products

(2) every object of T is a homotopy colimit of a system A, LN Ay 2 almost constant
on (S) and such that A, and the cone of f; for all i are in S. In particular, T is the
smallest full triangulated subcategory containing S and closed under direct sums.

(3) S classically generates T°.

Proof. Let G = @gesS. Let H : T° — k-Mod be a cohomological functor that commutes with
products. Let (A, f;) be a directed system constructed as in Lemma and C' = hocolim A;.
Note that we can assume that A; and the cone of f; are direct sums of shifts of G (cf Lemmas
A1 and [E19). By Proposition fE1]] (ii), the system is almost constant on (S).

The distinguished triangle @ A; — @ A; — C ~» induces an exact sequence H(C) —
[TH(A;) — [[H(A,;), since H takes direct sums in 7 to products. Consequently, there is a
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map f : he — H that makes the following diagram commutative

he

colim h 4,

H

where the canonical maps from colim h 4, are isomorphisms when the functors are restricted to
(S) (cf Lemma B.I(). So, the restriction of f to (S) is an isomorphism. Consequently, f is
an isomorphism on the smallest full triangulated subcategory 7" of 7 containing S and closed
under direct sums. To conclude, it is enough to show that 7’ = 7 and we will prove the more
precise assertion (2) of the Theorem.

We take X € 7 and H = hy. Then, f comes from a map g : C' — X. The cone Y of ¢ is
zero, since Hom(S[i],Y) =0 for all S € S and i € Z. Hence, ¢ is an isomorphism, so (2) holds.

Assume finally that X € 7¢. Then, g7' : X = C factors through some object of (S); by
Proposition I, hence X € (S);. O

4.4. Finiteness for objects.

4.4.1. We say that C' is cohomologically locally bounded (resp. bounded above, resp. bounded
below, resp. finitely generated, resp. finitely presented, resp. finite) if the restriction of heo to
T°¢ has that property.

From Lemma [[.3, we deduce

Lemma 4.21. Let C' € T¢. Then, C' is cohomologically locally finitely presented.
From Proposition .3, we deduce

Proposition 4.22. The full subcategory of T of cohomologically locally finitely presented objects
15 a thick subcategory.

Note that the full subcategory of cohomologically locally bounded (resp. bounded above,
resp. bounded below) is a also a thick subcategory.
From Theorem [.14, we deduce

Corollary 4.23. Let T be a triangulated category such that T¢ is strongly finitely generated.
Then, C € T° if and only if C' is cohomologically locally finitely presented.

Remark 4.24. Not all cohomological functor on 7°¢ are isomorphic to the restriction of h¢,
for some C' € 7. This question has been studied for example in [Need, Bel, [ChKeNed]. Let us
mention the following result [ChKeNed, Lemma 2.13] : let 7 be a cocomplete and compactly
generated triangulated category. Assume k is a field. Let H be a cohomological functor on 7°¢
with value in the category k-mod of finite dimensional vector spaces. Then there is C' € 7 such
that H is isomorphic to the restriction of he to 7°¢.

44.2. We put T/ = (T¢)... Note that if E is a classical generator of T¢, then 7/ = (E) ..

If 7/ = (E)4 for some d € N and some E € 7¢, then T¢ = (E)4 by Corollary B.13.

We say that X € T is cohomologically locally presented if the restriction of hx to 77 is locally
finitely presented.
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Note that the objects of 7/ are cohomologically locally presented (Lemma [£3) and that
the full subcategory of 7 of cohomologically locally presented objects is a thick subcategory

(Proposition [.3).

We say that a triangulated category is reqular if T/ = (E’>d for some F € 7¢ and d € N.
The justification for this terminology comes from Proposition b.23 below.

Note that this is equivalent to requiring that 7/ = (E), for some E € 7/ and d € N.

If 7 is regular, then 7°¢ is strongly finitely generated by Corollary B.13.

From Theorem [[.1§, we deduce

Corollary 4.25. Let T be a regular triangulated category. Then, C € T/ if and only if C is
cohomologically locally presented.

4.4.3. Let us recall Thomason’s classification of dense subcategories [[Ch, Theorem 2.1] :

Theorem 4.26. Let T be a triangulated category and I a dense full triangulated subcategory.
Then, an object of T is isomorphic to an object of I if and only if its class is in the image of
the canonical map Ko(Z) — Ko(T).

We now state a version of Thomason-Trobaugh-Neeman’s Theorem useful for our purposes

[NeeZ, Theorem 2.1].

Theorem 4.27. Let T be a cocomplete and compactly generated triangulated category. Let T
a full triangulated subcategory closed under direct sums and generated by a set of objects of
INTe. Denote by F: T — T /T the quotient functor.

(i) Let X € T¢ and Y € T. Then, the canonical map
lim Hom7 (X', Y) = Homs/z(FX, FY)

is an isomorphism, where the limit is taken over the maps X' — X whose cone is in
INTe. Also, given' Y € T such that F(Y) is in F(T°), then, there is C € T¢ and
f:C =Y such that F(f) is an isomorphism.

(ii) F' commutes with direct sums and the canonical functor T¢/(Z NT°) — T /I factors
through a fully faithful functor G : T¢/(ZNT°) — (T /I)°.

(iii) An object of (T /Z)¢ is isomorphic to an object in the image of G if and only if its class is
in the image of Ko(G). Furthermore, F induces an equivalence T /(ZNT7) = (T /I)7.

0 ya T T/ 0

0—>TINT¢—>T¢— (T/I)"

Proof. Let X e T¢and Y € 7. Let ¢ : W — X and ¢y : X — Y. Let Z be a cone of ¢ and
assume Z € Z. By Theorem (2) and Proposition B.11, X — Z factors through a map
a: X — 7' for some Z' € TNT°. Let X' be the cocone of a. The map X' — X factors as a
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composition ¢(. This shows (i).

X %W\N Y

Since 7 is cocomplete and the direct sum in 7 of objects of Z is in Z, it follows from [B d,

Lemma 1.5] that F' commutes with direct sums.

Let now X € 7° and {Z;} be a family of elements of 7. Let f : F(X) — @, F(Z;) =
F(®, Z;). Thereis ¢ : X' — X and ¢ : X' — @, Z; with the cone of ¢ in Z N T° and
f=F@{)F(¢)™. Since X' is compact, 1 factors through a finite sum of Z;’s, hence f factors
through a finite sum of F(Z;)’s. Consequently, F'(X) is compact. The fully faithfulness of G
comes from (i).

Let us finally prove (iii). By Theorem (3), (T/Z)° is classically generated by F(7°).
Since F(7°) is a full triangulated subcategory of (7 /7)€, it is dense. The result about 7°¢
follows now from Theorem [£.26.

It follows that F(77) is dense in (7 /Z)”. Since 77 is closed under taking multiples, it follows
from Lemma that F(7/) = (T /T)/. O

Corollary 4.28. Let T be a cocomplete and compactly generated triangulated category. Let T
be a full triangulated subcategory closed under direct sums and generated by a set of objects of
InTe.

If T is regular, then T /T is regular.

4.5. Algebras and schemes.

4.5.1. From Theorem [[.27 (3), we deduce the following result [Kd, §5.3] :
Corollary 4.29. Let A be a dg algebra. Then, D(A)¢ = (A)s and D(A)S = (A)..

Proposition 4.30. Let A be a dg algebra and C' € D(A). Then, C' is cohomologically locally
bounded (resp. bounded above, resp. bounded below) if and only if H(C) =0 for |i] > 0 (resp.
fori >0, resp. fori<0).



20 RAPHAEL ROUQUIER

Proof. We have D(A)¢ = (A), (Corollary [£.29). Hence, C' is cohomologically locally bounded
(resp. bounded above, resp. bounded below) if and only if hc(A[i]) = 0 for |i| > 0 (resp. for
i < 0, resp. for i > 0). Since hc(A[i]) = H~'(C), the result follows. O

4.5.2. For A an algebra, we denote by K —*(A-proj) (resp. K ~°(A-Proj)) the homotopy cat-
egory of right bounded complexes of finitely generated projective A-modules (resp. projective
A-modules) with bounded cohomology.

Proposition 4.31. Let A be an algebra. The canonical functors induce equivalences between
e K(A-proj) and D(A)°
e K°(A-Proj) and D(A)*
o K—Y(A-proj) and the full subcategory of D(A) of cohomologically locally finitely pre-
sented objects
o D*(A) and the full subcategory of D(A) of cohomologically locally presented objects.

Proof. The first two assertions are immediate consequences of Corollary [£.29.
Recall that the canonical functor K ~?(A-Proj) — DP(A) is an equivalence.

We now prove the third assertion. Let C' € D(A). By Corollary .29 and Lemma [.4, C' is
cohomologically locally finitely presented if and only if conditions (a) and (b) hold for X = A.

Let C be a right bounded complex of finitely generated projective A-modules with bounded
cohomology. Pick r such that H/(C') = 0 for i < r. The canonical map from the stupid
truncation 0="C to C' is surjective on cohomology, so C' satisfies (a).

Let D be a bounded complex of finitely generated projective A-modules and f : D — C.
Take s < r such that D? = 0 for ¢+ < s. Then, f factors through the canonical map 0=5C' — C

in a map f': D — 02°C. Pick a distinguished triangle £ - D I 5250 . Then, we have
an exact sequence H'E — H'D — H'C for all i, hence C satisfies (b). So, C'is cohomologically
locally finitely presented.

Let C' be a cohomologically locally finitely generated object. Then, C' has bounded cohomol-
ogy. Let ¢ maximal such that H*(C') # 0. Up to isomorphism, we can assume C? = 0 for j > i.
By assumption, there is a bounded complex D of finitely generated projective A-modules and
f: D — C amorphism of complexes such that H(f) is onto. In particular, we have a surjection
D' — C*" — H(C), hence H*(C) is finitely generated.

Let C' be cohomologically locally finitely presented.

Assume first C' = M is a complex concentrated in degree 0. Let f : DY — M be a surjection,
with DY finitely generated projective. Then, ker f is cohomologically locally finitely presented
(Proposition [£.29), hence is the quotient of a finitely generated projective module. By induction,
it follows that M has a left resolution by finitely generated projective A-modules.

We take now for C' an arbitrary cohomologically locally finitely presented object. We know
that C' has bounded cohomology (see above) and we now prove by induction on sup{i|H*(C') #
0} — min{i|H*(C') # 0} that C' is isomorphic to an object of K ~*(A-proj).

Let ¢ be maximal such that H'(C) # 0. As proven above, there is a finitely generated
projective A-module P and a morphism of complexes f : P[—i] — C such that H(f) is
surjective. Let C’ be the cone of f. By Proposition .23, C” is again cohomologically locally
finitely presented. By induction, C” is isomorphic to an object of K—(A-proj) and we are
done.
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The last assertion has a similar (easier) proof. U

Corollary 4.32. Let A be a noetherian algebra. Then, the full subcategory of cohomologically
locally finitely presented objects of T = D(A) is equivalent to D’(A-mod).

Remark 4.33. For the derived category of an algebra, the bounded derived category is also the
full subcategory of cohomologically locally bounded objects. For a dg algebra, there might be
no non-zero cohomologically locally bounded objects (e.g., for k[x, z7!] with x in degree 1 and
differential zero). The notion of cohomologically locally presented objects is more interesting
for our purposes.

4.5.3.

Proposition 4.34. Let A be an abelian category with exact filtered colimits and a set F of
generators (i.e., a Grothendieck category). Assume that for any G € F, the subobjects of G are
compact.

Then, (D*(A))¢ = (A°) .

Proof. An object I of A is injective if for any G € F and any subobject G’ of GG, the canonical
map Homy (G, I) — Hom (G, I) is surjective [Std, Proposition V.2.9]. Note that G’ is compact.
It follows that a direct sum of injectives is injective.

Let M € A¢. Let F be a family of objects of D°(A). Then, @ F exists in D°(A) if and
only if the direct sum, computed in D(A), has bounded homology, i.e., if and only if, there are
integers r and s such that for any F € F, we have H(F) = 0 for i < r and for i > s. Given
F € F,let Ir be a complex of injectives quasi-isomorphic to F’ with zero terms in degrees less
than 7. Since @, I7. is injective, we have Ext'(M, @, I) = 0 for all j and i > 0. Hence,

Homp (M, @D F) = H* Hom’ (M, Ir) = H* @ Hom® (M, Ir) =
F F F

= @5 H Hom (M, Ir) = @ Hompay (M, F).
F F

It follows that M € D°(A)°.

Let C € D’(A)°. We prove by induction on max{i|H'C # 0} — min{i|H'C # 0} that
C e (A% .

Take ¢ maximal such that H'C' # 0. Then, Homps 4 (C, M[—i]) = Homy(H'C, M) for any
M € A. It follows that H'C' € A°. As proven above, we deduce that H'C[—i] € D*(A)¢, hence
=710 € DP(A)°. By induction, 751C € (A°),, and we are done. O

Corollary 4.35. Let A be a noetherian ring. Then, D*(A-mod) = Db(A)e.
Let X be a noetherian scheme. Then, D°(X-coh) = D’(X-qcoh)e.

Proof. In the ring case, we take F = {A}. In the geometric case, we take for F the set of
coherent sheaves, cf [ThTH, Appendix B, §3]. O

5. DIMENSION FOR DERIVED CATEGORIES OF RINGS AND SCHEMES

5.1. Resolution of the diagonal. Let k be a field.



22 RAPHAEL ROUQUIER

5.1.1.

Lemma 5.1. Let A be a noetherian k-algebra such that pdim e A < oo. Then, D°(A) =
(A)14pdimyen 4 and DP(A-mod) = (A)14pdim yen 4. In particular, dim D*(A-mod) < pdim 4en A.

Proof. By §B.2.2, we deduce that D°(A) = (E>1+pdimAen 4. Now, we have D’(A-mod) ~ D?(A)¢
(Corollary [.35) and the result follows from Corollary B.12. O

We say that a commutative k-algebra A is essentially of finite type if it is the localization of
a commutative k-algebra of finite type over k.
Recall the following classical result :

Lemma 5.2. Let A be a finite dimensional k-algebra or a commutative k-algebra essentially of
finite type. Assume that given V' a simple A-module, then Z(End4(V)) is a separable extension
of k. Then, pdim 4en A = gldim A.

Proof. Note that under the assumptions, A" is noetherian. In the commutative case, gldim A =
sup{gldim A }m and pdim gen A = sup{pdim 4 jen Am}m Where m runs over the maximal ideals
of A. It follows that it is enough to prove the Lemma for A local.

So, let us assume now A is finite dimensional or is a commutative local k-algebra essentially
of finite type.

Let 0 - P7" — ... — P - A — 0 be a minimal projective resolution of A as an A®'-
module. So, there is a simple A®**-module U with Ext’e.(A,U) # 0. The simple module U
is isomorphic to a quotient of Homy(S,T) for S, T two simple A-modules. By assumption,
End4(S) ® End4(7T)° is semi-simple, hence U is actually isomorphic to a direct summand of
HOIIlk(S 3 T) .

Then,

Ext’, (T, S) = Ext’en (A, Hom (T, S)) # 0.
Hence, r < gldim A.

Now, given N an A-module, 0 - P " ®4 N — --- — PP®4 N — N — 0 is a projective

resolution of NV, hence r > gldim A, so r = gldim A. O

Remark 5.3. Note that this Lemma doesn’t hold if the residue fields of A are not separable
extensions of k. Cf the case A =k’ a purely inseparable extension of k.

Combining Lemmas B.1 and p.2, we get

Proposition 5.4. Let A be a finite dimensional k-algebra or a commutative k-algebra essen-
tially of finite type. Assume that given V' a simple A-module, then Z(Enda(V)) is a separable
extension of k. N

If A has finite global dimension, then D°(A) = (A)1 gdima and D°(A-mod) = (A)1 gldim 4.
In particular, dim D°(A-mod) < gldim A.

5.1.2.  Following §B.2.9, we have the following result (cf [BoVdD, §3.4]).

Proposition 5.5. Let X be a separated noetherian scheme over k. Assume there is a vector
bundle L on X and a resolution of the structure sheaf Oa of the diagonal in X x X

0—=F " "= 5 F = 0p—0
with ' € add(LX L).
Then, D*(X-qcoh) = (L)1, and D*(X-coh) = (L),,.
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Proof. Let p1,py : X x X — X be the first and second projections. For C' € D°(X-qcoh), we

have C' ~ Rp1.(Oa @ p3C). Tt follows that C € (£ @, RI'(L @ C))14,, hence C € (L)1,
Since D°(X-qcoh)® = Db(X-coh) (Corollary [E:3]), the second assertion follows from Corollary

sae) O
Note that the assumption of the Proposition forces X to be regular.

Example 5.6. Let X = P}. Let us recall results of Beilinson [Bei. The object G = O &
.- @ O(n) is a classical generator for D?(X-coh). We have Ext'(G,G) = 0 for i # 0. Let
A = End(G). We have D’(X-coh) ~ D’(A-mod). We have gldim A = n, hence D’(A-mod) =
(A1 (Proposition f-4), so D*(P™-coh) = (O @ --- ® O(n)),41. Another way to see this is to
use the resolution of the diagonal A C X x X :

0—O0(-n)KQ"(n) = — O(-1)RQ(1) = OKO — O — 0.
By Proposition below, it follows that dim D°(P"-coh) = n.

Example 5.7. In [Kd]|, Kapranov considers flag varieties (type A) and smooth projective
quadrics. For these varieties X, he constructs explicit bounded resolutions of the diagonal
whose terms are direct sums of £LX L', where £ and £’ are vector bundles. It turns out that
these resolutions have exactly 1 + dim X terms (this is the smallest possible number). By
Proposition p.30, it follows that dim D?(X-coh) = dim X

Starting from a smooth projective variety X, there is a line bundle whose homogeneous
coordinate ring is a Koszul algebra [Bd, Theorem 2]. Now, if the kernel of the r-th map of the
resolution is a direct sum of sheaves of the form £ X L', where £, L’ are vector bundles, then
dim D°(X-coh) < r. Note that this can work only if the class of Ox is in the image of the
product map Ko(X) x Ko(X) — Ko(X x X). The case of flag varieties associated to reductive
groups of type different from A,, would be interesting to study.

The following is our best result providing an upper bound for smooth schemes.

Proposition 5.8. Let X be a smooth quasi-projective scheme over k. Let L be an ample line

bundle on X. Then, there is r > 0 such that D*(X-qcoh) = (G)2dimx+1 and D?(X-coh) =
(G)adimx41 where G =0 @ LY VD - @ L. In particular, dim D?(X-coh) < 2dim X.

Proof. There is a resolution of the diagonal

where C* € add({£77 X £77},5). Denote by C the complex --- — C~* L0 .
Let n = dim X. Truncating, we get an exact sequence
0—C 2 kerd™®™ - C 2" — ... (" ﬂ---HCO d—0>(’)A—>O

Since X x X is smooth of dimension 2n, we have Ext*"*'(Ox, C~2""!/kerd=?") = 0. So, the
distinguished triangle C~2"!/kerd 2"[2n] — o=72"C" — Op ~ splits, i.e., Op is a direct
summand of the complex 0=~2"C'. We conclude as in the proof of Proposition .3 O

Remark 5.9. We actually don’t know any case of a smooth variety where we can prove that
dim D?(X-coh) > dim X. The first case to consider would be an elliptic curve.
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5.1.3. For applications to finite dimensional algebras, we need to prove certain results for the
derived category of differential modules. The theory of such derived categories mirrors that of
the usual derived category of complexes of modules (forget the grading). We state here the
constructions and results needed in this paper.

Let A be a k-algebra. A differential A-module is a (A ®j, k[e]/(£?))-module. We view a
differential A-module as a pair (M, d) where M is an A-module and d € End (M) satisfying
d*> = 0 is given by the action of . The homology of a differential A-module is the A-module
kerd/imd.

The category of differential A-modules has the structure of an exact category, where the
exact sequences are those exact sequences of (A ®; k[]/(¢?))-modules that split by restriction
to A. This is a Frobenius category and its associated stable category is called the homotopy
category of differential A-modules.

A morphism of A-modules is a quasi-isomorphism if the induced map on homology is an iso-
morphism. We now define the derived category of differential A-modules, denoted by Ddiff(A),
as the localisation of the homotopy category of differential A-modules in the class of quasi-
isomorphisms. These triangulated categories have a trivial shift functor.

We have a triangulated forgetful functor D(A) — Ddiff(A). Let X,Y be two A-modules
and ¢ > 0. Then, the canonical map Ext’,(X,Y) = Hompa) (X, Y[i]) — Hompag(a)(X,Y) is
EXtZ(X, Y) = HOHlDdiﬂ"(A) (X, Y)

injective and we have an isomorphism [], -,

5.1.4.

Lemma 5.10. Let A be a k-algebra. Let W be an A-module with pdim W > d. Then, there are
A -modules My = A, My, ..., My which are projective as left and as right A-modules, elements
G € Exthen (M;, Miyy) for 0 < i < d—1 such that (C4_1--- (o) @4 Ly is a non zero element of
Ext® (W, My @4 W).

Proof. Let --- — C~2 o 00 LA L 0bea projective resolution of the A®*-module
A. Then, -+ - O 2@ W - C @, W — C'@, W — W — 0 is a projective resolution of
W. Let Q7% be the kernel of d'*! for i < —1 and Q0 = A. Let ¢; € Extle. (7, Q) given by

the exact sequence 0 — Q! — =i 5 i (.
Since Ext4 (W, —) is not zero, it follows that the exact sequence

0> UWURUW SC M@, W—  5C W o0 W =W =0
gives a non zero element ¢ € Ext® (W, Q4@ ,W). This element is equal to (Cg_1 -+ (o) ®@alw. O
The following result is our main tool to produce lower bounds for the dimension.

Lemma 5.11. Let A be a k-algebra. Let W be an A-module with pdim W > d. Let T be D(A)
or DAiff(A). Then, W & (A)7 4.

Proof. Assume W € (A)y4, for some r > 0. Let W,_; — Wy — V; ~» be a family of distin-
guished triangles, for 1 < s < r. We put V) = W, and we assume V; € (Z) for 0 < s <r and
W, =W @ W' for some W"'.

We use now Lemma [.10. The element (; induces a natural transformation of functors
M; @4 — — M 1[1] ®4 — from DP(A) to itself. Restricted to (A), this transformation is

zero. It follows from Lemma g that (Cq_q---(y) ®a — vanishes on (A)y. It follows that
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r > d (in case 7 is the derived category of differential A-modules, note that the canonical map
Ext4 (W, My ®4 W) — Homg (W, My ®4 W) is injective). 0

We deduce the following crucial Proposition :

Proposition 5.12. Let A be a commutative local noetherian k-algebra with mazimal ideal m.

Let T be D(A) or Ddiff(A). Then, A/m & (A)7 Kruldim A-

Proof. We know that Krulldim A < gldim A = pdim, A/m (cf for example [Md, Theorem 41]).
The result follows now from Lemma p.T1. O

Remark 5.13. Let M,V € D(A). If V € (M)p(ay, then F(V) € (F(M))pait (), where
F : D(A) — Ddiff(A) is the forgetful functor.

From Lemma and Propositions p.23, we deduce

Proposition 5.14. Let A be a noetherian k-algebra of global dimension d € NU{oco}. Assume
k is perfect. Then, d is the minimal integer i such that A-perf = (A);,1.

Remark 5.15. The dimension of D°(A-mod) can be strictly less than gldim A (this will be
the case for example for a finite dimensional k-algebra A which is not hereditary but which
is derived equivalent to a hereditary algebra). This cannot happen if A is a finitely generated
commutative k-algebra, cf Proposition p.3¢ below.

Remark 5.16. Let A = k[z]/(2?) be the algebra of dual numbers. The indecomposable objects
of D*(A-mod) are k[i] and L,[i] for n > 1 and i € Z, where L, is the cone of a non-zero map
k — k[n]. Tt follows that D?(A-mod) = (k),, hence, dim D?(A-mod) = 1 (cf Proposition
below).

Note that the dimension of the category of perfect complexes of A-modules is infinite by
Proposition p.23. Let us prove this directly. Given C' a perfect complex of A-modules, there is
an integer r such that Ext’e.(A, A) acts as 0 on (C) for i > 7. On the other hand, given d an
integer, then (Extjjen (A4, A))™ doesn’t act by 0 on Hompe(ay(Lyds1, Lrgs1[rd]) (note that Lygq
is perfect). So, L4+1 ¢ (C)q by Lemma [L.9.

Remark 5.17. Let k£ be a field and A a finitely generated k-algebra. Can the dimension of
D*(A-mod) be infinite ? We will show that the dimension is finite if A is finite dimensional
(Proposition p.39) or commutative and k is perfect (Theorem [(.33).

5.2. Finite global dimension.

5.2.1.  We explain here a method of dévissage for derived categories of abelian categories with

finite global dimension.

Lemma 5.18. Let A be an abelian category and C' a complex of objects of A. Assume H'C =
, o 0 i o

-~ =H'C' =0 for somei > 0. Let 0 — ker d" SNy AN AN Fon i>C”+1/1mall—>0 be

an exact sequence equivalent to 0 — ker d°—C"'— ... - C" - O /imd" — 0 (ie., giving

the same element in Ext™?(C"*! /im d’, ker d°)). Then, C is quasi-isomorphic to the complex

_ d72 _ 0 i . b . di+2
(028, o 1L,L0f_>...f_>y+1_>02+2_>...

-1 . . .o gitl
where a is the composite C~* L kerd® -2 L0 and b the composite L1 N C*/im d “,

Cz’+2
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Proof. 1t is enough to consider the case of an elementary equivalence between exact sequences.
Let

0 — ker d° Lo ... i+ Ci+1/ imd — 0

0 — ker dO CO N Ci+1 Cz‘—i—l/ im di — =0
be a commutative diagram, with the rows being exact sequences. Then, there is a commutative
diagram

-2 o1 JL i+l Oi+2

ker d°

C—Q C—l CO .. Oi+1 Ci+2
This induces a morphism of complexes from the first row to the last row of the diagram and
this is a quasi-isomorphism. O

Lemma 5.19. Let A be an abelian category with finite global dimension < n. Let C be a complex
of objects of A. Assume H'C' =0 if n fi. Then, C is quasi-isomorphic to @,(H™C)[—ni].

Proof. Pick i € Z. The sequence 0 — ker d” — C™ — ... — O™+ — 076+ /iy gri+)-1

0 is exact. It defines an element of Ext’{'(C"(HD /im d"(+D-1 ker d™). This group is 0 by

assumption, hence the exact sequence is equivalent to 0 — ker d™ — ker d™ 2,00 %

CnHD [im @re+D=1 — O+ [ im @r(+D=1 — 0. Lemma shows that C' is quasi-isomorphic
to a complex D with d¥ = .. = dz)(iH)_l = 0. Now, there is a morphism of complexes
(H"H+DC)[—n(i +1)] — D that induces an isomorphism on H™+Y. So, for every i, there is a
map p; in D(A) from (H"C)[—ni] to C that induces an isomorphism on H™. Let p =", p;
@,(H™C)[—ni] — C. This is a quasi-isomorphism. O

Proposition 5.20. Let A be an abelian category with finite global dimension < n with n > 1.
Let C' be a complex of objects of A. Then, there is a distinguished triangle in D(A)

B Dri-
7 %
>m'+17.§n(i+1

where D; = 0= )=1C is a complex with zero terms outside [ni +1,... n(i + 1) — 1]
and E; is a complex concentrated in degree ni.

Proof. Let i € Z. Let f; be the composition of the canonical maps 7<"(+)~-1C" — C with
the canonical map g2 *lrsn+D-1C — 7sn(+D=1C " Then, H"(f;) is an isomorphism for
ni+2 <7 <n(i+1)—1and is surjective for r = ni + 1. Let D = @, o= 1r=n+U-1C and
f=>,fi:D— C. Let E be the cone of f. We have an exact sequence

NN Hni72D ; Hm'72c N Hni72E N Hnile :) Hniflcv _ HniflE N anD N
N anc« N HmE N HniJrlD s HniJrlC N HniJrlE N Hni+2D :) Hni+20 .
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Since H™D = 0 for all 7, we deduce that H"E = 0 if n 7. The Proposition follows now from
Lemma p.19. O

Remark 5.21. Note there is a dual version to Proposition obtained by passing to the
opposite category A°.

0.2.2.

Proposition 5.22. Let A be a ring with finite global dimension. Then, D°(A) = <g>2+2gldimA-
If A is noetherian, then D*(A-mod) = (A)ai2gdima and dim D’(A-mod) < 1 + 2 gldim A.

Proof. Put n = gldim A. Let C' € D°(A). Up to quasi-isomorphism, we can assume C is a
bounded complex of projective A-modules. We now use Proposition F.20. An A-module M has

a projective resolution of length n + 1, hence M € (A),+1. So, B, E; € (A),11. Similarly, we

have @, D; € (A)n41.
The second part of the Lemma follows from Corollary B.12. U

The following characterization of regular algebras is due to Van den Bergh in the noetherian
case.

Proposition 5.23. Let A be a ring. Then, the following conditions are equivalent
(i) A is regular, i.e., gldim A < oo
(ii) K°(A-Proj) = D°(A)
(iii) D(A) is regular.
If A is noetherian, these conditions are equivalent to the following

(") every finitely generated A-module has finite projective dimension
(i) D°(A-mod) = A-perf
(iii") A-perf is strongly finitely generated.

Proof. The equivalence between the first two assertions is clear, since D°(A) is classically gen-
erated by the L[i], where L runs over the A-modules and i € Z.

If D(A) is regular, then every cohomologically locally presented object is in D(A)’ (Corollary
K.23). So, (iii)=-(ii) follows from Proposition f.31].

Finally, (i)=-(iii) follows from Proposition [.23.

The proof for the remaining assertions are similar. U

For finite dimensional or commutative algebras over a perfect field, we obtained in Proposition
B4 the better bound dim D°(A-mod) < gldim A. We don’t know whether such a bound holds

under the assumption of Proposition p.22.

The construction of Proposition p.27 is not optimal when A is hereditary, since the D; in
Proposition .20 are then zero, i.e., every object of D’(A) is isomorphic to a direct sums of
complexes concentrated in one degree. We get then the following result.

Proposition 5.24. Let A be a hereditary ring. Then, DP(A) = (A),.
Assume now A is noetherian. Then, D°(A-mod) = (A)y. If there are infinitely many iso-
morphism classes of indecomposable finitely generated A-modules, then dim D°(A-mod) = 1.

Remark 5.25. Proposition p.24 generalizes easily to quasi-hereditary algebras. Let C be a
highest weight category over a field k with weight poset A (i.e., the category of finitely generated
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modules over a quasi-hereditary algebra). Then, there is a decomposition D*(C) =T, -0 Iy
such that Z; ~ D’(k"-mod) for some n; and where d is the maximal i such that there is

A < -+ <\ € A [CPS, Theorem 3.9]. It follows from Lemma B4 that dim D*(C) < d.

Remark 5.26. It would interesting to classify algebraic triangulated categories of dimension
1. Which differential graded / finite dimensional algebras can have such a derived category ?
This relates to work on quasi-tilted algebras.

5.2.3. The following Lemma is related to the non-commutative [BoVdB], Lemma 4.2.4].

Lemma 5.27. Let X be a quasi-projective scheme over a field and L an ample sheaf. Then,

there are r,1 > 0 such that add({L®}icz) C (G); where G = LT LET™ ... L. If X
15 reqular, then we can take | =1 + dim X.

Proof. Pick s > 0 such that £%¢ is very ample and let i : X — P¥ be a corresponding immersion
(i.e., L& ~ *O(1)). Beilinson’s resolution of the diagonal (cf example p.6) shows that for every
i < 0, there is an exact sequence of vector bundles on P¥

0—-0@l)—-0V—-01)eV;— -+ —=0ON)@Vy —0

where Vp, ..., Vy are finite dimensional vector spaces. By restriction to X, we obtain an exact
sequence

Lo 0 1 N-1
0—>£®SZf—>O®V0f—>,C®S®V1f—>---f—>£®SN®VN—>O.

This shows the first part of the Lemma with [ = N + 1.
Assume now X is regular of dimension d. Then, Ext®! (M, £25) = 0, where M = coker f¢.
Consequently, £ is a direct summand of the complex

0-00% 15 roey L. I reigy, o

Dualizing, we see that, for i > 0, then £ is a direct summand of a complex
0LV, — - 5LV, - 0V, — 0.

The Lemma follows. U

Proposition 5.28. Let X be a regular quasi-projective scheme over a field and L an ample
sheaf. Then, D°(X-qcoh) = (G)2(14dim x)2 and Db(X-coh) = (G)2(14dim x)2 for some r > 0,
where G = L7 @ -+ & L. In particular, dim D®(X-coh) < 2(1 + dim X)? — 1.

Proof. By Lemma .27, there is r > 0 such that add({£®}iez) C (G)11aimx for all i, where
G=L%"® DL, Let C’E_Db(X—qcoh). Up to isomorphism, we can assume C' is a
bounded complex with terms in add({L£®"};cz), because X is regular. Now, as in the proof of

Proposition .23, we get C' € (add({L®}icz))24+2dim x - d0

In the case of a curve, we have a slightly better (though probably not optimal) result.

Proposition 5.29. Let X be a reqular quasi-projective curve over a field. Then, dim Db(X-coh) <
3.
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5.3. Nilpotent ideals.

Lemma 5.30. Let A be a noetherian ring and I a nilpotent (two-sided) ideal of A with I"™ = 0.
Let M € D*((A/I)-mod) such that D*((A/I)-mod) = (M),. Then, D*(A-mod) = (M),,.
In particular, dim D*(A-mod) < r(1 + dim D®((A/I)-mod)) —

Proof. Let C' be a bounded complex of finitely generated A-modules. We have a filtration
0=1"C Cc I"''C c --- C IC C C whose successive quotients are bounded complexes of
finitely generated (A/I)-modules and the Lemma follows. d

We have a geometric version as well.

Lemma 5.31. Let X be a separated noetherian scheme, I a nilpotent ideal sheaf with I" = 0
andi : Z — X the corresponding closed immersion. Let M € D°(Z-coh) such that D*(Z-coh) =
(M),. Then, D*(X-coh) = (i,M),,. Similarly, for M € Db(Z-qcoh) such that D°(Z-qcoh) =
<M)n, then D*(X-qcoh) = (ZTJ\J@M.

In particular, dim D*(X-coh) < r(1 + dim D*(Z-coh)) —

For an artinian ring A, the Loewy length 11(A) of A is the smallest integer ¢ such that
J(A)™ =0, where J(A) is the Jacobson radical of A.
From Lemma .30, we deduce

Proposition 5.32. Let A be an artinian ring. Then, D*(A-mod) = (A/J(A))ua). In particu-
lar, dim D°(A-mod) < 11(A) — 1.

5.4. Finiteness for derived categories of coherent sheaves. Let £k be a field.

5.4.1. Let us recall some facts on derived categories of schemes.

Let X be a separated scheme of finite type over k.

Then, D(X-qcoh) is generated by a compact object and D(X-qcoh)® = X-perf [BoVdB,
Theorem 3.1.1]. Let U be an open subscheme of X and Dx_y(X-qcoh) be the full sub-
category of D(X-qcoh) of complexes whose cohomology sheaves are supported on X — U.
Then, Dx_y(X-qcoh) is generated by an object of Dx_y(X-qcoh) N X-perf (the proof of
[BoVdB, Theorem 3.1.1] applies to this case as well). In particular, Theorem [.27 applies
to Z = Dx_y(X-qcoh) (this is the original localization Theorem of Thomason and Trobaugh
[ThTy, Proposition 5.2.2]).

Via the exact sequence 0 — D%_;(X-coh) — D’(X-coh) — D®(U-coh) — 0, Lemma B3
gives

Lemma 5.33. We have dim D*(U-coh) < dim D°(X-coh).

Proposition 5.34. Let X be a quasi-projective scheme over k. Then, the following assertions
are equivalent

(i) X is regular

(ii) every object of D°(X-qcoh) is isomorphic to a bounded complex of locally free sheaves
(iii) D°(X-coh) = X-perf

(iv) X-perf is strongly finitely generated

(v) D(X-qcoh) is regular.
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Proof. 1t is clear that (ii)=-(i) and (iii)=(i).

By Proposition .28, we have (i)=-(ii)—(v).

Assume (iv). Since X-perf is strongly finitely generated, it follows from Lemma B.3 that
U-perf is strongly finitely generated for any affine open U of X because the restriction functor
X-perf — U-perf is dense by Thomason-Thobaugh’s localization Theorem {.27. So, U is
regular by Proposition .23, hence X is regular. So, (iv)=-(i).

Note that (v)=-(iv) has been discussed in §f.4.9. O

Remark 5.35. One shows more generally that for X a quasi-compact separated scheme, if
D(X-qcoh) is regular, then X is regular. We don’t how about the converse, i.e., how to
generalize Proposition [.2§.

0.4.2.

Proposition 5.36. Let X be a separated scheme of finite type over k. Then, dim D*(X-coh) >
dim X.

Proof. Thanks to Lemma [.31], we can assume X is reduced. Let M € D’(X-coh) such that
Db(X-coh) = (M), ;.

Pick a closed point = of X with local ring O, of Krull dimension dim X such that M, € (Ox)
(given F' a coherent sheaf over X, there is a dense open affine U such that Fjy is projective.

Now, a complex with projective cohomology splits). Then, k, € (O,),11. It follows from
Proposition that » > Krulldim O, = dim X. U

From Propositions p.4 and p.3q, we deduce

Theorem 5.37. Let X be a smooth affine scheme of finite type over k. Then, dim D*(X-coh) =
dim X.

5.4.3. The following Theorem is due to Kontsevich, Bondal and Van den Bergh for X non
singular [BoVdB, Theorem 3.1.4].
Theorem 5.38. Let X be a separated scheme of finite type over a perfect field k. Then, there
is E € D*(X-coh) and d € N such that D°(X-qcoh) = (E)4 and D°(X-coh) = (E),.

In particular, dim D°(X-coh) < oo.

Let us explain how the Theorem will be proved. It is enough to consider the case where
X is reduced. Then, the diagonal is a direct summand of a perfect complex up to a complex

supported on Z x X, where Z is a closed subscheme with smooth dense complement. We
conclude by induction by applying the Theorem to Z.

Let us start with two Lemmas.

Lemma 5.39. Let A and B be two finitely generated commutative k-algebras, where k is perfect.

—2 —1 0
Let M be a finitely generated (B ® A)-module and - -+ — P~} 5P M550 be an evact
complex with P finitely generated and projective.
If M is flat as an A-module and B is reqular of dimension n, then kerd™" is a projective

(B ® A)-module.

Proof. Let 1 > 1, m a maximal ideal of A and n a maximal ideal of B. We have
TorZB®A(ker d",B/n® A/m) ~ TorfﬁA(M, B/n® A/m) ~ TOIE_H-(M ®4 A/m,B/n) =0
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since B is regular with dimension n. It follows that kerd™" is projective (cf [Md, §18, Lemma

5)). O

Lemma 5.40. Let X be a separated noetherian scheme and Z a closed subscheme of X, given
by the ideal sheaf T of Ox. Forn > 1, let Z,, be the closed subscheme of X with ideal sheaf I™
and i, : Z, — X the corresponding immersion.

Then, given C € D% (X-coh), there ismn > 1 and C,, € D*(Z,-coh) such that C' ~ i, X,.

Proof. Let F be a coherent sheaf on X supported by Z. Then, Z"F = 0 for some n and it
follows that F = i,.(i% F). More generally, a bounded complex of coherent sheaves on X that
are supported by Z is isomorphic to the image under 7,, of a bounded complex of coherent
sheaves on Z,, for some n.

Let F be a coherent sheaf on X. Let F; be the subsheaf of F of sections supported by Z.
By Artin-Rees’ Theorem [Md, §11.C Theorem 15], there is an integer r such that (Z™F)NF, =
I (" N Fz) for m > r. Since F is a coherent sheaf supported by Z, there is an integer d
such that Z¢F, = 0. So, (Z"T¢F)NF, = 0. It follows that the canonical map F, — F/(Z"2F)
is injective.

We prove now the Lemma by induction on the number of terms of C' that are not supported
by Z.

LetC=0—C 4% .25 05 L 0bea complex of coherent sheaves on X with cohomology
supported by Z and take i minimal such that C? is not supported by Z.

Since C*~! and H'(C') are supported by Z, it follows that ker d’ is supported by Z. So, there
is an integer n such that the canonical map kerd" — C'/(Z"C") is injective. Let R be the
subcomplex of C' with non zero terms R' = Z"C" and R*™! = d*(Z"C") — a complex homotopy
equivalent to 0. Let D = C'/R. Then, the canonical map C' — D is a quasi-isomorphism. By
induction, D is quasi-isomorphic to a complex of coherent sheaves on Z,, for some n and the
Lemma follows. Il

Proof of the Theorem. We have D°(X-qcoh)® = D*(X-coh) (Corollary [:35). So, the assertion
about D°(X-coh) follows immediately from the one about D°(X-qcoh) by Corollary B.13. By
Lemma [.31], it is enough to prove the Theorem for X reduced.

Assume X is reduced and let d be its dimension. We now prove the Theorem by induction
on d (the case d = 0 is trivial).

Let U be a smooth dense open subscheme of X. The structure sheat Oy of the diagonal
AU in U x X is a perfect complex by Lemma [.39. By Thomason and Trobaugh’s localization
Theorem (cf §5.4.1 and Theorem [L.27)), there is a perfect complex C' on X x X and a morphism
f:C — Oax ® Oax|1] whose restriction to U x X is an isomorphism. Let G' be a compact
generator for D(X-qcoh). Then, GX G is a compact generator for D((X x X)-qcoh) [BoVdB,
Lemma 3.4.1]. So, there is r such that C' € (G X G), by Theorem 27 (3).

Let D be the cone of f. Then, H*(D) is supported by Z x X, where Z = X — U. It follows
that there is a closed subscheme Z’ of X with underlying closed subspace Z, a bounded complex
D’ of coherent Oz, x-modules and an isomorphism (i x 1), D’ = D in D°((X x X)-coh), where
i:Z' — X is the closed immersion (Lemma [.4(). By induction, there is M € D*(Z’-coh) and

an integer [ such that D°(Z'-qcoh) = (M);.
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Let p; and ps be the first and second projections X x X — X and 7 : Z' x X — Z’ be the
first projection. Let F € D°(X-qcoh). We have a distinguished triangle

Rp1.(C ®" psF) — F & F[1] — Rp1.(D @" p3F) ~ .

Since C is perfect, we have C @Y psF € DP((X ® X)-qcoh), hence Rp.(C @Y psF) has bounded
cohomology. It follows that Rpi.(D &Y p5F) has bounded cohomology as well. We have

Rp1.(D @" p3F) ~ Rp1.(i x 1),(D' @" L(i x 1)*psF)) ~ i, R (D' @ L(i x 1)*p;F)
Note that R, (D'®@“L(i x 1)*p3F) is an element of D?(Z'-qcoh). So, Rpy (D®Yp3F) € (i, M),.

We have (GRG)@"p; F ~ GR(G@YF), hence Rp,.((GRG)@"p;sF) ~ GRRT (GRVF) € (G)
(note this has bounded cohomology). So, Rp1.(C @ psF) € (G),.
Finally, F € (i.M & G);4, and we are done. d

Remark 5.41. Note that the proof works under the weaker assumption that X is a separated
scheme of finite type over k and the residue fields at closed points are separable extensions of
k.

We don’t know how to bound the dimension of D°(X-coh) for singular X. When X is zero
dimensional, then dim D?(X-coh) = 0 if and only if X is smooth.

We don’t know whether the inequality dim D°((X xY')-coh) < dim D?(X-coh)+dim D®(Y-coh)
holds for X,Y separated schemes of finite type over a perfect field.

Last but not least, we don’t know a single case where X is smooth and dim D’(X-coh) >
dim X. For example, we don’t know whether dim D°(X-coh) = 1 or 2 for X an elliptic curve
over an algebraically closed field.

5.4.4. Let X and Y be noetherian separated schemes.

Let f : X — Y be a morphism such that Rf, and Rf* restrict to functors between D’(X-coh)
and D°(Y-coh).

If the adjoint map id p(y_con) — Rf Rf* is a split injection, then dim DP(Y-coh) < dim D®(X-coh)
by Lemma B.3.

This applies in the following cases :

o f: X —Y = X/G is the quotient map by a finite group G acting on X and such that
the order of G is invertible on X. So, dim D’((X/G)-coh) < dim D°(X-coh).

e f: X — Y is the blowup of the smooth variety Y along the smooth subvariety Z. Then,
dim D®(Y-coh) < dim D?(X-coh).

6. APPLICATIONS TO FINITE DIMENSIONAL ALGEBRAS

6.1. Auslander’s representation dimension.

6.1.1. Let A be an abelian category.

Definition 6.1. The (Auslander) representation dimension repdim A is the smallest integer
i > 2 such that there is an object M € A with the property that given any L € A,

(a) there is L € A with L a direct summand of L and an exact sequence

0 — M—i+2 N M—i+3 SN MO N E =0
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with M? € add(M) such that the sequence
0 — Hom(M, M~"*?) — Hom(M, M~*3) — ... — Hom(M, M°) — Hom(M, L) — 0

15 exact
(b) there is L' € A with L a direct summand of L and an exact sequence

0L =M M= ... 5 M2 50
with M" € add(M) such that the sequence
0 — Hom(M" ™ M) — --- — Hom(M"", M) — Hom(M", M) — Hom(L', M) — 0
15 ezxact.

An object M that realizes the minimal ¢ is called an Auslander generator.

Note that either condition (a) or (b) implies that gldim End4(M) < i (cf e.g. [ErE d
Lemma 2.1]).

Note that repdim.A = 2 if and only if A has only finitely many isomorphism classes of
indecomposable objects. Note also that repdim A = repdim A°.

Y

6.1.2. Take A = A-mod, where A is a finite dimensional algebra over a field. Then, we write
repdim A for repdim A-mod.

Let M € A and @ > 2. If M satisfies (a) of Definition [.1], then it contains an projective
generator as a direct summand (take L = A). More generally, the following are equivalent

e M satisfies (a) of Definition [.J] and M contains an injective cogenerator as a direct
summand

e M satisfies (b) of Definition .1 and M contains an projective generator as a direct
summand

e M satisfies (a) and (b) of Definition p.1]

So, the definition of representation dimension given here coincides with Auslander’s original
definition (cf [[Ad, §I11.3] and [ErHolySd, Lemma 2.1]) when A is not semi-simple. When A
is semi-simple, Auslander assigns the representation dimension 0 whereas we define it to be 2
here. Iyama has shown that the representation dimension of a finite dimensional algebra is
finite.

Various classes of algebras with representation dimension 3 have been found : algebras with
radical square zero [AY, §IIL.5, Proposition p.56], hereditary algebras [[AY, §II1.5, Proposition
p.58] and more generally stably hereditary algebras [Xi, Theorem 3.5], special biserial algebras
[ErHoIvSd], local algebras of quaternion type [Hd].

6.1.3. One can weaken the requirements in the definition of the representation dimension as
follows :

Definition 6.2. The weak (resp. left weak, resp. right weak) representation dimension of A,
denoted by wrepdim A (resp. lwrepdim(A), resp. rwrepdim(A)) is the smallest integer i > 2
such that there is an object M € A with the property that given any L € A, there is a bounded
complez C =0— C" — --- — C°* — 0 of add(M) with

e L isomorphic to a direct summand of H°(C)

o HYC) =0 for d # 0 and

e s—71<i—2 (resp. and C* =0 for d >0, resp. and C?* =0 ford < 0).
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Note that lwrepdim(.A) = rwrepdim(.A4°), wrepdim A = wrepdim A°,
inf{lwrepdim A, rwrepdim A} > wrepdim A and repdim A > sup{lwrepdim A, rwrepdim .A}.

In order to obtain lower bounds for the representation dimension of certain algebras, we will
actually construct lower bounds for the weak representation dimension.

Remark 6.3. All the definitions given here for abelian categories make sense for exact cate-
gories.

6.1.4. We study here self-injective algebras with representation dimension 3.

Recently, various properties have been found for algebras of representation dimension 3 (cf
for example [[gTd]). Here is a result in this direction concerning self-injective algebras.

Note that repdim A = 2 if and only if dim A-stab = 0. Consequently, if repdim A = 3, then
dim A-stab = 1 (cf Proposition (.9 below).

Given M an A-module, we denote by QM the kernel of a surjective map from a projective
cover of M to M and by Q~1M the cokernel of an injective map from M to an injective hull of
M.

Lemma 6.4. Let A be a self-injective k-algebra and C = 0 — C° — C* — 0 an indecomposable
complex of finitely generated A-modules with H°(C') = 0 and H*(C) = S simple. Then,

e C° and C' have no non-zero projective direct summand
e or C' is projective indecomposable and C° ~ Q.S

Proof. If C° has a non-zero projective summand L, then L is injective and the restriction
of d = d¥ to L is a split injection. In particular, C' has a direct summand isomorphic to

0—L-%T1— 0, which is impossible.

Assume now that C! has a submodule N such that C'/N is projective indecomposable. If
N ¢ imd, then there is P C imd such that C'* = N @ P. So, C has a direct summand
isomorphic to 0 — P % P — 0 : this is impossible. So, C® = imd = N @ N’ with N’ ~ QS.
The indecomposability of C' gives N = 0. U

Lemma 6.5. Let A be a self-injective k-algebra with repdim A = 3 and M an Auslander
generator. Assume Q 'M has no simple direct summand. Then, the number of simple A-
modules (up to isomorphism) is less than or equal to the number of isomorphism classes of non
projective indecomposable summands of M.

Proof. Since repdim A = 3, for every simple A-module S, there is an exact sequence 0 — M; —
My — S — 0 with My and M; in add(M). By Lemma p.4, we can assume that M, and M,
have no non-zero projective direct summands. Then, we have [S| = [My] — [M;] in Ky(A-mod).
It follows that the non-projective indecomposable summands of M generate Ky(A-mod). [

Let A and B be two self-injective algebras. A stable equivalence of Morita type between A
and B is the data of a finite dimensional (A, B)-bimodule X, projective as an A-module and
as a right B-module, and of a finite dimensional (B, A)-bimodule Y, projective as a B-module
and as a right A-module, such that

X ®pY ~ A@ projective as (A, A) — bimodules
Y ®4 X ~ B@® projective as (B, B) — bimodules.
Stables equivalences of Morita type preserve the representation dimension [[Xj, Theorem 4.1] :
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Proposition 6.6. Let A and B be two self-injective k-algebras and X be an (A, B)-bimodule
inducing a stable equivalence between A and B.
Let M be an Auslander generator for B. Then, X ®@g M is an Auslander generator for A.
In particular, repdim A = repdim B.

Proof. LetY be a (B, A)-bimodule inverse to X. Let V be an A-module. Then, X®@pY @4V ~
V @ P with P projective. Starting with an exact sequence resolving L =Y ®4V asin (a) or (b)
of Definition B.1], we get one for L = V by applying X @z —. Now, applying Homp(X @5 M, —)
to that new exact sequence gives the same result as applying Homu (Y ®4 X ®p M, —) to
the original exact sequence. Since Y ®4 X ®p M ~ M @& projective, we indeed get an exact
sequence. Ul

The following Proposition gives a bound for the number of non-projective simple modules of
a self-injective algebra which is stably equivalent (a la Morita) to a given self-injective algebra
with representation dimension 3.

Proposition 6.7. Let A be a self-injective k-algebra with repdim A = 3 and M an Auslander
generator. Let B be a self-injective k-algebra. Assume there is a stable equivalence of Morita
type between A and B.

Then, the number of simple non-projective B-modules (up to isomorphism) is less than or
equal to twice the number of isomorphism classes of indecomposable summands of M.

Proof. Replacing B by a direct factor, one can assume B has no simple projective module.

Let X be a (B, A)-bimodule inducing a stable equivalence and N = X ®4 M. Then, N is
an Auslander generator for B and repdim B = 3 (Proposition [.6). Let R be the subgroup
of Ko(B-mod) generated by the classes of the non-projective indecomposable summands of
N. Note that the rank of R is at most the number of isomorphism classes of non-projective
summands of M.

Let S be a simple B-module with [S] ¢ R. There is an exact sequence 0 — Ny — Ny — S —
0 with Ny and N in add(N) and by Lemma [6.4, Ny is a projective cover of S and Ny ~ QS.
In particular, Q.5 is a direct summand of N.

So, the number of simple B-modules with [S] € R is at most the number of isomorphism
classes of indecomposable non-projective summands of V. U

Remark 6.8. This Proposition, which was the starting point of this paper, led us to look for
self-injective algebras with representation dimension greater than 3. This Proposition is related
to the problem of the equality of the number of simple non projective modules for two stably
equivalent algebras.

6.2. Stable categories of self-injective algebras. Let k be a field.

6.2.1. For A self-injective, we denote by A-stab the stable category of A. This is the quotient
of the additive category A-mod by the additive subcategory A-proj. The canonical functor
A-mod — Db(A-mod) induces an equivalence A-stab = D’(A-mod)/A-perf ([KeVd, Exemple
2.3] and [Ri, Theorem 2.1]). This provides A-stab with a structure of triangulated category.
Recall that 11(A) denotes the Loewy length of A (cf §B.3).

Proposition 6.9. Let A be a self-injective algebra. Then,
11(A) > repdim A > wrepdim A > 2 + dim A-stab .
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Proof. The first inequality is [Ad, §II1.5, Proposition p.55] (use M = A@ A/J(A)® A/J(A)? &
).

The second inequality is trivial (cf §6.1.3). For the last inequality, note that if we have a
bounded complex of A-modules C' =0 — C" — --- — C* — 0 with H(C) = 0 for i # 0 and
L is a direct summand of H°(C'), then L € (C%) o --- o (C"). O

6.2.2. The following Theorem gives the first known examples of algebras with representation
dimension > 3.

Theorem 6.10. Let n > 1 be an integer. Then, dim A(k™)-stab = repdim A(k") — 2 =n — 1.

Proof. Put A = A(k™) and B = k[z1,...,x,].

Let us recall a version of Koszul duality [Kd, §10.5, Lemma “The ‘exterior’ case”]. We
have an equivalence of triangulated categories R Hom®(k, —) between D’(A-mod) and 7, the
subcategory of the derived category of differential graded B-modules classically generated by
B (7 is also the subcategory of compact objects by Corollary [.29). Note that this is a special
case of §B.4, using the fact that REnd®(k) is a dg algebra quasi-isomorphic to its cohomology
algebra B. This equivalence sends A to k, so it induces an equivalence of triangulated categories
between A-stab and 7 /Z, where Z is the subcategory of 7 classically generated by k. Denote
by F': T — T /T the quotient functor.

Let M € T such that 7/7 = (F(M))7/z,+1- Up to isomorphism, we can assume M is
finitely generated and projective as a B-module. Let F be the sheaf over P"~! corresponding
to the graded B-module M. The differential on M gives a map d : F — F(1). Let G =
ker d(1)/imd. Pick x a closed point of P"~! such that G, is a projective O,-module. Then,
there is a projective O,-module R such that kerd, = imd, ® R. We have an exact sequence
0 — R — F, — F./R — 0 of differential O,-modules. Since F,/R is acyclic, it follows that
R — F, is an isomorphism in Ddiff(O,), the derived category of differential O,-modules. Let
I(x) be the prime ideal of B corresponding to the line z of A™. Note that the differential
graded B-module B/I(x) (the differential is 0) is in 7. So, F(B/I(x)) € (F(M))1 /7,41, hence
ky € (Fz)pdift(0,),r+1, hence ky € (Op)paifi(0,)r+1- By Proposition p.13, we get r > n — 1.
Hence, dim A-stab > n — 1 =11(A) — 2. Now, Proposition (.9 gives the conclusion. U

6.2.3.

Proposition 6.11. Let G be a finite group and B a block of kG. Let D be a defect group of
B. Then, dim B-stab = dim(kD)-stab.

Proof. Recall that a defect group D of B is a (smallest) subgroup such that the identity functor
of B-mod is a direct summand of Ind% Res%. Since kD is a direct summand of B as a (kD, kD)-
bimodule, the Proposition follows from Lemma B.3. O

Theorem 6.12. Let G be a finite group, B a block of kG over a field k of characteristic 2. Let
D be a defect group of B. Then, repdim B > 2 4 dim B-stab > r, where r is the 2-rank of D.

Proof. The first inequality is given by Proposition .9. By Proposition [6.11], it suffices to prove
the Theorem for G = D and B = kD. Let P be an elementary abelian 2-subgroup of D with

rank the 2-rank of D. Then, dim kP-stab < dim kD-stab by Lemma B.3. Now, kP ~ A(k")
and the Theorem follows from Theorem [.10. O

Let us recall a conjecture of D. Benson :



DIMENSIONS OF TRIANGULATED CATEGORIES 37

Conjecture 6.13 (Benson). Let G be a finite group, B a block of kG over a field k of charac-
teristic p. Then, 11(B) > p-rank(D).

From Theorem p.13 and Proposition (.9, we deduce :
Theorem 6.14. Benson’s conjecture [6.13 holds for p = 2.

(A

[Bal

[Bei]

[Bel]
[BeCaRi]
[B&Nec]
[BoVdB]
[ChKeNee]
[CPS]
[ErHolySc]
[GeMa]
[Ho]

[IgTo]

(Iy]
[Ka]

[Ke]
[KeVo]

[Mal
[Neel]
[Nee2]
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