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ESTIMATES OF THE KOBAYASHI-ROYDEN METRIC IN
ALMOST COMPLEX MANIFOLDS

HERVE GAUSSIER AND ALEXANDRE SUKHOV

ABSTRACT. We establish a lower estimate for the Kobayashi-Royden infinitesimal
pseudometric on an almost complex manifold (M, J) admitting a bounded strictly
plurisubharmonic function. We apply this result to study the boundary behaviour
of the metric on a strictly pseudoconvex domain in M and to give a sufficient
condition for the complete hyperbolicity of a domain in (M, J).

INTRODUCTION

In the recent paper [@], S.Kobayashi studied the following question : Does every
point in an almost complex manifold admit a basis of complete hyperbolic neighbor-
hoods ? This question was solved in dimension four by R.Debalme and S.Ivashkovich
in [ﬂ]

In the present paper, we give a lower estimate on the Kobayashi-Royden infinites-
imal metric on a strictly pseudoconvex domain in an almost complex manifold (such
estimates are well-known in the integrable case [E]) A corollary of our main result-
gives a positive answer to the previous question in any dimension : every point in an
almost complex manifold has a complete hyperbolic neighborhood.

Our approach consists of two parts. In order to localize the Kobayashi-Royden
metric we use a method developped essentially by N. Sibony [E] in the case of the
standard complex structure (see also E] by K. Diederich-J.E. Fornaess and by
N. Kerzman-J.P. Rosay). This is based on the construction of special classes of
plurisubharmonic functions. Then we apply an almost complex analogue of the scaling
method due to S.Pinchuk in the integrable case (see, for instance, [E]) and obtain
presice estimates of the metric. We point out that similar ideas have been used by
F.Berteloot [E, E] in order to estimate the Kobayashi-Royden metric on some classes
of domains in C™.

We note that S.Ivashkovich and J.P.Rosay recently proved in [@], among other
results, estimates of the Kobayashi-Royden metric similar to ours under weaker as-
sumptions on the regularity of the almost complex structure.

Acknowledgments. The authors thank E. Chirka, B. Coupet, S. Ivashkovich and
J.-P.Rosay for helpful discussions and the referee for valuable remarks. We are par-
ticularly indebted to S.Ivashkovich who pointed out an erroneous argument in the
previous version of our paper.

1. PRELIMINARIES

1.1. Almost complex manifolds. Let (M’,J’) and (M, J) be almost complex man-
ifolds and let f be a smooth map from M’ to M. We say that f is (J', J)-holomorphic
if dfoJ" = Jodf on TM'. We denote by O 5 (M', M) the set of (.J', J)-holomorphic
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2 HERVE GAUSSIER AND ALEXANDRE SUKHOV

maps from M’ to M. Let A be the unit disc in C and Jg; be the standard integrable
structure on C™ for every n. If (M’',J') = (A, Js), we denote by O;(A, M) the set
O(..,.n (A, M) of J-holomorphic discs in M.

The following Lemma shows that every almost complex manifold (M, J) can be
viewed locally as the unit ball in C™ equipped with a small almost complex deforma-
tion of Jg. This will be used frequently in the sequel.

Lemma 1. Let (M, J) be an almost complex manifold. Then for every point p € M
and every Ao > 0 there exist a neighborhood U of p and a coordinate diffeomorphism
2z : U — B such that z(p) = 0, dz(p) o J(p) o dz=1(0) = Jg and the direct image
z.(J) == dz o Jodz"" satisfies ||2.(J) — Jatllc2@) < o-

Proof. There exists a diffeomorphism z from a neighborhood U’ of p € M onto B
satisfying z(p) = 0 and dz(p) o J(p) o dz2=1(0) = J&. For X\ > 0 consider the dilation
dx : t — A1t in C" and the composition zy = dy o z. Then limy_q||(2x)«(J) —
Jstlle2@) = 0. Setting U = 2, '(B) for A > 0 small enough, we obtain the desired
statement. (]

1.2. 9; and 9; operators. Let (M, .J) be an almost complex manifold. We denote
by T'M the real tangent bundle of M and by TcM its complexification. Recall that
TeM = TEOM @ TODM where TOOM == {X € TcM : JX =iX} = {¢—iJ(,C €
TM}, and TOVM = {X € TcM : JX = —iX} = {(+iJ(,¢ € TM}. Let T*M
denote the cotangent bundle of M. Identifying CQT*M with T M := Hom(TcM, C)
we define the set of complex forms of type (1,0) on M by : T(1 oM = {w € T¢M :
w(X) = 0,¥X € TODM} and the set of complex forms of type (0,1) on M by :
TooyM ={w € T¢M 1 w(X) =0,YX € TOOM}.. Then TgM = T(y,0)M & Tio,1)M.
This allows to define the operators 9; and 9 on the space of smooth functions defined
on M : given a complex smooth function u on M, we set d;u = du 0y € T(1,00M
and Oju = dugo,1) € To,1)M. As usual, differential forms of any bidegree (p,q) on
(M, J) are defined by means of the exterior product.

2. J-PLURISUBHARMONIC FUNCTIONS WITH LOGARITHMIC SINGULARITIES
2.1. Plurisubharmonic functions. We first recall the following definition :

Definition 1. An wupper semicontinuous function uw on (M,J) is called J-
plurisubharmonic on M if the composition u o f is subharmonic on A for every

fe0;(A,M).

If M is a domain in C" and J = Jg then a Jg-plurisubharmonic function is a
plurisubharmonic function in the usual sense.

Definition 2. Let u be a C? function on M, let p € M and v € TpoM. The Levi form
of u at p, evaluated on v, is defined by L (u)(p)(v) := —d(J*du)(X, JX)(p) where X
is any vector field on TM such that X (p) = v.

Following [f, [[0] we have :

Proposition 1. Let u be a C? real valued function on M, let p € M and v € T,M.
Then L (u)(p)(v) = A(uo £)(0) where f is any J-holomorphic disc in M satisfying
f(0) =p, df(0)(0/0z) = v.

Obviously the Levi form is invariant with respect to biholomorphisms. More pre-
cisely let u be a C? real valued function on M, let p € M and v € T,M. If ® is
a diffeomorphism from (M, J) to (M’,J"), (J, J')-holomorphic, then £ (u)(p)(v) =
L7 (wo ©71)(2(p))(d2(p)(v))-
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Finally it follows from Proposition m that a C? real valued function u on M is
J-plurisubharmonic on M if and only if £/ (u)(p)(v) > 0 for every p € M, v € T, M.

This leads to the definition :

Definition 3. A C? real valued function uw on M is strictly J-plurisubharmonic on
M if £L7(u)(p)(v) is positive for every p € M, v € T,M\{0}.

We have the following example of a J-plurisubharmonic function on an almost
complex manifold (M, J) :

Example 1. For every point p € (M, J) there exists a neighborhood U of p and a
diffeomorphism z : U — B centered at p (ie z(p) = 0) such that the function |z|? is
J-plurisubharmonic on U.

Proof. Let p € M, Uy be a neighborhood of p and z : Uy — B be local complex
coordinates centered at p, such that dz o J(p) odz~! = Jg on B. Consider the func-
tion u(q) = |2(q)|? on Up. For every w,v € C" we have L7+t (u o 271 (w)(v) = ||v]|%
Let B(0,1/2) be the ball centered at the origin with radius 1/2 and let £ be the
space of smooth almost complex structures defined in a neighborhood of B(0,1/2).
Since the function (J',w) — £7 (u o z71)(w) is continuous on & x B(0,1/2), there
exist a neighborhood V' of the origin and positive constants Ao and c such that
L7 (wo z71)(q)(w) > ¢||lv||? for every ¢ € V and for every almost complex struc-
ture J' satisfying ||J' — Jstllc2(p) < Ao Let Up be a neighborhood of p such that
[z (J) — Jst”cz(m) < X and let 0 < r < 1 be such that B(0,7) C V and
U = z7Y(B(0,r)) € U;. Then we have the following estimate for every ¢ € U
and v € T,M : L' (u)(q)(v) > c||v]|?. Then r~1z is the desired diffeomorphism. [

We also have the following

Lemma 2. A function u of class C* in a neighborhood of a point p of (M,J) is
strictly J-plurisubharmonic if and only there exists a neighborhood U of p with local
complex coordinates z : U — B centered at p, such that the function u — c|z|? is
J-plurisubharmonic on U for some constant ¢ > 0.

The function log|z| is Jg-plurisubharmonic on C™ and plays an important role
in the pluripotential theory as the Green function for the complex Monge-Ampere
operator on the unit ball. In particular, this function is crucially used in Sibony’s
method in order to localize and estimate the Kobayashi-Royden metric on a complex
manifold. Unfortunately, after an arbirarily small general almost complex deformation
of the standard structure this function is not plurisubharmonic with respect to the
new structure (in any neighborhood of the origin), see for instance [[f]. So we will
need the following statement communicated to the authors by E.Chirka :

Lemma 3. Let p be a point in an almost complex manifold (M, J). There exist a
neighborhood U of p in M, a diffeomorphism z : U — B centered at p and positive
constants Ao, A, such that the function log |z|+ A|z| is J'-plurisubharmonic on U for
every almost complex structure J' satisfying ||J — Jl|c2() < Ao-

Proof. Consider the function u = |z| on B. Since £t (u o0 27 1)(w)(v) > ||v]|?/4|w| for
every w € B\{0} and every v € C", it follows by a direct expansion of £/ (u) that
there exist a neighborhood U of p, U CC Uy, and a positive constant A\g such that
L7 (u)(q)(v) > |[v]|?/5]2(q)| for every ¢ € U\{p}, every v € T,M and every almost
complex structure J' satisfying ||J — J|¢2(7) < Ao. Moreover, computing the Lapla-
cian of log | f| where f is any J-holomorphic disc we obtain, decreasing Aq if necessary,
that there exists a positive constant B such that £7' (log|z|)(q)(v) > —B|v|%/|z(q)|
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for every g € U\{p}, every v € T;M and every almost complex structure J’ satisfying
[J" = Jllc2(zy < Ao- We may choose A = 2B to get the result. O

3. LOCALIZATION OF THE KOBAYASHI-ROYDEN METRIC ON ALMOST COMPLEX
MANIFOLDS

Let (M, J) be an almost complex manifold. In what follows we use the notation
¢ = x4+ 1y € C. According to , for every p € M there is a neighborhood V of
0 in T, M such that for every v € V there exists f € Os(A, M) satisfying f(0) = p,
df (0)(0/0x) = v. This allows to define the Kobayashi-Royden infinitesimal pseudo-
metric K(M,J)'

Definition 4. For p € M and v € T,M, K 5)(p,v) is the infimum of the set of
positive « such that there exists a J-holomorphic disc f : A — M satisfying f(0) =p
and df (0)(0/0z) = v/«.

Since for every f € Oy s)(M', M) and every ¢ € O;(A, M') the composition foy
is in Oj(A, M) we have :

Proposition 2. Let f : (M',J) — (M,J) be a (J',J)-holomorphic map. Then
Ko,y (f(0), df (0')(V)) < K e,y (0", V') for every p' € M, o' € Ty M.

We denote by dgm 7 the integrated pseudodistance of the Kobayashi-Royden infin-
itesimal pseudometric. According to the almost complex version of Royden’s theorem
[@], it coincides with the usual Kobayashi pseudodistance on (M, J) defined by means
of J-holomorphic discs. Similarly to the case of the integrable structure we have :

Definition 5. (i) Let p € M. Then M is locally hyperbolic at p if there exists a
neighborhood U of p and a positive constant C such that for every g € U, v € T,M :
K(]M,J)(Qav) > Clv]|.

(#4) (M, J) is hyperbolic if it is locally hyperbolic at every point.

(#i7) (M, J) is complete hyperbolic if the Kobayashi ball B(IJ(W 7 (p,r):={qe M:
d(KM 7 (p,q) < r} is relatively compact in M for every p € M, r > 0.

Lemma 4. Let r < 1 and let 0, be a smooth nondecreasing function on RT such
that 0.(s) = s for s < r/3 and 0,.(s) = 1 for s > 2r/3. Let (M,J) be an almost
complex manifold, and let p be a point of M. Then there exists a neighborhood U of
p, positive constants A = A(r), B = B(r) and a diffeomorphism z : U — B such that
z(p) =0, dz(p) o J(p) odz=1(0) = Jo and the function log(0,(|z|?)) + 0. (A|z|) + B|z|?

is J-plurisubharmonic on U.

Proof of Lemma E Denote by w the standard coordinates in C™. It follows
from Lemma 3 that there exist positive constants A and Ag such that the func-
tion log(Jw|?) + AJw| is J'-plurisubharmonic on B for every almost complex structure
J', defined in a neighborhood of B in C™ and such that ||J" — Je|lc2m) < Ao- This
means that the function v(w) = log(0,(Jw|?)) + 6,-(A|w|) is J'-plurisubharmonic on
B(0,7") = {w € C" : |w| < r'} for every such almost complex structure J’, where
r =inf (\/m, r/3A). Decreasing Ao if necessary, we may assume that the function
|wl|? is strictly J’-plurisubharmonic on B. Then, since v is smooth on B\ B(0, "), there
exists a positive constant B such that the function v + B|w|? is J’-plurisubharmonic
on B for [[.J" — Jst[lc2m) < Ao. According to Lemma [l there exists a neighborhood U
of p and a diffeomorphism z : U — B such that [|z.(J) — Jst|[c2@) < Ao- Then the
function v o z = log(6,-(|2|?)) + 6,-(A|z|) + B|z|? is J-plurisubharmonic on U. O
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Proposition 3. (Localization principle) Let D be a domain in an almost complex
manifold (M,J), let p € D, let U be a neighborhood of p in M (not necessarily
contained in D) and let z : U — B be the diffeomorphism given by Lemma . Let
w be a C? function on D, negative and J-plurisubharmonic on D. We assume that
—L <u<0onDNU and that u—c|z|* is J-plurisubharmonic on DNU, where ¢ and
L are positive constants. Then there exist a positive constant s and a neighborhood
V cc U of p, depending on c and L only, such that forqe DNV and v € T,M we
have the following inequality :

(1) Kp,1)(q,v) > sK(pnu,)(q,v).
We note that a similar statement was obtained by F.Berteloot [J] in the integrable
case. The proof is based on N.Sibony’s method [fLJ].

Proof of Proposition[}. Let 0 < r < 1 be such that the set Vi := {q € U : |2(¢)| < \/7'}
is relatively compact in U and let 6, be a smooth nondecreasing function on R™ such
that 0,(s) = s for s < r/3 and 6,(s) = 1 for s > 2r/3. According to Lemma [, there
exist uniform positive constants A and B such that the function

log(0 (|2 = 2(q)|*)) + 0:(Alz — 2(q)]) + Bl

is J-plurisubharmonic on U for every q € V. By assumption the function u — ¢|z|? is
J-plurisubharmonic on D NU. Set 7 = 2B/c and define, for every point g € V, the
function ¥, by :

U, (2) = 0.(]z—2(q)*) exp(6,(A|z — 2(¢)])) exp(Tu(2)) if z € DNU,

v, = exp(l+ 7u) on D\U.

Then for every 0 < ¢ < B, the function log(¥,) — ¢|z|? is J-plurisubharmonic on
DNU and hence ¥ is J-plurisubharmonic on DNU. Since ¥, coincides with exp(ru)
outside U, it is globally J-plurisubharmonic on D.

Let f € O (A, D) be such that f(0) = ¢ € V3 and (9f/02)(0) = v/a where
v € TyM and o > 0. For ¢ sufficiently close to 0 we have

F(€) = a+df(0)(C) + O(¢]*).

Setting ¢ = (7 4+ (2 and using the J-holomorphy condition df (0) o Jsz = J o df(0), we
may write :

df (0)(€) = ¢1df (0)(9/0x) + ¢2J (df (0)(9/ ).
Consider the function

() = Ty (F(O)/ICP?

which is subharmonic on A\{0}. Since

©(C) = 1£(Q) — al*/I¢I? exp(A| £(C) — ql) exp(Tu(f(C)))

for ¢ close to 0 and

|df (0)(Q)] < [CI(H + JI[ l|df (0)(9/ D))

we obtain that limsup,_, ¢(() is finite. Moreover setting (2 = 0 we have
11121 Sup (¢) > ||df (0)(9/9)||? exp(—2Blu(q)| /).

Applying the maximum principle to a subharmonic extension of ¢ on A we obtain
the inequality
1df (0)(9/02)||* < exp(1 + 2Blu(q)|/¢).
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Hence, by definition of the Kobayashi-Royden infinitesimal pseudometric, we obtain
for every qe DNVi, v e T,M :

2) Kip.(a0) = (exp (-1~ 2BM>)W ol

c

Consider now the Kobayashi ball B(p ;)(¢,a) = {w € D : dﬁ)y])(w,q) <a}. It
follows from Lemma 2.2 of [[f (whose proof is identical in the almost complex setting)
that there is a neighborhood V of p, relatively compact in V4 and a positive constant
s < 1, independent of g, such that for every f € O;(A, D) satisfying f(0) € DNV
we have f(sA) C DN U. This gives the inequality (fl]). O

4. SCALING AND ESTIMATES OF THE KOBAYASHI-ROYDEN METRIC

In this Section we present a precise lower estimate on the Kobayashi-Royden in-
finitesimal metric on a strictly pseudoconvex domain in (M, J).

Theorem 1. Let M be a real 2n-dimensional manifold with an almost complex struc-
ture J and let D = {p < 0} be a relatively compact domain in (M,J). We assume
that p is a C? defining function of D, strictly J-plurisubharmonic in a neighborhood
of D. Then there ezists a positive constant ¢ such that :

1050(p) (v —iT(P)0)? o2 ]"*

lp(p)[? lp(p)]

(3) Ko, 5(p,v) > ¢

for every p € D and every v € T,M.

We start with the small almost complex deformations of the standard structure.
In the second subsection, we consider the case of an arbitrary almost complex struc-
ture, not necessarily close to the standard one. We use non-isotropic dilations in
special coordinates “reducing” an almost complex structure in order to represent
a strictly pseudoconvex hypersurface on an almost complex manifold as the Siegel
sphere equipped with an arbitrary small deformation of the standard structure. We
stress that such a representation cannot be obtained by the isotropic dilations of
Lemma 1 since the limit hypersurface is just a hyperplane.

4.1. Small deformations of the standard structure. We start the proof of The-
orem Iil with the following :

Proposition 4. Let D = {p < 0} be a bounded domain in C", where p is a C?
defining function of D, strictly Jg-plurisubharmonic in a neighborhood of D. Then
there exist positive constants ¢ and Xy such that for every almost complex structure
J defined in a neighborhood of D and such that ||J — Istlle2(py < Ao estimate @) s
satisfied for every p € D, v € C".

Proof. We note that according to Proposition [ (see estimate (B)) it is sufficient to
prove the inequality near dD. Suppose by contradiction that there exists a sequence
(p¥) of points in D converging to a boundary point ¢, a sequence (v”) of unitary
vectors and a sequence (J,,) of almost complex structures defined in a neighborhood
of D, satisfying ||J, — Jutllc2(py —v—o0 0, such that the quotient

. —-1/2
v o 105,00 (0" =i, ()0 )2 ]
4 K , U <
(4) (pnU,,) (P ) Ip(p")2 lp(p"))]

tends to 0 as v tends to oo, where U is a neighborhood of ¢q. For sufficiently large v
denote by 4, the euclidean distance from p” to the boundary of D and by ¢ € 0D
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the unique point such that |p¥ — ¢”| = §,. Without loss of generality we assume that
g = 0, that Tp(0D) = {z := ('z,2,,) € C™ : Re(z,) = 0} and that J,(¢") = Js for
every v.

Consider a sequence of biholomorphic (for the standard structure) transformations
T" in a neigborhood of the origin, such that 7%(¢”) = 0 and such that the image
D" :=T"(D) satisfies

Ty(dD¥) = {z € C" : Re(z,) = 0}

We point out that the sequence (T%), converges uniformly to the identity map since
" — q =0 as v — oo and hence that the sequence ((T%)~1), is bounded. We still
denote by J, the direct image (T%).(J,). Let Uy be a neighborhood of the origin
such that U C Uj. For sufficiently large v we have T%(U) C U;. We may assume that
every domain DY is defined on U; by

D" NUy ={z €U :p“(2) := Re(z,) + |'z]> + O(|z]®) < 0},

and that the sequence (p* = T (p”) = (0',—4,)), is on the real inward normal to

0D" at 0. Of course, the functions p¥ converge uniformly with all derivatives to the

defining function p of D. In what follows we omit the hat and write p” instead of p”.
Denote by R the function

R(z) = Re(zn) + '2* + (Re(zn) + '2*)*.

There is a neighborhood Vj of the origin in C™ such that the function R is
strictly Jsi-plurisubharmonic on V4. Fix a > 0 small enough such that the point
z* = ('0,—a) belongs to Vj. Consider the dilation A, defined on C™ by A,(z) =
((cv/(SV)1/2/,z7 (a/8,)zn). If we set JV := A, 0J, 0 (A,)"! then we have :

Lemma 5. lim,_. o, J¥ = Js, uniformly on compact subsets of C™.

Proof. Considering J as a matrix valued function, we may assume that the Taylor
expansion of J,, at the origin is given by J, = Jg + L, (2) + O(]z|?) on U, uniformly
with respect to v. Hence J¥(2°)(v) = Jot(v) + L, ("2, (6, /) ?2,) (v) + O(|(6,]) ||v]|.
Since lim, .o, L, = 0 by assumption, we obtain the desired result. (I

Let p” := (a/d,)p” o Ayt and G¥ := {z € A, (U1) : p¥(z) < 0}. Then the function
RY := " +(p")? converges with all its derivatives to R, uniformly on compact subsets
of C™. Hence R is strictly plurisubharmonic on Vj and according to Lemma E there
is a positive constant C' such that for sufficiently large v the function R* — C|z|? is
strictly J¥-plurisubharmonic on Vp. Since sup,cgvngy, (RY(2) — Clz|*) = —C' < 0,
the function

RY —Clz|> on D"NVy
RY =

7%/ on DU\V()

is J¥-plurisubharmonic on G", strictly J"-plurisubharmonic on G¥ N V. Since z¢
belongs to Vg, it follows from the Proposition ] (see estimate (H)) that there exists a
positive constant C’ > 0 such that for sufficiently large v we have :

Kgv,gn)(2%0) =2 |||

for every v € C™.
Moreover for v € C™ and for sufficiently large v we have :

K(pruy,g,)(07,0) = K (2%, Au(v) 2 C" [ Ay () || -
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This gives the inequality :

5 T, 52

Since C14, is equivalent to |p(p¥)| as v — oo, we obtain that there is a positive
constant C” such that

1/2
Kprov,s,) (@ v) > C (M alvn1|” 042|Un|2)

Kimaryz (0, Il Y
RN O DL

Since J,,(0) = Jot, we have [0p(p”) (v—iJ,, (p")(v))|* = |91, p(p") (0)[? + O(0,) || v [|*=

lon|? + O(3,) || v ||2. Hence there exists a positive constant C' such that

) (o2 1) (0 = id, () () 2\
K“"’”U“’”(p’“)ZC<|,o<pv>|+ P ) ’

contradicting the assumption on the quotient (E) This proves the desired estimate.
d

We have the following corollary :

Corollary 1. Let (M,J) be an almost complex manifold. Then every p € M has a
basis of complete hyperbolic neighborhoods.

Proof. Let p € M. According to Example 1 there exist a neighborhood U of p and
a diffeomorphism 2 : U — B, centered at p, such that the function |z|? is strictly
J-plurisubharmonic on U and ||z,(J) — Js¢[|e2(ry < Ao. Hence the open ball {z € C" :
lz]l < 1/2} equipped with the structure z,(J) satisfies the hypothesis of Theorem
H. Now the estimate on the Kobaysahi-Royden metric given by this theorem implies
that this ball is complete hyperbolic by the standard integration argument. (I

4.2. Arbitrary almost complex structures. We turn now to the proof of Theo-
rem [l] on an arbitrary strictly pseudoconvex domain in an almost complex manifold
(M, J) (J is not supposed to be a small deformation of the standard structure). In
view of Propositionﬁ it suffices to prove the statement in a neighborhood U of a
boundary point ¢ € 9D. Considering local coordinates z centered at ¢, we may as-
sume that DN U is a domain in C™ and 0 € D, J(0) = Js. The idea of the proof is
to reduce the situation to the case of a small deformation of the standard structure
considered in Proposition E In the case of real dimension four Theoremﬂl is a direct
corollary of Proposition . In the case of arbitrary dimension the proof of Theorem ﬂ
requires a slight modification of Proposition E So we treat this case seperately.

4.2.1. Case where dimM = 4. According to [@] Corollary 3.1.2, there exist a neigh-
borhood U of ¢ in M and complex coordinates z = (21, 22) : U — By C C?, 2(0) = 0
such that z,(J)(0) = Js and moreover, a map f : A — B is J' := z,(J)-holomorphic
if it satisfies the equations

(5) %_?:AJ(fI;fQ)(%_?)ajzlaQ
where A;(z) = O(|z]), =1, 2.

In order to obtain such coordinates, one can consider two transversal foliations
of B by J'-holomorphic curves (see [Id]) and then take these curves into the lines
z; = const by a local diffeomorphism. The direct image of the almost complex
structure J under such a diffeomorphism has a diagonal matrix J'(z1, 22) = (a;x(2))k
with a12 = ag1 = 0 and a;; = i+ a;; where a;;(z) = O(|z]) for j = 1,2. We point out
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that the lines z; = const are J-holomorphic after a suitable parametrization (which,
in general, is not linear).

In what follows we omit the prime and denote this structure again by J. We may
assume that the complex tangent space To(0D) N J(0)To(0D) = Tp(0D) NiTo(0D)
is given by {22 = 0}. In particular, we have the following expansion for the defining
function p of D on U : p(z,%) = 2Re(23) + 2ReK () + H(z) + O(]z|®), where K (z) =
Ykupzuzy, kuy =k and H(z) = > hupzuZu, hop = Buu-

Lemma 6. The domain D s strictly Jsi-pseudoconvex near the origin.

Proof of Lemma E Consider a complex vector v = (v1, 0) tangent to OD at the origin.
Let f : A — C? be a J-holomorphic disc centered at the origin and tangent to v:
f(¢) = v¢ + O(|¢]?). Since A3 = O(|z]), it follows from the J-holomorphy equation
(H) that (f2)c¢(0) = 0. This implies that (p o f).¢(0) = H(v). Thus, the Levi form
with respect to J coincides with the Levi form with respect to Js; on the complex
tangent space of 0D at the origin. O

Consider the non-isotropic dilations As : (21,22) — (6‘1/2,21,5_1,22) = (w1, w2)
with § > 0. If J has the above diagonal form in the coordinates (21, 22) in C?, then
its direct image Js = (As).(J) has the form Js(wi,ws) = (a;x(0'/%w1,dws));r and
so Js tends to Jg in the C%2 norm as 6 — 0. On the other hand, 9D is, in the
coordinates w, the zero set of the function ps = 6~ *(po A '). As § — 0, the function
ps tends to the function 2Rews +2ReK (w1, 0) 4+ H (w1, 0) which defines a Jg- strictly
pseudoconvex domain by Lemma ﬂ So we may apply Proposition E This proves
Theoremﬁl in dimension 4.

4.2.2. Case where dimM = 2n. In this case Proposition@ is not directly applicable
since J can not be deformed by the non-isotropic dilations to the standard structure.
Instead we use the invariance of the Levi form with respect to the non-isotropic
dilations.

We suppose that in a neighborhhod of the origin we have J = Jg + O(]z]). We
also may assume that in these coordinates the defining function p of D has the form
p = 2Rez, + 2ReK (2) + H(z) + O(|z]?), where K and H are defined similarly to
the 4-dimensional case and p is strictly J-plurisubharmonic at the origin. We use the
notation z = ("z, z,,).

Consider the non-isotropic dilations As : (‘z,2,) — (W, wy,) = ((5‘1/2/,2,5_12:”
and set J; = (As)«(J). Then Js tends to the almost complex structure Jo(z) =
Jst + L('2,0) where L('2,0) = (Lg;('2,0))r; denotes a matrix with Ly; = 0 for
k=1,.,n-1j=1,...,n, Ly, =0and L,;("2,0), j =1,...,n—1 being (real) linear
forms in ’z.

Let ps = 6 Y(po Agl). As 6 — 0, the function ps tends to the function p =
2Rez,+2ReK ('z,0)+ H('2,0) in the C? norm. By the invariance of the Levi form we
have L£7(p)(0)(A;*(v)) = L7 (po A;)(0)(v). Since p is strictly J-plurisubharmonic,
multiplying by 6! and passing to the limit at the right side as § — 0 , we obtain
that £70(5)(0)(v) > 0 for any v. Now let v = ('v,0). Then Aj'(v) = §'/?v and so
L7 (p)(0)(v) = L75(ps)(0)(v). Passing to the limit as § tends to zero, we obtain that
L79(5)(0)(v) > 0 for any v = ('v,0) with 'v # 0.

Consider now the function R = p + p?>. Then L7 (R)(0)(v) = L7 (p)(0)(v) +
20,0y, s0 R is strictly Jy-plurisubharmonic in a neighborhood of the origin. Thus
the functions R” used in the proof of Proposition E are strictly JY-plurisubharmonic
and their Levi forms are bounded from below by a positive constant independent of
v. This allows to use Proposition E and the proof can be proceeded quite similarly to
the proof of Proposition@ without any changes. O
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Remark 1. As it was brought to our attention by J.P.Rosay, our proof of Theorem
also gives the following local version. If D is an arbitrary domain (not necessar-
ily relatively compact) in an almost complex manifold (M, J), strictly pseudoconvex
at a boundary point q, then the estimate (E) still holds for any point p € D in a
neighborhood of q.
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