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Abstract - We consider the linearized elasticity system in a multidomain of R3. This
multidomain is the union of a horizontal plate with fixed cross section and small thickness
g, and of a vertical beam with fixed height and small cross section of radius r°. The lateral
boundary of the plate and the top of the beam are assumed to be clamped. When ¢ and
7€ tend to zero simultaneously, with 7€ > €2, we identify the limit problem. This limit
problem involves six junction conditions.
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1 Introduction

Let w® and w® (a for "above”, b for "below”) be two bounded regular domains in R2. In
the whole paper, the origin and axes are chosen so that

/ r1dry dry = / Todridry = / 2129 dry dre = 0 and 0 € WP, (1.1)
W i "
Let € be a parameter taking values in a sequence of positive numbers converging to zero,
and let ¢ be another positive parameter tending to zero with €. We introduce the thin
multidomain QF = Q2 |JJ¢JN%, where Q% = r°w? x (0,1) represents a vertical beam
with fixed height and small cross section, Q2% = w® x (—¢, 0) represents a horizontal plate
with small thickness and fixed cross section, and J¢ = rfw® x {0} represents the interface
at the junction between the beam and the plate.

In this thin multidomain, we consider the displacement U, solution of the three-
dimensional linearized elasticity system:

T° € Y® and VU € Yf,/ AT, eU)dze = [ FUde+ [ [GFe(U))de+
Qe Qe Qe

/ He.U do, (1.2)

Sae UTbs U Bbe

where
oY ={Uc (HY(Q))3 U=0o0nT% =7r°w* x {1} and on wbe = Jub x (—&,0)};



a 3 age
.AE:AE(Q;):{ A if ¢ e QoF

kAP, if x € Qb
with k¢ a positive parameter depending on € and A%, A’ tensors with constant coefficients
A?j o and Ai-’j e U7, kL€ {1,2, 3}, satisfying the usual symmetry and coercivity conditions:

a _ pa  __ pa b __7b __7b
Aijkl - Ajz'kl - Aijlk;v Aijkl - Ajikl - Aijlk?

AC >0, V€ € RIP[A%€, €] > C|¢)?, [A%, €] > C|¢P,

where R3*3 denotes the set of symmetric 3 x 3-matrices, (4%€);; = > Al (e-g.), the
scalar product [.,.] in R3*3 is defined by [n,£] = 32,5 ;&5 and || is the associated norm;

; oU;
e ei(U) =4 (52 +52):
o [° € (L?(©2))3; the euclidian scalar product in R? is denoted by a dot;
e (G¢ ¢ (L2(Q€))3X3;

e He ¢ (L2(X%% (JT" |J B%))3, where X% denotes the lateral boundary of the beam,
TP and B% are respectively the top and the bottom of the plate:

NAE _ €90 % (0’ 1)’ Tbs _ (wb \ rew“) % {0}7 Bbe — wb X {—5}.

The constraint U = 0” in the definition of Y* means that the multistructure is
clamped on the top T of the beam and on the lateral boundary %% of the plate. The
case k° tending to zero or infinity corresponds to very different materials in Q% and QP.
(Note that breaking the symmetry between Q% and QY is not restrictive.) In the right
hand side of (1.2), the second term is written in divergence form like in [21], [22] and [13].
It is well known that, by means of the Green formula, this second term can contribute to
the other ones, giving possibly less regular (not necessarily L?) volume and surface source
terms. For convenience of the reader, we have chosen to write the three integrals: one
recovers the classical formulation by setting G° = 0, but the simplest case corresponds to
Fe =0,H¢ =0 and G° # 0. This case was considered in the short preliminary version
[13].

Problem (1.2) admits a unique solution U° (see e.g. [23]). The aim of this paper is to
describe the limit behaviour of the displacement U°, as € tends to zero. We prove that
this behaviour depends on the limit of the sequence

When k¢e? and (r¢)? have same order (i.e. ¢° — ¢ € (0, 00)), the limit problem (after suit-
able rescaling) is coupled between a two-dimensional plate and a one-dimensional beam,
with six junction conditions. If k% > (7¢)2, the multistructure has the limit behaviour of



a thin rigid plate and a thin elastic beam which are independent of each other, the beam
being clamped at both ends; on the contrary, if k3 < (7€)%, the structure behaves as a
thin rigid beam and a thin elastic plate which are independent of each other, the plate
being clamped on its contour and fixed vertically at the junction.

The reader is referred to [1], [3], [4], [6], [7], [9], [10], [17], [18], [19], [21], [22], [24],
[25], for the asymptotic behaviour of plates and beams. Junction problems are considered
in [5], [8], [11], [12], [14], [15], [16]. The present work is a natural follow up of [21], [22],
which deal with reduction of dimension for elastic thin cylinders, and [11], [12], which
deal with the diffusion equation in the thin multistructure considered in this paper. Our
results were announced in a short note [13].

2 The result

2.1 The rescaled problem

In the sequel, the indexes o and 3 take values in the set {1,2}. Moreover, z = (2, x3)
denotes the generic point in R3.

Let Q% = w® x (0,1), 2% = &’ x (=1,0), T* = w® x {1}, X% = Jw® x (0,1) and
b = 9wb x (—1,0). The asymptotic behaviour of U° can be described by using a convenient
rescaling. (The reader is referred to Section 3.1 for details.) This rescaling maps the space
Y® onto the space V* defined by:

Ve ={u=(u®ub) € (H'(Q)? x (H'(Q)3, u® =0 on T* u® = 0 on X,

for a.e. 2’ € w®, ul(2',0) = erful(rf2’,0) and ud(a’,0) = u}(rc2’,0)}.

(2.3)

In particular, we denote by u® = (u®® ,Hbs) the rescaling of the solution U° of Problem
(1.2). We set

ﬁeag(ua) rigea;;(ua) eap(ub) éeay,(ub)
e’ (u®) = , e ub) = . (24)
Lega(u?)  ess(u) zesa(u’) Zea(u’)
Then w° is the unique solution of the following problem:

u® € Y¢ and Yu € )*,

an [Aaeae(ﬂas)7 eas(ua)] do + qs be [/1b€bs(ﬂbs)7 eba(ub)] dr =

(2.5)
= Joa [0 dz + [ou [P0l da + [ou[g®, e (u)] da + [oulg", € (u”)] da+
Jsa R udo + [ (hf“ﬁm:o + hbf.uﬁx?):il) dx’,
where ¢° is defined by
3
q‘S = k° < (26)



and where the source terms are suitable transforms of (F¢, G%, H®) (see Section 3.1).

2.2 The setting of the limit problem

For the definition of the limit problem, we introduce the following functional spaces:

Ut = {u € (H3(0,1))% x H'(Q),3¢* € H'(0,1),¢*(1) = 0,u§ = (" — 21 52 — 252},
Vo= {v® e (H' Q%)% x L?(0,1; HY(w?)), 3c € HL(0,1),v] = —cxo,v = c1,

for a.e. 23 € (0,1), [ o v§(2’, x3)da’ = 0},

we {w® € (L*(0,1; H'(w®)))? x {0},

for a.c. 23 € (0,1), [0 wgda' = fo(@1w§ —220f) da’ =0},

Aul
U= {ub e (H'(2))? x H(w), 3¢} € Hy(wh), ub =8 —asgs),

Vo= {vb e (L2(w’ HY(—1,0)))% x {0}, for a.e. 2’ € wP, f?l v (2, x3) dos = 0},

Wb = {w’ e ({0})? x L?(w? H'(—1,0)), for a.e. 2’ € w?, fEl wh (', 23) drg = 0},

ZC =Y x VP x W, 2P =UP x VP x WP
Without loss of generality, we assume that ¢° defined by (2.6) satisfies
¢ — q€[0,00]. (2.7)
According to the value of ¢, the functional space for the limit problem is the following one:

z  ={z=("2" = ((uv%w"), (u, 0", w’)) € 2% x 2°,
for a.e. 2’ € w®, ul(z’,0) = u4(0)}, if g € (0, +00),

Zw ={2%=(u*v%w*) € 2% forae 2’ €w, uf(2’,0)=0}, ifq=+oo,
Zy  ={2"= (ub, vt wb) € 2° u4(0) =0}, if g=0.

Let us remark that U (vesp. U®) is a Bernouilli-Navier (resp. Kirchhoff-Love) space
of displacements. Less classical spaces are V%, W2, V2. WP which are introduced in a way
similar to [21] and [22] (see also Appendix, Section 8.1). As for the boundary conditions,
some of them are due to the clamping. These are more or less standard ones:

du? oul

a _ o _ _ b _ it S b
(1) = 2(1) = () =0, uh =0 and T% — 0 on 9"




In contrast with the other requirements, the six conditions

a
_ dud

ug (0) (0) =¢(0) =0, ul(z',0) = u5(0) (respectively ul(z’,0) = 0 or u§(0) = 0),

d I3
which appear in the definition of the above spaces U%, V* and Z (respectively Z, or Zy),
are specific to the junction between the beam and the plate. Note also that, in view of
the definition of &%, the condition ug(xz’,0) = u}(0) (respectively ug(x’,0) = 0) reduces to
¢%(0) = u§(0) (respectively ¢%(0) = 0).

We finally introduce, for 2% = (u®,v%,w?®) in 2% and 2° = (u®, v®, w®) in Z°:
eap(w?)  eqs(v?) eap(ul)  eas(v®)
e(z%) = , ez = . (2.8)
eza(v)  esz(u®) eza(v’)  es3(w”)

2.3 The main result

We describe the limit behaviour of Problem (2.5), as ¢ tends to zero. In the sequel, we
assume that

£ — f% weakly in (L*(Q%))3, (2.9)

1P — f¥ weakly in (L2(Q"))3, (2.10)

g% — g® weakly in (L?(Q%))%*3, (2.11)

g% — g weakly in (L?(00))>*3, (2.12)

h% — h® weakly in (L*(%%))3, (2.13)

hbe — 1Y and R* — h® weakly in (L*(w’))?, (2.14)

which is not restrictive, as proved in Remark 2 hereafter.
Our main result is the following one:

Theorem 1 Assume that Z—; — 400 and that (2.7), (2.9) to (2.14) hold true. Then, with
e, ¥ defined in (2.4) and e, € defined in (2.8),

1) If ¢ € (0,+00), there exists Z = (z%,2°) = ((w®,v*,w?), (u’,v°,w")) € Z, such that
(@, u") — (@®,u’) weakly in (H'(Q))3 x (H(Q))3, (2.15)

(e (@), % (u")) — (e%(2%), €%(2°)) weakly in (L?(Q%))3*3 x (L?(Q))3*3, (2.16)



and Z is the unique solution of the following problem:

zZ€EZ andVz € Z,

JoalA%e(Z), e ()] dx + q Jou [A%€"(2°), € (2")] dz =
(2.17)
= Jou fruda + fou fPul d + [oulg®, e*(2")] dz + [oulg”, €*(2")] da+
+ fEa he.u®do + fwb (hi.ul)l$3:0 + hb_.ub|z3:_1) dx’.
Moreover, if the convergences in (2.11), (2.12) are strong, then the convergences in
(2.15) and (2.16) are strong.
2) If ¢ = 400, there exists % = (u®, 0%, wW") € Z+, such that
% — a® weakly in (H'(Q%))?, @ — 0 strongly in (H'(Q))3, (2.18)
€% (u%) — e4(z%) weakly in (L*(Q%)>3, €% (@) — 0 strongly in (L*(Q°))>*3, (2.19)
and Z% is the unique solution of the following problem:

Z¢ € Z and Vz% € 24,

(2.20)
Jaa[A%(Z%),e*(2%)] dx = [qa f*udx + [oa[g®, e*(2%)] dz + [5a h*.u® do.
Moreover, if the convergence in (2.11) is strong, then
% — a® strongly in (H'(Q%))3, (2.21)
e (T%) — e4(z%) strongly in (L?(Q%))3*3, /@ ¥ (@") — 0 strongly in (L*(Q°))3*3,
(2.22)
3) If ¢ = 0, there exists 2° = (a’,v°, W) € 2, such that
¢ T% — 0 strongly in (H(Q))3, ¢° % — @ weakly in (H*(Q))3, (2.23)
¢ce® () — 0 strongly in (L2(Q%))*3, ¢°e® (@°) — e(2%) weakly in (L*(00))?*3,
(2.24)
and Z° is the unique solution of the following problem:
zb € Zy and V2° € 2,
Jap[Abe?(Z0), eb(20)] da = [ foubdr + [ou[gb, €®(2P)] da+ (2.25)
+ [ (hi'“b\m:o + hb—'“b|a:3:_1) da’.
Moreover, if the convergence in (2.12) is strong, then
¢ — @’ strongly in (H'(Q))3, (2.26)
VE €% (@) — 0 strongly in (L*(Q°)>3, ¢fe® (@) — eb(z°) strongly in (L*(Q0))3*3.
(2.27)



Remark 1 The condition g—; — +o0 is only used to prove that u(x',0) = u}(0) and

¢(0) = 0, via a convenient Sobolev imbedding theorem, as regards the second equality. At
this stage of our understanding, we do not know if it is just a technical condition or not.

Remark 2 In the Appendiz, Section 8.1, we prove that the functions v® and wW* (resp.
T and wb) which appear in the limit problem are the limits of suitable expressions of u®
(resp. u").

2.4 Back to the problem in the thin multidomain

As far as the asymptotic behaviour of the "energy” of the solution of Problem (1.2) in the
thin multidomain is concerned, we define the following renormalized energy by:

£ e < ”)2 / (A (T). o(T7)) d. (2.28)

=

where \° can be made explicit in terms of e, 7%, F¢, G%, H¢ (see (3.30) in Section 3.1); we
also have

&= [ e @) do o

b[AbebE(Uba), eba(ﬂba)] dr
Q

and from Theorem 1 we deduce the following Corollary:
Corollary 1 Assume that g—; — 400 and that (2.7), (2.9) to (2.14) hold true.

1) If ¢ € (0,400) and the convergences in (2.11), (2.12) are strong, then

e = [ At (E) e @ ot g [ (A, ()] do.
Qa Q

2) If ¢ = 400 and the convergence in (2.11) is strong, then
£ s = / [A%(27), ¢%(2)] da.
3) If ¢ =0 and the convergence in (2.12) is strong, then

e — & :/

[Abe(Z%), €8 (2")] dux.
Qb

The remaining part of the paper is devoted to the proofs of Theorem 1 and
Corollary 1.



3 The derivation of the rescaled problem

Let us emphasize that we perform different scalings for the respective restrictions of U €
Y® to the respective subdomains Q% and Q. in order to get convenient transmission
conditions for their transforms u® and . We mean that, with the transmission conditions
appearing in the definition (2.3) of }¢, namely

for a.e. 2’ € w?, ul(z',0) = erul (rf2’,0) and ug(x’,0) = ub(r°a’,0), (3.29)

we are abble to derive the junction conditions, for the limit problem. (The derivation of
the limit junction conditions seems to be delicate otherwise.) Moreover this is the scaling
for which the coupling is maximum at the limit, at least for the third component of the
displacement.

3.1 The result of the scaling

In this subsection, we give the explicit expressions of the source terms and the solution of
the rescaled problem (2.5), as functions of the corresponding terms of the initial problem
(1.2). An explanation is given in Subsection 3.2.

On the first hand, assuming that (F¢,G®, H¢) # (0,0,0) (otherwise the problem is
trivial), we define \° by:

3
e Zae IS e 4 15 ey + 5 S [ e + %)zHFsHiz(Qbe)Jr

+||G ” (L2(Qa=))3%3 + 1"5 (re)2 HG ” (L2(Qbe))3%3 + Ts )3 Za 1 ”H€||L2 Yac) ”H3||L2 Yac) +
. 2
+(7’5)2 Za 1 ”HEHLQ TbsUBbs + WHH—?’HLZ(T“UB“) = (F) ;
(3.30)
then we set
fo(z) = 22 F5(rfa’, x3), 25(x) = N F§(r°a’,x3), for z € Q%
(3.31)
() = )\5(8) FE(2! exs), be(x) = ¢ (ri)Q F§(2',ex3), forx € Qb

2

g% (x) = NG (r°a’  x3), for z € Q% ¢ (x) = A° < Ge(2,ex3), for z € Q¥ (3.32)

(TE)Q

h(z) = )\EﬁHg(rsx’,xg), heE (z) = N° L H5(r°a’, x3), for x € X%
hbe (2') = hbe (a) = 0, for 2’ € rfw?®,

hbe (a)) = X° HE(2!,0), R (') = X° Ly H5(2',0),  for 2’ € Wb\ rfw®

(r€)

-
(re)?

«

he (a)) = X ey HE(2!,—e), R (') = X° (r,})Q H5(z',—¢), for 2’ € wb.
(3.33)



(Note that h% = 0 on r°w?, since there is no contribution of H on J¢.)
On the other hand, for any U € Y, we define the rescaled function u = (u®, u®) by:

ul(x) = N1 Uy (rfa’, w3), ul(x) = A Us(r°a’, z3), for x € Q% (3.34)

«

ul (r) = )\Eé Un(z' ex3), ub(z) = \° Us(a',ex3), for z € Q. (3.35)

Remark 3 Let us remark that the rescaled souce terms are bounded, but not strongly
converging to zero, since, by definition of A* (see (3.30)) and by (3.31) to (3.533),

e g L [ U e
IRz sayys + NRE L2 wrys + IBZ (L2 upyys = 1

3.2 The derivation of the scaling

Let us consider the possible scalings for the solution U and test function U. If, instead of
a multidomain, one considers a single thin cylinder, the natural scaling is (see [17], [21],
[22]):

ua(z) = r° Uy (r°2 23), us(z) = Us(r®2’,z3), for x € Q%

and for a single plate, it is (see [5], [17])
Ue(x) = Uy(2,ex3), uz(x) = e Us(a',ex3), for z € Q.

For the multidomain made of the union of the beam and the plate, the idea is to consider
different coefficients of normalization, A% and A%, for Q% and QP respectively, that is we

set
a(x) = Xere Uy (rea zs), uf(x) = A% Us(rea’, x3), for x € Q2
b(x) = A U, (2, ex3), ul(z) = \ee Us(a',ex3), for xz € Qb.

Then one has, with e, e* defined in (2.4),

u
u

)\ia e (u®)(z) for z € Q% and e(U) (2, ex3) = Lebs(ube)(m) for z € Q

o(U)(r°a’ 23) = =

10



and it is easy to check that the variational equality in (1.2) reads, once each integral is
written on the corresponding fixed domain,

()\as Gy an [Aa ae( as) eas(ua)] do + ksﬁ be [Abebg(ﬂb5)7 ebs(ub)] dr =
= /\—}LE ( 2, Jaa TEFE(rea’  x3)ul (z) dz + [qu (r9)2F5 (réa’, xs)ul(z) da:) +
3tz (D201 Jow eFE (2 exg)uly (2) da + o F5 (2!, ews)ul () da) +

55 Ju G (5!, 23), €% (u)] di + 5 fou|GF(a!, e3), €t (u?)] dav+ (3.36)

e (X221 Jow HE (52! a3)u(2) do + [a v HE (r°2’, ws)u§(z) do) +

/\%( =1 S\ e Ha (@', 0)u b(2,0)da’ + [, b\pega Hg(x',())ug(x’,O)dx’)—i—

_l’_

+>\1TE ( 2, [ He (2, —e)ul (2!, —1) da’ + [ %Hg(x’, —e)uf(z’, —1) da:’) .
We decide to choose A% = e\, so that the junction condition written for (u®,u?) reads:

for almost every 2/ in w?®,

ag ag

A
ul(2',0) = /\—br ul (rfx’,0) = ertul (r°2’,0) and ug(x’,0) = = -

(see also the begining of Section 3). Then, after dividing by (rf)?/(A\%)?, writing A
instead of A\, for simplicity, and defining the rescaled source terms by (3.31), (3.32),
(3.33), the equality (3.36) is exactly the variational equality in (2.5). Finally, we recall
that the particular choice of A* given in (3.30) makes the source terms bounded, but not
strongly converging to zero (see also Remark 3).

1u3(r 2',0) = ( 2, 0)

Remark 4 Since the first member of (3.36) is another way of writing [o-[Ae(U"), e(U)] dx,
it follows that

(;_2)2 (an [Aaeas(ﬂae)’ eaz—:(ﬂ%)] dx + q€ be [Abebe(ﬂbg)’ ebe(ﬁbs)} dx) - (3.37)

= Jo:[Ae(U"), e(U")] da,

which gives the definition of the renormalized energy in (2.28). In [13], we took A\ = r¢,
since the initial problem (1.2) was supposed to be suitably normalized, a priori.

4 The a priori estimates and the compactness arguments

4.1 A priori estimates:

In the following, we denote by C' any positive constant which does not depend on ¢ and
we write €% (resp. €”) for ¢® (%) (resp. e’ (u")). Taking u = u® = (u,u") as

11



test function in (2.5), we get
A% % dx + ¢€ [on Abébe7ébe dr =
Jasl o
— an fae.ﬁas do + be fbs.ﬂbs do + an [gasjéae] do + be [gbs’ébs] dz+ (438)
fza hae 7ae dU"‘fwb (hbe |:r:3 O+hbe |x :_1) dx’.

From the Korn inequality, since 7% vanishes on 7% and @% vanishes on X°, we get for
e<landr® <1,

17 (m1(ayyp < Clle(@™)||(z2(ayyexs < Cl[* || (12(0e))3%3,

HﬂbEH(Hl(Qb))3 < CHe(ﬂbE)H(LQ(Qb))&@ < CHébEH(L2(Qb))3x3,

and, by continuity of the trace mapping,
[ | (r2(say)s < Ol (1 (0a))e,

2% zy =0l z2(wtyys and 185~y ll(z2@ryys < ClE a1 (geyys-

By using the above inequalities, the coercivity of A% and A’ and the boundedness of the
source terms (see (2.9) to (2.14) and Remark 2), it follows from (4.38) that

CHEGSH%LQ(Qa))Bx3 + CqEHEbEH%LZ(Qb))&@ S
< (£ llza@eye + 9% N za@eyysxs + 1A% zaeyye ) 2%l zaqqeyyoxa+
+ (L%l g2y + 19% N za@eps + IR g + IRl zagye ) 18 2 gaoyone <

<C (”Eas”(LQ(Qa))3X3 + HébEH(LQ(Qb))Bx?,) .

e If ¢° is bounded below by some positive constant, that is if ¢ defined in (2.7) equals
some positive number or +oo, it follows that €% is bounded in (L2(929))3*3 and & is
bounded in (L?(02°))3*3. Then, from Korn’s inequality, it results that @ is bounded in
(H'(02%))? and @** is bounded in (H'(Q2%))3. Moreover, in the particular case ¢ = 400,
2 tends to zero (strongly) in (L?(Q2°))3*® and @**tends to zero (strongly) in (H'(Q?))3.

e Otherwise, i.e. if ¢¢ tends to zero, we define @° by

af = ({Laz-:,ﬂbs) — qEEE — qe(ﬂ%,ﬂbe), (439)
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It is clear that 4° solves

u¢ € Y° and Vu € )¢,

q% an [Aaeaa(ﬂaa), eaa(ua)] dx + be [Abeba(ﬂba)’ ebg(ub)] dr =
(4.40)
= Jqo fEudz + [ el de + Jaalg®®, e (u®)] dx + [ou (g%, e (u?)] da+

fza h% u®do + fwb <hlf.ub‘x3:0 + hb_s.ub‘xgz_l) dx'.

Taking u = @° as test function in (4.40), it is easy to prove (as we have done in the case

¢ > C > 0) that % := ¢%(4%) = ¢°* tends to zero in (L?(0%))3*3, &% := eb*(a*) =
q‘feb‘E is bounded in (L?(€2°))3*3, 4% = ¢°u® tends to zero in (H'(Q?))? and 4" = ¢°u’®
is bounded in (H'(QP))3.

4.2 Compactness arguments:

o If ¢* — g € (0, +0o0], it results from the a priori estimates that there exist @ = (u®, ")
in (H'(Q%)3 x (HY(Q))? and & = (e, °) in (L?(Q%))3*3 x (L2(Q°))?>*3, such that

7 = (u%,u”*) — u = (u%,u’) weakly in (H*(Q%))3 x (HY(Q))3, (4.41)

e = (e%,e"%) — e = (&% ") weakly in (L2(Q%))>*3 x (L2(Q°))>*3. (4.42)

Clearly ©® = 0 on 7%, @* = 0 on X and &%, €® are symmetric matrices. Moreover, from
the boundedness of & = (€%¢,e") and a classmal semicontinuity argument, we get that ©®

is a Bernouilli-Navier displacement and @° is a Kirchhoff-Love displacement:
eap(”) = 0 and eq3(u”) = 0, eag(ﬂb) =0 and egg(ﬂb) =0,
which, combined with the constraints @* = 0 on 7%, @’ = 0 on X?, is equivalent to (see
[16]): s
— — U,
“ € (H*(0,1))* x H'(Q%),u3(1) = E( ) =0,
dus dud

HEGGHl(Ovl)a (1) 07 _C _331d363 2dx3

w’ e ub.

Moreover one can prove as in [22] that there exist (7% @) and (T°, w %) such that e® =
e?(u?, 7%, w*) and e = e’(w’, v, W) (see the definitions of e® and e in (2.8)) and such
that

7% € (HY(Q%)? x L?(0,1; HY(w®)), 3¢ € H'(0,1),2(1) = 0,7 = —¢ 29,04 = Cx1,
for a.e. 23 € (0,1), [ o 7§(2', z3)da’ =0,

we e W, e Vb, w € Wb
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and suitable expressions of 7% (resp. @) tend to (7%, @) (resp. (7°,@?)). For convenience

of the reader, the proof of this fact is given in the Appendix (see Section 8.1). In particular,
7% defines some ¢ € H'(0,1) with &(1) = 0, which is actually the limit in L?(0,1) of &
given by
. Jo (1TSE (2, x3) — xoul® (2, w3)) da’
¢ (z3) = .
e [ o (23 + 23) da

To summarize, we have proved (2.15), (2.16).

In the particular case ¢ = +00, we have already noticed (see the a priori estimates)

that

(4.43)

7 — @’ = 0 strongly in (H'(Q%))3 and @ — & = 0 strongly in (L*(Q°))3*3, (4.44)

that is we have proved (2.18), (2.19).
o If ¢ — 0, it results from the a priori estimates that

¢ u% — 0 strongly in (H'(Q%))?, ¢¢u* — ﬂ weakly in (H'(Q%))3,

¢°e% — 0 strongly in (L2(2%))3*3, q eb6 — " weakly in (L2(00))3*3, (4.45)

for some ° € U® and some symmetric matrix € € (L2(02°))3%3. Again (see the Appendix,
Section 8.1), there exists (7°,@") in YV x WP, which are limits of suitable expressions of 7%*
and such that e = ®(@®, 7%, w") = €®(2°). In other words, we have proved (2.23), (2.24).

5 The limit constraints that are due to the junction

As for the limit constraints, it remains to prove that

1) w(0) = 0,

2) ug(a',0) = w}(0), which is equivalent to {"(0) = 74(0) and %22 (0) = 0,

3) ¢(0) =0,
since the above three conditions give u% € (HZ(0,1))? and € € H}(0,1), so that u® € U®
and 7% € V. These limit constraints are derived below.

5.1 Proof of ©(0) =0
The fact that u%(0) = 0 results from the following easy Lemma.

Lemma 1 Assume that {u’}. is bounded in L*(w®). Then {rcub®(r¢.)}. is bounded in
L?(w®), for every w® such that rfw® C Wb, for any e.

Proof: We have
/ |7“€ be( )|2d$ _/ |ub€(x')|2dx’ < /b |uba(l,/)|2 dm' < C.

Application: If ¢ # 0, we write the junction condition for %,:

for a.e. 2’ € w?, WE(a',0) = er<u (r°a’,0).
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The first member tends to w(2’,0) = u%(0) in L?(w®). The second member tends to zero

in this space, by Lemma 1, since u%(.,0) is bounded in L?(w’), so that u%(0) = 0. If
q = 0, the same proof apphes to u® = ¢°uc.

5.2 Proof of u(z’,0) = u}(0)

This is a crucial part of this paper. It is derived from the following general Lemma.

Lemma 2 Assume that € and r° tend to zero, with 0 < e2 < r°. Let u** € (H'(QP))? be
such that
be — 0 on X,

{e¥ (u¥)}. is bounded in (L*(Q2))%*3, (5.46)
with €% defined in (2.4). Then, up to a subsequence,
u” — u® weakly in (H'(Q))3, (5.47)

for some u® € U° (in particular u} € HZ(wP)). Moreover u¥(r€.,0) tends to u§(0) strongly
in L?(w®), for every w® such that r*w® C Wb, for any «.

Proof: The first part of the lemma is classical (see [5]). Let us prove the convergence
of u8(r¢.,0). We define U® : w® — R by

Us(z') =k[° J° Jicws<t u¥ (', x3) dx3 dt dt’

(5.48)
—k‘f f_lptt’ft (2!, x3) dxg dt dt’,
with p(t,t') = 1if t </, 0 otherwise, and with k chosen so that
0 /0
k/ / p(t, )t —t)dtdt = 1. (5.49)
—1J-1
Moreover we define €2, : Q° — R, EZ and D%, : w® — R by
auba auba
S =2en3(u”) = = 4 3 5.50
€q e 3(“’ ) O3 + a$a7 ( )
0 (0 %
ES(2) = k / / o, 1) / ¢ (2!, w3) das di dt’ (5.51)
—1J-1 t
DE(a) =k [°) O, plt,t') [¥ O (o) g) dy dt !
(5.52)
=k % O ot ) (ule (@', ¥) — b (e, 1)) dedr.
It is clear that
VU® = E° — DF. (5.53)
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Still denoting by C various constants that do not depend on e, we have from Cauchy-
Schwarz inequality:

|ES ()| <C’/ (', x3)|? dx3,
which gives, by definition of €, and by (5.46),
18 2ty < Cllet Lz = Clleas(u) 2 < Ce. (5.54)
From (5.52), Cauchy-Schwarz inequality and the boundedness of u% in H}(Q2%), we have
1D ) < Clluet | mp gy < €. (5.55)
From (5.53), we get the following decomposition:
Us =U° +U°,
with U¢, U* the respective solutions in H}(w?) of
—AU® = —divE® and — AU® =divD® inu?,

and from (5.54), (5.55),

HV[?EH(Lz(wb))z < ”EEH(Lz(wb))z < Ck, (5.56)
U® — 0 in H} (W), (5.57)
12| g2ty < ClldivD? | 2 ey < C. (5.58)

But, using (5.47) and (5.49), it is easy to prove that
U — uf = ub(z') weakly in L?(w?),
which gives, by virtue of (5.57), (5.58),
U® = U® — U® — uf weakly in H?(w?).
Then, as the embedding H?(w’) C C%(@") is compact, for w® bidimensional, we get that
U® — uf in CO(w?). (5.59)

This is enough to prove that u$*(r<.,0) tends to u3(0) strongly in L?(w®).
Actually we have, for a.e. 2/ in w?,

uf (ra’, 0) — u§(0)

u?f(r%’,O) — UE(TELE,)} +
+ |Ue(rea) = Us(re2’) | +
+ | U= (rea’) — ub(rea’) | +

+ [uh(ra’) — u(0)] -

(5.60)
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We are going to show that each of the above brackets tends to zero, strongly in L?(w?).
As for the first bracket, we have:

13 £ () £ 1 £ £
/wa (e, 0) — U ()P = o /w W (o, 0) — U= (a!)2 da. (5.61)

But, by using (5.49),

€( ! _ 0 0 n rt' u ,
- t T
Uy =k [0 [0 p(tt) | ( (2!, 0) + Joo 2 (o, yg)dy3> davy dt dt! =
= ulf (2,0) + k [°, [2, p(t, 1) ft 53%(x,y3)dy3dx3dtdt’,

Oxs
so that
U5(a) @0 < € [0 )| i,
and this gives with (5.46)
be |2
/ [ (2/,0) — U*(2)Pda’ < C | 0S| gy < et
rewa Qb | dz3

Coming back to (5.61), it results that

4
/ [ube (rea’, 0) — U (r¥a)) > da’ < C’E—,
w (Ta)2

which tends to zero, since we have assumed that €2 < r°. Now we consider the second
bracket in (5.60), that is U¢(r°2’), and we are going to prove that its L2—norm tends to
zero, again if €2 < r°. In fact, from Cauchy-Schwarz inequality, the continuity of the
imbedding H{ (w?) € L*(w®) (actually L9(w®), for every finite ¢, in dimension 2) and from
(5.56),

fwﬂ ’UE(Tax/”Q de! = L frswa |U€( /)|2 dz’

)?
1

rl (frswa |U5( /)|4 dx’)2 |T5w(l|%

7“5) 1HU5

1H[]5

~
~—
|

22t

IACIACIA

HHl (wb)
2

IA
Q Q Qs
@%\,A

<
&)

The third bracket in (5.60) tends to zero with €, in L°*°—norm, and also the fourth one
tends to zero, by virtue of (5.59). This concludes the proof of Lemma 2.

Application: If ¢ # 0, we write the junction condition for u5:
for a.e. 2’ € w?, W (a',0) = wyF (r°2’,0).

The first member tends to ug(a2’,0) in L?(w ) The second member tends to @ (0) in this
space, by Lemma 2. Tt follows that, for a.e. 2’ in w®, @g(2’,0) = 4(0). If ¢ = 0, the same
proof applies to u¢ = ¢°u®
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5.3 Proof of ¢(0) =0

This part also is crucial.

Lemma 3 Assume that € and r° tend to zero, with 0 < &> < r®. Let (u®,u%) €
(HY(Q%))3 x (HY(9%))? be such that

U= =0, (5.62)

a.e. ' € w? u(x’,0) = ertu (rea’,0), (5.63)
{e (u®)}. is bounded in (L*(Q%))**3, (5.64)
{u}. is bounded in H'(Q). (5.65)

Let & be defined by

fo (1use (2, x3) — xoui® (2', x3)) da’

e = 5.66
“lo) Lo (5 1) o (%00
Then ¢& — c in L*(0,1), for some c in HE(0,1).
Proof: For a = 1,2, we define z by 2t = —z9, 28 = 21 and we set
716
e, = 2eq3(v") = 2e25(u)
(without confusion with ef, appearing in (5.50)),
1
mi, = T V3 da’,
w(l
1 R
Po = E [Ugg — CE.’Ba — mi} y
with ¢ given by (8.97).
We begin by giving two a priori estimates. Due to (5.64), we have
le*ll (L2 a2 < € (5.67)

As for p®, it follows from (1.1) that p& (., z3) has mean value zero on w?®, for every x3 and,
as eq3(p®) = (1/r%)eqs(v®), we get from the Poincaré-Wirtinger inequality for elasticity

1 ¢z (@epyz < € Tag lleas(v) 720y = 5o Tas leas(v°) 72 (qa
) Qo) = (%) (Q9)

e (u)

= Czaﬁ

12(Qe)’
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which gives, with (5.64),
1%l (z2(ey)2 < € (5.68)

Now we prove that one can derive a single equation, of the form ¢* = K — r*R®,
from the system of two equations cfzf + mS = v% — r°p%. (This is a very tricky
argument appearing in [22], see also Section 8.1.) Indeed we get by differentiating the
previous system with respect to xs,

dc® p ~dmi ~ Ov§® R -0p5,
—a =e —r* == VYa=1,2. 5.69
dzs @ " dws | Owe ¢ Oy (5.69)

After multiplying (5.69) by a test function ¢, € D(w?), summing over « and integrating
over w?, we have

jgz fw“ Za SOO&Q’JO? dfCl + Za Cg;fl we Pa d'xl - fw“ ’Uggdivgp dﬂfl =
(5.70)

= fwa Za 63(1004 d.’ﬂ/ - TE% fwa Za pacpa dCL‘/.

We choose the test function ¢, so that
/ > pazldd’ =1 (5.71)
w®

/ Yo dr' =0, Va=1,2, (5.72)
wa

divp = 0. (5.73)
It is easy to check that such test function does exist: take e.g.

90 9% a L
Y1 = 8%27@2_ 8%1, Wlth(ﬁED(W )7 wa¢dm - 9

Now we set (without confusion with E° appearing in (5.51))

1
E* :/ e.pda, K*® = —/ E*(y3) dys, R :/ p° .o da’,
we x3 we

where ”.” denotes the scalar product in R2. Then (5.70) reads:

de® _ dK® e dR*®
d:L‘g N dlL‘g diL‘g7

which gives by integration
¢ =K —r°R°, (5.74)

since ¢*(1) = K%(1) = 0 and since also R°(1) = 0, because p°(1) = 0.
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Now we pass to the limit in (5.74). Due to (5.67) and (5.68), E¢ and R° are
bounded in L?(0, 1). Moreover it follows that K¢ is bounded in H'(0, 1), since by Poincaré
inequality,
dK €

1
" g = c/ B das < C.
0

= 7 0,1
Then we deduce that there exists ¢ in HI(O, 1), with ¢(1) = 0, such that
K¢ — ¢ weakly in H'(0,1), hence K¢ — ¢ strongly in C°(0,1).

As 7°R° tends to zero strongly in L?(0,1), it follows from (5.74) and the above that c°
tends to ¢ strongly in L2(0,1).

It remains to prove that ¢ vanishes at the origin. For this, we notice that K¢(0) —
¢(0). But one has also another expression for K¢. Actually, from (5.74), (5.71), (5.72) and
by definition of p?,,

Ke=rRe+ ¢ =1%o pfpda’ + ¢ [0S, parlide’ +3,m [, Padt

= Y foo (7505 + 2l +mE ) ada’ = X, [0 08 00 o,
that is

:Z/ V3, da! —Z/ —€ua Yo d
o Jw

and in particular, due to the boundary condition (5.63),

_52/ (r°z’,0)pq da’.

(wP) in L*(w?)

Hence, by using Hélder inequality, the continuity of the imbedding of H 3
H?2(wb) and (5.65),

(in dimension 2), the continuity of the trace mapping from H'(Q%) to H
we get

K(0)] < Ce Xy f [0l (r°a',0)  da’ = Cp5r S frep [0 (o', 0)] dat

1

< COg5p La e [l (@, 0)| da’|  [rewe5

1
Ce(r) ™3 Xy [ oo [0 (o, 0)* ']

< 0 b T [atr(,0)

TR IS TN N

which tends to zero, since 0 < €2 < 7. As we have proved that K¢(0) — ¢(0), we conclude
that ¢(0) = 0.
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6 The use of convenient test functions

This is the third crucial part of the paper, at least in the case g € (0, +00).

6.1 The case ¢ =+

Remark that Z., = {2% € Z%,¢%(:= ¢*(u®)) € H}(0,1)}. Let u® € U*, with ¢* € H}(0,1)
and let (v® w®) be such that

v¢ = —cxo and v§ = cxy, with c € H}(0,1); 0§ € Cl(m),vglmzo =0;
(6.75)

ws € CH(Q), w® gm0 = 03 w3 =0.

In other words, v* and w? satisfy all the conditions given in the definitions of V* and W%,
but the integral ones; moreover v§ and wg belong to

R = {v € C'(Q%), vy, = 0}. (6.76)

Let u% = u® + r°v® + (r¢)?w®. Then it is easy to check that u = (u%,0) is in }¢. Taking
it as test function in the variational equation of Problem (1.2), we get

/ [A%€%, e (u)] dx = / feude+ | [¢°, e (u*)]dx+ [ h*u*do. (6.77)
a Qa Qa Ma
But we have, since eq3(u®) = eq3(u®) = eqp(v?®) = esz(w®) =0,
eap(w?) eq3(v?) 0 eas(w®)
eas (uas) — + 7,_5 ,
esa(v?)  es3(u®) esa(w®) esz(v?)
so that €% (u%) tends to e(2%) = e*(u?, v®, w®) (strongly) in (L?(Q2%))3*3. Moreover u%
tends to u® (strongly) in (H'(Q%))? and we have seen in (4.42) that € tends to e%(z%)

weakly in (L2(Q%))3*3. By passing to the limit in (6.77), using (2.9), (2.11), (2.13), it
follows that

/ [A%(Z?), e (2")] dx = frude + / (g%, e*(2%)] dx + h®u®do, (6.78)
a Qa Qa Ma

which is the variational equation of (2.20). It holds also true, by density and continuity,
for every (v® w®) such that

v¢ = —cxg and v§ = cxy, with c € H}(0,1); v§ € L*(0,1; H (w®));

wg € L2(0,1; HY (w?); - w§ =0,

i.e. for every (v% w?) satisfying the conditions given in the definitions of V* and W¢,
but the integral ones. (Note that R defined in (6.76) is dense in L?(0,1; H'(w%)).) In
particular (6.78) is also true for any 2* € Z.,. This means that z% solves the variational
problem (2.20).
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6.2 The case ¢ =0

Then we have seen that @° = ¢°u° = ¢°(u®,u") solves (4.40) and that (see (4.45))
W% = ¢°T% tends to T* = 0 in (H'(Q%))3, é¥* = ¢°e* tends to & = eb(z%) weakly in
(L2(Q))3*3, for some 2° in Zy. (In particuler @}(0) = 0.)

Let B be some given small ball, with center zero, in w®. Let 2° = (u?,v?, w®) be such

that
uw e’ (= (wb)=u}=0in B;

vt e CH (), 0% =01in B x {0}; v} =0; (6.79)

wd =0; whe (), wl=0in B x{0}.

«

In other words, 2z’ satisfies all the conditions given in the definition of Zj, except the
integral ones; moreover (% and u4 vanish in B, v¥, and w} belong to C'(Q2) and vanish
in B x {0}. Let u*® = u® 4 ev® + (¢)2w’. Then it is easy to check that u = (0,u") is in
Ye, for € small enough. Taking it as test function in the variational equation of Problem
(1.2), we get

be [Abébs7 ebe(ubs)] dr = be fbs'ubs dr + be [gba7 eba(uba)] dx
(6.80)

‘13:0 |13=71

+ [ (hljf.uba + b ) da’.
But we have, since eq3(u’) = ez3(u’) = e33(v®) = eag(w®) =0,

€ap (ub) ea3(vb) €ap (vb) €a3 (wb)
be) = +e )
e3a(v?)  esz(w) e3a(w’) 0

so that e”(ub®) tends to e®(z?) (strongly) in (L?(92°))3*3. Moreover u tends to u®
(strongly) in (H'(92?))? and we have seen that é* tends to e’(z°) weakly in (L?(02?))3*3.
By passing to the limit in (6.80), using (2.10), (2.12), (2.14), it follows that

JoplA%€*(2), " (") dx = [ou fou da + Ju[g”, € (2")] dw
(6.81)
+ fwb (hl-)i-'ubkngzo + hb—'ub|$3:—1> dﬂl’l,

for every z? = (u®, v, w®) having the regularity of (6.79).
But the following density results are proved in the Appendix (Section 8.2). First, from
Lemma 5, any (% € H}(w®) can be approached (in H{ (w?)-norm) by a sequence ¢¥", with
3” = 0 in a ball B™ of radius r", tending to zero. Moreover, from Lemma 6, any ug €
HZ(w?), with u4(0) = 0 can be approached (in the weak topology of HZ(w?)) by a sequence
u$" that vanishes in B". Finally, from Lemma 7, any v, (or w}) in L?(w’ H'(—1,0)) can
be approached (in L?(w’; H'(—1,0))-norm) by a sequence of functions v (or w%?) in

C(€®) that vanish in B™ x {0}.
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By continuity, it results that (6.81) holds true for any
ub c U’ u§(0) = 0;

ve € L2 H' (=1,0));  v§ =05

wh =0; wh e L*(wb HY(—1,0)),

(67

i.e. for every 2% satisfying the conditions given in the definitions of Zy, but the integral
ones. In particular (6.81) is also true for any 2z’ € Zj;. This means that z° solves the
variational problem (2.25).

6.3 The case ¢ € (0,+0)

Let z = (2%, 2°) = ((u® 0% w®), (ub, v’ w?)) € (C1(Q))3 x (C'(QP))?. We assume that z
satisfies all the conditions required in the definition of Z, except the integral ones, and we
assume that it is “more regular”. In particular ug(z’,0) = u}(0), that is ¢*(0) = u}(0).
The precise requirements are given below:

u® € U, ud € C?[0,1], ¢* € Clo,1];

v¢ = —cxo and v§ = cxy with ¢ € C1[0,1],¢(0) = ¢(1) = 0;
v§ € CH(Q), V8 g0 = 03

wd € CHQa), w? =0;w§ =0;

o |23=0 (682)
ub e U, ¢ e CM (W) N H (W); uf € CM(wb) N HE(WP);
b e (CHOP))2 x {0}; wb e ({0})2 x CH(QP); v’ and wh =0 on XV
( ’ » Yo 3 )
u5(0) = ¢*(0).
We are going to define a convenient test function u® = (u®,u") in Y°.
e In Q°, we choose
u” = ub + v’ + 2wl (6.83)

As the couple u® = (u%, u’) needs to satisfy the transmission conditions (3.29), i.e
for a.e. 2’ € w®, ul(x’,0) = erful (r2’,0) and ul(z’,0) = u}(r<z’,0)},
then, necessarily, u®(z/,0) is given by:
uls(2',0) = er® (Cg(ram') + el (rea, 0)) :
uds(2',0) = ub(rfa’) + 2wl (r°a’, 0).
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o In QN {x3 > r°}, we choose
u® = u® + rv® 4+ (r°)%w”. (6.84)

e In QN {0 < x3 < r°}, u® is obtained by linear interpolation between v (z’,0) and
u®(x!,re):
u® (2!, x3) = x_z, (u“(z’,re) + (@, %) + () 2w (2, 7"5)> + <1 — x_g> u(2',0),
r r

that is (see above)

for 0 < g <r®, ulf(a',z3) = % (ug(ra) + 0l (2, %) + (ra)QwZ(:L",rs)) +
(6.85)
+(1—%)ere (Cg(rsx/) + evd (réa’, 0)) :
for 0 <zg <, wi®(a/,x3) = % (u§ (', r%) + rvg (', r®)) +
(6.86)

re

+(1-32) (ug(Tswl) + 2wl (rea, 0)) .
Taking u® = (u%,u") as test function in the variational equation of Problem (2.5), we get

an [Aaéaa’ eaa(uaa)] dx + qa be [Abébs’ eba(ubs)] dr =

— an f9€ w0 do + be fba.uba dx + fga [gaa,eas(uas)] dx + be [gba,ebs(uba)] dr+
Jow b2 dor + [ (R, o+ Bl ) da.
(6.87)
Passing to the limit in the integral terms in Q° is easy. As for the terms in Q%N {3 > r°}
and X% N {z3 > r°}, we have from Lebesgue’s theorem, with u% = u® + r¥v® + (r€)2w®
and x° the characteristic function of {zz > r°},

x°e (u®) — e(2*) strongly in (L*(Q))3*3,
Xguaa N ua‘ strongly in (L2(QG))37
Xfuafza — ua|za strongly in (L*(2%))?,

so that, by virtue of (2.9), (2.11), (2.13), (4.42),

fQ“ﬁ{$3>r5}[AaEa€ - 9%, eaz—:(uas)} dx — fQ”ﬂ{z3>r5} feute dr — f2“0{$3>r“3} h.u® do
— JqalA%® — g%, e*(2%)] dx — [qa f*udx — [, h*.u do.

For the terms in Q°N{0 < z3 < ¢} and ¥*N{0 < z3 < r¢}, it is clear, from (2.9), (2.13)
and from the uniform boundedness of u%, that

fu*dr — / h.u% do — 0.

/Qam{0<xg<r€} Yen{0<z3<re}

24



Hence it remains to show that

[Aaéae _ g(lt?’ eas(uas)] d.:U N O

/§2“0{0<x3 <re}

But we have, from Cauchy-Schwarz inequality, (2.11) and (4.42),

A%gec _ as) ag (1,9 dx < C ag (, ag " e y
/Qaﬂ{ﬂ<x3<r5}[ g%, e (™)) dr < C e (™)l z2@enfocas <repya=

and it is enough to prove that
1€ (w*) |l (22 (Qen{o<as <re}))3xs — O. (6.88)
Then, by passing to the limit in (6.87), we will get

JaaA%e® (%), e (29)] da + q Jop[A°€"(2"), " (2%)] dz =
Jou frutdr + [ Pl dr + [oa[g%, e (2%)] dz + [oplg®, €®(2%)] da+ (6.89)
Joa hut do + [ (Bh b, o+ Bo b, _ ) da,

for any z having the regularity given in (6.82), and then, by a density argument given in
Lemma 8 of the Appendix (Section 8.2), for any z satisfying all the requirements of Z,
except the integral conditions. A fortiori, the same variational equality holds true for any
z in Z, that is (2%,2°) solves (2.17).

Proof of (6.88): We are going to prove that each term ess(u®), ﬁeaﬁ(uaa) and
L e43(u) tend to zero (strongly) in L?({0 < x5 < r€}).

e Term e33(u®): We easily get from (6.86)

Oude 1 2
e33(u’) = GL:):Z == (ug(m’,re) - ug(r%')) + vz, r%) — (iz wh(rfx’, 0). (6.90)

Clearly the last two terms in (6.90) tend to zero in L2({0 < 3 < r°}), since v§(z’,7¢) and

wh(r¢x’,0) are uniformly bounded:

/0< - |U§(£B,,T6)|2dl‘ <Cr® —0,
r3<r

2\ 2 4 2
[ () whesr opae < o5 < oS~
0<xz3<re re re

7«8
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since, by assumption, e2 < r°. As for the first term in (6.90), it is uniformly bounded,
because of the junction condition:

= (ug(x/,rf) - Ug(r%’)) =1 (ug(x’,O) + %(aﬁ/,t) dt —u§(0) — [7° Vul(ta’).a’ dt)
= JE g%(ﬂfl»t) dt — = fgs Vb (ta).x' dt < C

and hence, its norm in L?({0 < z3 < r°}) tends to zero.

e Term ﬁeaﬁ(uaa): From (6.85),

duas 5 (e 008 s
G =2 (1P EEE) + (r)? G )
. oct b
+(1—22)e(re)? (%(rax’) + 6%(T5$/,0))
and hence, since e,g(v*) =0,
1 T3 X3
(rs)zeaﬂ(“as) = T—seag(w“)(x’, )+ (1 - 7‘5> € (%ﬁ((b)(r%l) + 5€aﬁ(vb)(7"6$,a 0)) )
which gives, from the regularity of w?, ¢* and v’ (see (6.82))

1

Weaﬁ(uas) S C + 05(1 + 6) S C,

and hence, the norm of this term, in L?({0 < z3 < r¢}), tends to zero.

e Term Leq3(u®): From (6.85),

%Z;a = ris (ug(rs) + rful(x’, r) 4 (1) 2wl (2, re)) —€ (Cg(rem/) + e (r¥a, 0))
3

and, from (6.86),

ag a a b b
Ouf” _ 23 (8u3 (2',r%) +7° 0vf (90/,7“5)) + <1 — %) e <%(r5x') + 52%(7'%’,0)) ;
«

0xq 7€ \ Oz, 0z 0xq ox
so that 5 | /Ouse  use
ag Uy U3
— = — =N +T+T5+T. 6.91
2 cas(u®) TE<M3 +a%) |+ Ty + Ty + T, (6.91)
with

6 a
T = ol (us (%) + 23 (2!, 7))

Ty = & (vala'sr7) = & (G0°0) + k07 ) )

TE

a b b
Ty = %%(1'/,7“5) + (1 — 28) (%(rsm/) —i—Engwj(rex’,O)) .
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We are going to show that each term tends to zero, in L2({0 < z3 < r°})

o Term T3: As u%(0) =0,

° dul
a (3 « t dt
uot) = [*
and, as ey3(u®) = 0,
oug , , . du?, . x3 [T du® T3 /7’ (du du? )
g Ha ey = 13 o (t)dt + =2 t “(r) ) dt
e 0% 4 (a,7) 3 dxs () re Jo  dxs )t + re Jo \dzs ) dzs ™) ’
. du?
so that, since ‘72 (0) =0,
ous | - du xzg [ [(du du?, E)
€ 1—=3 t dt
utF) + e i) = (-2 [ a2 [T (R - o0
t d2 a
By T T
dacg
and, from the regularity of u%
1 ou$ 1 et dPul
T — a g 3 / g < / / o d dt <
‘ 1‘ (’I"E)Q ua(T )+I38$a(x T ) — (7“5)2 0 0 diL% ( ) T — C

so that T} tends to zero, in L%({0 < z3 < r°})

o Term T5: We have

1 €
Ty = ;vg(:n',rs) = (Cg(rsx') + vl (rfa’, 0)) .
But, as ¢(0) =0,
1

Fvg(x’,rg)

<% <c

r

and this term tends to zero, in L?({0 < z3 < r°}). Moreover, as 2 < r¢ and as ¢? and
v% are uniformly bounded, due to the regularity conditions (6.82)

£ €
e (Cg(rgzz:') + 6@2(7‘%',0))’ < CT—E,
so that the L2({0 < x3 < r°})-norm of this term is bounded by Ce/v/r€, which tends to

zero by assumption.

o Terms T3 and Ty: Clearly these terms are bounded, due to the regularity conditions
(6.82).
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7 Proof of stronger convergences and proof of Corollary 1

Actually, the stronger convergences in Theorem 1 are deduced from Corollary 1. The proof

preceeds as follows.
Taking u° = (%, ") as test function in the variational equation of Problem (2.5), we

get

g&‘ = fﬂﬂ [Aaéae, éaa] dll? + qE be [Abéb€7 Ebe] dl‘ =
= Jou F00% da + oo [P0 da 4 [oa[9¢, @) da + o [g", €] dart- (7.92)

Jow B2 %% dor + [ (B, o+ Bl ) da.

|z3 lz3=—

We are going to pass to the limit in the last member of the above equality.

e If ¢ € (0,+00), we have, from the convergences already proved in Theorem 1 and
from classical compactness arguments,
(e%,e%) — (e%,e%) weakly in (L?(02))3*3 x (L2(Qb))3*3,
(u®,u%) — (u®,w’) strongly in (L2(Q%))3 x (L2(Q?))3,
— strongly in (L?(%%))3,

27ag
U 5a Xa

ﬂba‘mgzo ( resp HbTm3:—1) — ﬂb\wg:o ( resp Ub|9:3:—1) strongly in (L2(w"))?.

If (g%, g") tends to (g%, ¢P) strongly in (L?(Q%))3*3 x (L?(€Q2))3*3, it follows that
£ = an fae_ﬂae dr + be fbe‘ﬂbe dr + an [gae,éas] dr + be [gbe7ébe] do + fza hae 7% do-+
+ Jb (hbf ﬂb\ig):o + hbe Ebﬁc 3:71) dz’ —
Joo PO da 4 fop [P dx + [oulg® €] da + Joulg®s €] da + [sa h®u® do+

b b b b —
+ [ <h+.u tag=0 T 2T ‘353:_1) dx’ =

= [qu[A%®, € dx + q [ [A%e’, %) dz = &,

which proves the first part of Corollary 1. Moreover, we get, from the convergence of £¢
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to £ and from a classical lower semicontinuity argument:
0 = liminf ( Jau[A%% %] da — [ [A%%, €% da + ¢F [op[ A%, €] da — q [ [A%e, @7 dm)
> liminf ([q[A%€%, e%] dx — [q.[A%€%, €] dx) +
liminf (g° fo [A%"%, 2] d — g o [A%€", ") d)
= lim inf (. [A%€%, 8% dx — [.[A%°, %] dx) +
limin g (o [A%"%, 2] da — fou[A%", @] dx) > 0,
which gives, up to extraction of a new subsequence,
Jaa[A%% €% dr — [.[A%%, €% dx,
Jop[ A% %) dx — [p[AV%, 0] dx.
It follows that (e.g.)
O (/6% — & 2a s < fopa|A%(e% — &%), (2% — %)) dar =
= Jqa[A%€¥, €% ] dx + [qa[A%€", €% dx — [ [A%", €% dx — [qa[A%?, €] dx — 0,

and hence 2% tends to * strongly in (L2(Q%))3*3. It follows that e(u®) — e(u®) strongly

in (L2(029))3*3 and then, from Korn’s inequality, 7% — u® strongly in H'(Q%)3. By the

same way, € tends to € strongly in (L?(02%))**3 and u% — @’ strongly in H'(Q°)3.

The conclusion is that we get the stronger convergences mentionned in Theorem 1, if
€ (0,+00).

e If ¢ = +o00, we have seen that
¢ — @’ = 0 strongly in (H'(Q))3,

2 — &> = 0 strongly in (L?(Q°))**3,

and, with appropriate changes in the above proof, we have, if g%¢ tend to g% strongly in
(L0,
& — faﬁ daz—i—/ @ e dx + he. _ada—/ [A%°, e dx = Exo,
Ya a
0 = liminf ( Joe[A%E% 2% di — [ou[A%8", %] di + ¢ [ AV, €] d)

> liminf ([ [A%€%, €% dx — [o.[A%€?,€%] dx) + lim inf (q‘E Jop A2 2] dx) >0,
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JaalA%e®, 8] dz — [q.[A%", 8] du,
¢ Jop[AYE, %) dz — 0,

&% &% strongly in (L2(2%))3%3,
Ve — 0 strongly in (L2(0%))3%3,

% — u® strongly in H'(Q%)3.

e If ¢ = 0, we have, with u° = ¢°u®, €° = ¢°€°,

£ = & JqalA"e", 8% dx + [ou[APe", &) dx =
— an fae‘ﬂae do + be fbs'abs do + an [gaaaéae] do + be [gb‘?’éba] dx+-

Jow B2 dor + [ (B A%, o+ Bt ) da,

|z3=0 |23 =1
% — u® = 0 strongly in (H'(Q%))3,
e® et =0 strongly in (LQ(QG))?)X?)’

and we have, if g** tend to g® strongly in (L?(€P))3*3,

(7.93)

b b b Sb b —b b —b ! b=b Sb _
&e _>/Qbf KT} dw—i—/Qb[g , € ]dx—i—/u)b (h+.u|x3:0+h_.u|z3:_1) dx —/Qb[A e’,e’ldx = &,

0 =Tliminf (& fa[A%6%, %] da + [ [A%81%, 6] dax — [ A%, "] d)

> liminf (L [.[A%%, &%) dz) + liminf ( [, [A%e%, é¥) dx — [,,,[A%?, %] dx) > 0,
g JQ Q Q

Jop[AYe% &) dx — [q,[A%°, %] du,

L fpu[A9ee, &% dw — 0,

¢ce® = &% — e strongly in (L2(Q0))3*3,
VE e = \/%é‘w — 0 strongly in (L2(02°))3*3,

¢u® — u’ strongly in H'(QP)3.
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8 Appendix

8.1 The definitions of (v? w?®) and (v°,w’) as suitable limits

For the convenience of the reader, we give in this Appendix a sketch of proof of the
following result, mentionned in Section 4.2. (For thin cylinders, a complete proof can be
find in [22]. The case of plates is analogous and simpler, but it is not published, as far as
we know.)

Lemma 4 (i) Let {u}. be a sequence in (H*(Q%))3, such that u® =0 on T% = w® x {1}
and

{e% (uf)}o is bounded in (L*(9%))3*3. (8.94)
Let W*? be the space defined in Section 2.2 and let

Ve = {v® € (H'Y(Q%)? x L%(0,1; HY(w®)), Jc € HY(0,1),c(1) = 0,0 = —cxa,v§ = cx1,
for a.e. x3 € (0,1), [ .v§(2',x3)da’ = 0}.

(Note that V* satisfies the same requirements as V*, in Section 2.2, except ¢(0) = 0.)
Then there exists a pair (v*, w*) € V® x W, such that, for all o, 3 =1,2:

1

- ea3(uf) = eq3(v?) weakly in L?(Q%), (8.95)
1 5 a : 2/0a
——eap(u’) = eqp(w?) weakly in ) :
(7,5)2 ﬁ( ) 5( ) ki L=(Q%) (8.96)

Morever, denoting by (c,v§) the couple defining v* and setting

Juo (z1u5(2’, 3) — 22ui(2’, 33)) da’

o = 8.97
¢(s) e [ o (23 + 23) da ’ (8.97)
€ u3 € /
=3 _ d .
v3 re |wa’ o TE ’wa| Z Oédﬂ?g /‘}a Uq T (8 98)
we have
& — ¢ strongly in L*(0,1), (8.99)
v5 — v§ weakly in H1(0,1; H' (w?)). (8.100)
Finally, setting
1 u, (2, x
& (x3) = ] / a(re 3) g (8.101)
wa
and ot = —x9, 28 = 1, we have
us, 1 )
(7“:;2 = (chaR + da) — w® weakly in L*(0,1; H (w?)). (8.102)
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(i3) If {uf}e is a sequence in (H'(Q))?, such that u* =0 on X° = 0w’ x (—1,0) and
{e¥ (u)}. is bounded in (L*(Q2%))%*3, (8.103)

then there exists a pair (vb,wb) € Vo x WP, such that, for all a = 1,2:

1

geag(ug) — eq3(v?) weakly in L2(QY), (8.104)
1 .

5—2633(11,5) — e33(w®) weakly in L*(QP). (8.105)

In addition, we have

us 0 /g
?O‘ — ag —/ (?O‘ - ag) dxs — v° weakly in L?(wb H'(~1,0)), for a =1,2, (8.106)
-1

with u° defined by

x 1 €
— —/ *10u3 (2, s)ds.
0

« £ 0z,
Moreover,
us _ Ou—gdxg—\wbweakl in L*(w’; H' (1,0 1
-5 b weakly in L*(w'; H'(~1,0)). (8.107)
Proof of (i): We use the following decomposition and estimate, whose proof may be
found for instance in [16] or in [17]: there exists a positive constant C' such that, for every
w in L?(0,1; H'(w®))?, there exist @ and @ satisfying:

u=7u-+u,
JaTa(2 x3)dx’ =0, [ o (x1T2(2’, x3) — zoui (2!, 23)) da’ =0, (8.108)
eqp(t) =0, Va,B =1,2,
[l (20,50 o))z < C Y lleap(w)l L2 (e)- (8.109)
a7ﬁ
The function 4 is a rigid displacement:

G (7', 23) = c(23)2l + da(z3), (8.110)
with 2ff = —x9, 28 = 21 (R for "rotation”). Applying (8.108) and (8.110) to u =
T%(uﬁ,u%), we get:

1
—Ug, = Uy, + U, with aF, = ¢ (x3)xl + d5 (x3). (8.111)

T

One can check easily that the functions ¢ and d, are given in terms of «* by the formulae
(8.97) and (8.101). From (8.109), we obtain:

_¢ 1 €
1[5, 120,181 (woy) < CY Heaﬁ(;u M r2(Qa)-
a76
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Setting wi, = u,/r® and using (8.94), it follows that

lwallz2 0,581 (way) < C.

So, taking a subsequence of ¢, still denoted by the same letter, we may assume the existence
of wg such that
we, — w® weakly in L?(0,1; H'(w®)),Va = 1,2,

that is (8.102). Moreover it is clear that (w§,w5,0) and w® = (w{,wg,0) belong to W*.
Since (8.111) implies that

#w(uf) = cap(?),

we see that (8.96) is proved.
It remains to prove the convergences involving v*. In Section 5.3, it is proved that
there exists ¢ in H'(0,1), ¢(1) = 0, such that, for a subsequence of ¢, (8.99) holds true.
As for the other convergences involving v, we use again the decomposition (8.111), from
which we deduce the following equality:
2 . ou;, dc¢ p ddi, 1 0uj
Feag(u )= Oxs  dxs Ta drs = 1501y

Vo =1,2. (8.112)

Now, setting

ug 1
v§ = =3

u3 d
/wa U da! (o)

(the summation convention is used, concerning the index (), equality (8.112) can be
written as:

re |we|

2 e\ dcf R (9123 8@3
= oesl) = g e B T Oy

(8.113)

The following estimate is proved in [20]:

af

HUSHH 1(0,1;H1 (wa)) <C (Z Heaﬁ HL2 Qa) T+ Z Heas HL2 Qa))

so that, from (8.94), the sequence {v§}. is bounded in H~1(0,1; H!(w®)). Hence there
exists v§ in H=1(0, 1; H'(w®)), having zero mean-value on w®, such that (8.100) holds true
(for a subsequence). It follows also from (8.94) that

1
—aeag(us) — 743 weakly in LQ(Q") (8.114)
r

(again for some subsequence and some 7,3 in L?(Q%)). Moreover, since w¢, is bounded in
L2(0,1; H (w®)),

o, Owy,
Yo _ e9% tends to 0 in the sense of distributions . (8.115)
A7) 0x3
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By passing to the limit in (8.113), using (8.99), (8.100), (8.114) and (8.115), we get:
—g A1
+ 58 (8.116)

which implies that
ﬁvg € L*(Q%). (8.117)

From (8.117) and from the fact that v$ is in H~1(0,1; H!(w®)), it is then an exercise to
get that v$ is in L2(0,1; H'(w®)), so that v® := (c(z3)zE,v$) € V2 and satisfies (8.95).

Proof of (ii): Now we prove the analogous of the previous properties in the framework
of 3d-2d reduction of dimension. This is much easier. Indeed, in order to prove (8.104)
and (8.106), we consider the sequence {v¢ }. defined by:

3 0 3
E_uOé ~& UOL ~E
Vg, = — — Uy — — — Uy,

€ 1\ €

e 3 10u3, , /1’3 10us, , u§>
=|- -— ds,— -— ds, —
i = (= [ 15— [T T s)ds ™).

Then we have as above that

and

ov;, 2 .
D2y geag(u ) (8.118)

is bounded in L2(Q2"), as a consequence of (8.103), and, as v% has meanvalue zero with
respect to x3, it results that it is bounded in L?(w®; H'(—1,0)), so that (8.106) holds true,
ie.
vS — 12 weakly in L%(w’; H'(~1,0)), (8.119)
for some subsequence of € and for some v? in L?(w® H'(—1,0)). Setting v* = (v4,v5,0),
we get
10v}
by = 2"
€a3(v ) N 2 8.%'3’
so that we derive (8.104) from (8.118) and (8.119).
Finally we prove (8.105) and (8.107), by introducing the sequence of functions

1 01
w® = 5—2u§ — /_1 5—2u§ dxs,
which is bounded in L?(w® H'(—1,0)), since
ow® 1

a2y~ 2

is bounded in L?(QP), due to (8.103). So, extracting a subsequence, we can find w} in
L*(wb; H'(—1,0)), having meanvalue zero in x3, such that (8.105) and (8.107) hold true,
which ends the proof of Lemma 8.
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8.2 The density arguments

In Section 6, we have mentionned four density arguments. These are stated in the following
lemmata and proved hereafter. This is done for sake of completeness, since Lemmata 7
and 8 are very classical, Lemma 5 is classical and very similar to the density result proved
in [11], while Lemma 6, though less classical, results from Theorem 9.1.3 of [2].

Lemma 5 Letv € H& (wb), 0 € w® € R%. There exist a sequence of positive numbers ™,
tending to zero, and a sequence of functions v € H} (wP), such that

v"™ =0 in the ball B"™ of center 0 and radius r™ ,
" — v in H (W).

Proof: Let V = {v € C*(w?), v = 0 on dw’}. As V is dense in H{(wP), we may restrict
to v in V. Then the proof goes as follows. For any integer n, we consider two balls B" and
B in w® C R?, with center 0 and respective radii 7 and R", to be determined later on,
and such that 0 < ™ < R™, R™ tends to zero as n tends to infinity. We define v™ € H} (w?)
by:

v =0in B", v" =vinw’\ B", v" = (1 — ¢")v in B\ B,

where ¢" is the solution of the capacity problem in B\ B™:
A¢" =0in B\ B", ¢" =1 on OB", ¢" =0 on OB™.

It is clear that v™ € WH(w?) N HY(w?) and v™ = 0 in B". We are going to prove that,
for convenient 7" and R, v — v in H}(w?). Actually, as 0 < ¢" < 1,

[v" — UH%&(wb) = [pm V(" = U)P dx’
= [pn |VV[? 2’ + [gim g [¢"V + 0V |? da’
< Jpn [Vo|? dz’ +2 fB/"\Bn 6" Vol da’ + szfn\Bn vV " |? dx’!
< 3 fn [ Vo2 da’ +2 [ o [0V 6" 2 da’
< BRIV 02 )+ 20l oy S V72
= 3T R | Vol oy + 4]0 2y (log 22 )

It is enough to take (e.g.) 7" = 1/n? and R™ = 1/n, in order to get v" — v in Hg(w).

Lemma 6 Let v € H3(wb), 0 € w® € R?, v(0) = 0. There exist a sequence of positive
numbers r", tending to zero, and a sequence of functions v € H? (w?), such that

v"™ =0 in the ball B"™ of center 0 and radius r™ ,

V" — v weakly in H3(w?).
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Proof: 1) For any v € HZ(w’), with v(0) = 0, there exists 7" € C?(wb) N HZ(w’), such
that 7" — v in H?(w’) and hence in C%(w?). In particular, 7™(0) — v(0) = 0. Settlng
" =T" —1"(0)¢, with ¢ € D(wb) and ¢(0) = 1, it is clear that v" € C*(w) N HE(w"),
v™(0) = 0 and v"™ — v in H?(wP).

2) From step 1), we may restrict to v in C?(w?) N HZ(wP), v(0) = 0. Let v = vo™,
with ¢"(z') = ¢(n|2’]) and ¢ € C*(R), 0< p <1, ¢ =0 on (—o0,1], ¢ =1 on [2,400).
Clearly v € HZ(w’), v™ = 0 in the ball of center 0 and radius 1/n and

/ [ — v|?da’ < / v|? da’ — 0,
wb |ac’|<%

that is v™ — v in L?(w®). Hence the Lemma is proved, as soon as we have proved that v™
is bounded uniformly in HZ(w?), i.e.

02"

Dradig is bounded in L*(w?). (8.120)
But
9% Y 9% . 0% ov ¢  Ov IP"
Oro0rg  Oxa013 0xq0x3  Orq Oxg  Oxg Oz
The second term is obviously bounded in L>(w®). Moreover, since
0™ T 82¢" 9 TaZg
_— = - d — 9
o =l 5 and G =l ) T+ o ol (7 - ).
it follows that )
g™ ool 9
< <
0% Cn axaf):cg = On’,
n |2 2 2
/ ﬁ@i dr' < C ﬁ / n?de =C ﬁ / da' = C,
wt | 0T O Oxg | Ji<er<2 Oz | Ji<lar<2
" 5, 2 4 g1 211,112
Va0 S Wl canesy [y g €18 = Ol s iy

But, for 1/n < |2/| < 2/n, |v(2)] < Cl2’| < C/n, since v is regular and v(0) = 0. It

follows that

82¢n
‘ 8xa8x5

and finally, (8.120) holds true, endmg the proof of Lemma 5.

|?da’ < C

Lemma 7 Let v € LZ(wb;Hl(—l,O)), 0 € w® € R2. There exist a sequence of positive
numbers v, tending to zero, and a sequence of functions v", such that

o™ e CL(QY),
v" =0 in B" x {0}, B" denoting the ball of center 0 and radius r™ |
V" — v in LW’ HY(—1,0)).
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Proof: By density of C*(Q) in L?(w® H'(—1,0)), we may restrict to v € C* (). We
consider a sequence r" of positive numbers, converging to zero, and a sequence of functions
o™ wP — R, of class C*°, with ¢” = 0 in the ball B" of center 0 and radius 7", ¢" = 1
outside the ball B™ of center 0 and radius 2r", 0 < ¢™ < 1 in B\ B". We set v" = ¢"v.
Then clearly v € C'(QP) and

[ — UH%Q(wb;Hl(—l,O)) = Joo [0 = 0[P dz + Jou |%(Un — )P dzx
= [pnx(—10) [V dz + [(pm pnyx(—10) [(1 = ")v]* do+
+ Jpnx(1.0) o P d 4 [ gryx(10) [(1 = ™) $2|? da

2 v |2
< Jpmx(-10) (|U| + | 525 ) de,
which tends to zero, as soon as r" tends to zero.

Lemma 8 Let U = Hy(0,1) = {u € H'(0,1), u(1) = 0}, U = {u e C'0,1], u(1) = 0},
V= H&(wb), 0cuwb C~]R2,~‘~/ = CH(wb) N HZ(WP). Now let W = {(u,v) € U x V, u(0) =
v(0)}, W ={(u,v) e U xV, u(0) =v(0)}. Then W is dense in W.

Proof: It is clear that U is dense in U and that V is dense in V. Therefore, for any
(u,v) € W, there exists (u™,v") € U x V such that

" — u in H'(0,1) and hence in CO[_O, 1],
7" — v in H?(w®) and hence in C%(w?).

Let ¢! € C*°[0, 1] with ¢'(0) = 1, ¢'(1) = 0, ¢ € D(w’) with $2(0) = 1 and let

u" = a" — (@ (0) - u(0))¢",

e
3
Il
S
3
|
—
~
S
—
o
S~—
|
S
—
o
SN—
N—
<-
Do

It is clear that u™ € U, v" € V and 4"(0) = u(0) = v(0) = v™(0), so that (u",v") € W.
Moreover
[u” =" 101y = [@"(0) = w(O)[[|¢* || 10,1 — O

and hence u™ — u in H'(0,1). Similarly v — v in H?(w?).
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