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RIEMANN MAPS IN ALMOST COMPLEX MANIFOLDS

B.COUPET, H.GAUSSIER AND A.SUKHOV

ABSTRACT. We prove the existence of stationary discs in the ball for small almost
complex deformations of the standard structure. We define a local analogue of the
Riemann map and establish its main properties. These constructions are applied
to study the local geometry of almost complex manifolds and their morphisms.

INTRODUCTION

The notion of stationary disc was introduced by L.Lempert in [B] A holomorphic
disc in a domain €2 in C" is a holomorphic map from the unit disc A to 2. A proper
holomorphic disc f : A — €, continuous up to JA, is called stationary if there is
a meromorphic lift f of f to the cotangent bundle T *(C™) with an only possible
pole of order at most one at origin, such that the image f (OA) is contained in the
conormal bundle ¥(092) of 9. L.Lempert proved in [[[J] that for a strictly convex
domain stationary discs coincide with extremal discs for the Kobayashi metric and
studied their basic properties. Using these discs he introduced a multi dimensional
analogue of the Riemann map (see also [20] by S.Semmes and [f[] by Z. Balogh and Ch.
Leuenberger). The importance of this object comes from its links with the complex
potential theory [[3, [[4], moduli spaces of Cauchy-Riemann structures and contact
geometry [{, [, B, [[d, R0], and the mapping problem [[[§, [[7, BJ.

Stationary discs are natural global biholomorphic invariants of complex manifolds
with boundary. In view of the recent progress in symplectic geometry due to the
application of almost complex structures and pseudo holomorphic curves, it seems
relevant to find an analogue of Lempert’s theory in the almost complex case. In this
paper we restrict ourselves to small almost complex deformations of the standard
integrable structure in C". Since any almost complex structure may be represented
locally in such a form, our results can be viewed as a local analogue of Lempert’s
theory in almost complex manifolds. We prove the existence of stationary discs in the
unit ball for small deformations of the structure and show that they form a foliation
of the unit ball (singular at the origin) in Section 4. Then we define an analogue of
the Riemann map and establish its main properties: regularity, holomorphy along the
leaves and commutativity with (pseudo) biholomorphic maps (Theorem [l). As an
application we prove the following criterion for the boundary regularity of diffeomor-
phisms in almost complex manifolds, which is a partial generalization of Fefferman’s
theorem [{f]: let M and M’ be two C> smooth real 2n-dimensional manifolds, D C M
and D' C M’ be relatively compact domains. Suppose that there exists an almost
complex structure .J of class C*° on D such that (D, .J) is strictly pseudoconvex. Then
a C! diffeomorphism ¢ between D and D’ is of class C°°(D) if and only if the direct
image J' := ¢*(J) is of class C*°(D’) and (D', J’) is strictly pseudoconvex. (See The-
orem 4). This result is partially motivated by Eliashberg’s question on the existence
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2 B.COUPET, H.GAUSSIER AND A.SUKHOV

of a symplectic analogue of Fefferman’s theorem see [fJ]. Finally we point out that the
Riemann map contains an essential information on the local geometry of an almost
complex manifold. It can be used to solve the local equivalence problem for almost
complex structures (Theorem 5).

Acknowledgment. The authors are grateful to Evgueni Chirka for several helpful
conversations.

1. PRELIMINARIES

Everywhere in this paper A denotes the unit disc in C and B,, the unit ball in C".
Let (M, J) be an almost complex manifold (J is a smooth C*-field on the tangent
bundle TM of M, satisfying J?> = —I). By an abuse of notation .Jy is the standard
structure on C* for every integer k. A J-holomorphic disc in M is a smooth map
from A to M, satisfying the quasilinear elliptic equation df o Jy = J o df on A.

An important special case of an almost complex manifold is a bounded domain D
in C" equipped with an almost complex structure J, defined in a neighborhood of D,
and sufficiently close to the standard structure Jy in the C? norm on D. Every almost
complex manifold may be represented locally in such a form. More precisely, we have
the following Lemma.

Lemma 1. Let (M, J) be an almost complex manifold. Then for every point p € M
and every A\g > 0 there exist a neighborhood U of p and a coordinate diffeomorphism
z: U — B such that z(p) = 0, dz(p) o J(p) o dz~1(0) = Jo and the direct image
J'=z*(J) satisfies ||J" — Jolle2@) < Ao-

Proof. There exists a diffeomorphism z from a neighborhood U’ of p € M onto B
satisfying z(p) = 0 and dz(p) o J(p) o dz=1(0) = Jo. For A > 0 consider the dilation
dy : t — A7!t in C" and the composition z) = dyoz. Then lim,_.q 123(J) = Jollez@) =
0. Setting U = z;l(IBB) for A > 0 small enough, we obtain the desired statement. [

In particular, every almost complex structure J sufficiently close to the standard
structure Jy will be written locally J = Jy+ O(]|z||). Finally by a small perturbation
(or deformation) of the standard structure Jy defined in a neighborhood of D, where
D is a domain in C", we will mean a smooth one parameter family (Jy)) of almost
complex structures defined in a neighborhood of D, the real parameter A belonging
to a neighborhood of the origin, and satisfying : limy—o [|Jx — Jollc2(p) = 0.

Let (M, J) be an almost complex manifold. We denote by T'(M) the real tangent
bundle of M and by T¢(M) its complexification. Then :

Ta,0)(M) :={X € Tec(M) : JX =iX} ={C—1iJ(, ¢ € T(M)},
Ton(M) :={X €Tc(M): JX = —iX} ={(+iJ(, € T(M)}.
Let T*(M) denote the cotangent bundle of M. Identifying C ® T*M with TE(M) :=

Hom(TcM,C) we may consider a complex one form on M as an element in TE(M).
We define the set of complex forms of type (1,0) on M by :

T(,0) (M) ={w € Te(M) : w(X) = 0,VX € T(g,1)(M)}
and the set of complex forms of type (0,1) on M by :
T(Hl)(M) ={w € T¢(M) : w(X) = 0,VX € T(1 0)(M)}.

Let T' be a real smooth submanifold in M and let p € I'. We denote by H”(T') the
J-holomorphic tangent bundle TT'N JTT.
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Definition 1. A real submanifold T" in M 1is totally real if HZ;](I’) = {0} for every
pel.

In what follows we will need the notion of the Levi form of a hypersurface.

Definition 2. Let I' = {r = 0} be a smooth real hypersurface in M (r is any smooth
defining function of T') and let p € T'.

(i) The Levi form of I' at p is the map defined on H{D](F) by L1(X,) =
(J*dr)[X, X],, where a vector field X is a section of the J-holomorphic tangent bundle
HYT such that X (p) = X,.

(73) A real smooth hypersurface I' = {r = 0} in M is strictly J-pseudoconvex if its
Levi form L{ is positive definite on H”(T).

We recall the notion of conormal bundle of a real submanifold in C" ([23]). Let
m : T*(C") — C" be the natural projection. Then T¢ ) (C™) can be canonically

identified with the cotangent bundle of C". In the canonical complex coordinates
(z,t) on T O)((C") an element of the fiber at z is a holomorphic form w =3, ¢;dz’.

Let N be a real smooth generic submanifold in C". The conormal bundle (V) of
N is a real subbundle of T¢ (C™)|n whose fiber at z € N is defined by ¥,(N) =

{6 € T}, 0)(C™) : Red|T}y () = 0}.

Let p1, ..., pqg be local defining functions of N. Then the forms 0p1, ..., dpg form a
basis in ¥, (V) and every section ¢ of the bundle (V) has the form ¢ = Z?Zl c;j0p;,
c1y...,cq € R. We will use the following (see[RJ]):

Lemma 2. Let T’ be a real C? hypersurface in C". The conormal bundle X(T) is a

totally real submanifold of dimension 2n in TE“1 0)(((3”) if and only if the Levi form of

I' is nondegenerate.

In Section 5 we will introduce an analogue of this notion in the almost complex
case.

2. EXISTENCE OF DISCS ATTACHED TO A REAL SUBMANIFOLD OF AN ALMOST
COMPLEX MANIFOLD

2.1. Partial indices and the Riemann-Hilbert problem. In this section we in-
troduce basic tools of the linear Riemann-Hilbert problem.

Let V' C CV be an open set. We denote by C¥(V) the Banach space of (real or
complex valued) functions of class C¥ on V with the standard norm

I k=" sup{|D"r(w)| : w € V}.
vI<h

For a positive real number o < 1 and a Banach space X, we denote by C*(0A, X)
the Banach space of all functions f : 9A — X such that

0) —
| lo= sup [ FQ 1+ sup IO =IO
¢ceon R N ]
If « = m+ (3 with an integer m > 0 and 8 €]0, 1], then we consider the Banach space
CHUV) :={r e C"(V,R) : D"r € C*(V),v : [v] <m}

and we set || 7 [[a= 22, | D7 [|s-

Then a map f is in C*(V,CF) if and only if its components belong to C*(V) and
we say that f is of class C¢.
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Consider the following situation:

N are smooth C*

e B is an open ball centered at the origin in CV and r',...,r
functions defined in a neighborhood of A x B in CV x C
e f is a map of class C* from OA to B, where a > 1 is a noninteger real number
e for every ¢ € 0A
(i) E(¢) ={z€ B:17(2,{) =0,1 < j < N} is a maximal totally real submani-
fold in CV,
(i) f(¢) € E(¢),
(iil) 0.7t (2, Q) A+~ A O.rN(2,¢) # 0 on B x OA.
Such a family £ = {E({)} of manifolds with a fixed disc f is called a totally real
fibration over the unit circle. A disc attached to a fixed totally real manifold (F is
independent of () is a special case of a totally real fibration.

Assume that the defining function r := (r!,... r"V) of E depends smoothly on a
small real parameter e, namely r = r(z, (,¢), and that the fibration Ey := E((,0) cor-
responding to € = 0 coincides with the above fibration E. Then for every sufficiently
small € and for every ¢ € A the manifold E. := E((,e) :={z € B :r(z,(,e) =0} is
totally real. We call E. a smooth totally real deformation of the totally real fibration
E. By a holomorphic disc f attached to E. we mean a holomorphic map f: A — B,
continuous on A, satisfying r(f(¢),(,e) = 0 on JA.

For every positive real noninteger a we denote by (A%)" the space of maps defined
on A, Jp-holomorphic on A, and belonging to (C*(A))V.

2.2. Almost complex perturbation of discs. We recall that for A small enough
the (Jo, Jy)-holomorphy condition for a map f : A — C¥ may be written in the form

(1) Onf =0f +a(A f)of =0

where ¢ is a smooth function satisfying ¢(0, ) = 0, uniquely determined by Jy ([R1)).
Let E. = {rj(2,{,e) = 0,1 < j < N} be a smooth totally real deformation

of a totally real fibration E. A disc f € (C*(A))Y is attached to E. and is .Jj-

holomorphic if and only if it satisfies the following nonlinear boundary Riemann-

Hilbert type problem :

r(f(¢),¢,e) = 0, C€dA

5JAf(C) = 07 C € A.

Let 19 ¢ (AO‘)]\I be a disc attached to E and let & be a neighborhood of (f2,0,0) in
the space (C*(A))N x R x R. Given (f,&,)) in U define the maps vy, ) : ( € OA —
r(f(¢),¢.¢€) and

(T U —  (C*OA)N x coL(A)
(f,&, )‘) = (,Uf,&‘,)w aJ)\f)’

Denote by X the Banach space (C%(A))Y. Since r is of class C*°, the map u is
smooth and the tangent map Dxu(f°,0,0) (we consider the derivative with respect
to the space X) is a linear map from X to (C*(0A))N x C*~1(A), defined for every
h € X by

D 0.0 = (515
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where for ¢ € 0A

O (f9(¢),0) -+ ZH(£°(C),0)

G(¢) = e o
TN (f9(¢),0) -+ DR(f0(¢),0)

(sce [I0)).

Proposition 1. Let f°: A — C¥ be a Jy-holomorphic disc attached to a totally real
fibration E in CN. Let E. be a smooth totally real deformation of E and Jy be a
smooth almost complex deformation of Joy in a neighborhood of f(A). Assume that
for some a > 1 the linear map from (A%)N to (CO~Y(A))N given by h — 2Re[Gh] is
surjective and has a k dimensional kernel. Then there exist §g, €9, Ao > 0 such that
for every 0 < e < g¢ and for every 0 < A < Ao, the set of Jy-holomorphic discs f
attached to E. and such that || f — f° ||a< do forms a smooth (N + k)-dimensional
submanifold A.  in the Banach space (C*(A))N.

Proof. According to the implicit function Theorem, the proof of Proposition [l reduces
to the proof of the surjectivity of Dxu. It follows by classical one-variable results on
the resolution of the d-problem in the unit disc that the linear map from X to C*~1(A)
given by h +— Oh is surjective. More precisely, given g € C*1(A) consider the Cauchy
transform

TA(g):TeﬁAH//Aé](_—C)TdCdE.

For every function g € C*"1(A) the solutions h € X of the equation dh = g have
the form h = hg + Ta(g) where hg is an arbitrary function in (A%)™. Consider the
equation

©) D0,/ = ().

where (g1, 92) is a vector-valued function with components g; € Co~Y(OA) and gy €
Co~1(A). Solving the d-equation for the second component, we reduce (f) to

2Re[G(0)ho(Q)] = g1 — 2Re[G(()Ta(g2)(¢)]

with respect to hg € (A%)N. The surjectivity of the map hg — 2Re[Ghg] gives the
result. O

2.3. Riemann-Hilbert problem on the (co)tangent bundle of an almost com-
plex manifold. Let (Jy), be an almost complex deformation of the standard struc-
ture Jy on B, satisfying J,(0) = Jo and consider a (1,1) tensor field defined on the
bundle B,, x R?", represented in the (x,y) coordinates by a (4n x 4n)-matrix

T ( Ia(z) 0 )
YT\ wdi(x) Ba(z))°
where A¥(z) = A*(\,x), Bi(z) = B¥(\,z) are smooth (2n x 2n)-matrix functions
(B will be either Jy or tJA). We stress that we do not assume T to be an almost
complex structure, namely we do not require the identity T)% = —Id. In what follows
we always assume that for every k:

(3) Af(z) =0, for every k
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and that one of the following two conditions holds:

(4) By(z) = BA(0) = Jo, for every A, z,

(5) Bo(x) = Bx(0) =" Jy, for every ), z.

In what follows the trivial bundle B x R?" over the unit ball will be a local coordinate
representation of the tangent or cotangent bundle of an almost complex manifold. We
denote by z = (x!,...,2?") € B,, and y = (y1,...,¥2,) € R?" the coordinates on the
base and fibers respectively. We identify the base space (R?",z) with (C", z). Since
tJo is orthogonally equivalent to Jy we may identify (R??,!Jy) with (C",Jy). After
this identification the ‘Jy-holomorphy is expressed by the O-equation in the usual ¢
coordinates in C". )

By analogy with the almost complex case we say that a smooth map f = (f,g) :
A — B x R?" is (Jy, Ty )-holomorphic if it satisfies

T\(f,g)odf =df oo
on A.
For A small enough this can be rewritten as the following Beltrami type quasilinear
elliptic equation:

of +a (N, f))of =0

99+ 2(A, f))0g + a3(X, flg = 0,
where the first equation coincides with the (Jy, Jy)-holomorphy condition for f that
is 05, f = Of + q1(\, f))9. The coefficient g; is uniquely determined by J and, in
view of (B), (), (B) the coefficient, g, satisfies, for k = 2, 3:

(€)

(6) Qk(07 ) =0, Qk(',o) =0.
We point out that in (£) the equations for the fiber component g are obtained as

a small perturbation of the J-operator. An important feature of this system is that
the second equation is linear with respect to the fiber component g.

Definition 3. We call the above tensor field Ty a prolongation of the structure Jy to
the bundle B,, x R?>"™. The operator

s (I (. Ofta\Nof
NE <g> <8g +a2(A, f))9g + Q3()"f)g>

is called an elliptic prolongation of the operator 0;, to the bundle B, x R?" associated
with T)\.

Let 17(2,t,A\) , j = 1,...,4n be C®-smooth real functions on B x B x [0, \g] and

let 7 := (r',...,7*"). In what follows we consider the following nonlinear boundary

Riemann-Hilbert type problem for the operator dr, :
’I"(f((), <_1g(C)a A) = 0 on aA,

STA(ng) = 07

(BPy)

on the space CY(A, B, x B,,).
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The boundary problem (BP)) has the following geometric sense. Consider the disc
(f,9) :== (f,¢"tg) on A\{0} and the set E) := {(2,t) : 7(2,t,A) = 0}. The boundary
condition in (BP)) means that

(f,9)(04) € Ex.

This boundary problem has the following invariance property. Let (f, g) be a solution
of (BP,) and let ¢ be a automorphism of A. Then (f o ¢, cg o ¢) also satisfies the
éTA equation for every complex constant c. In particular, if € [0, 27] is fixed, then
the disc (f(€¢), e ?g(e?()) satisfies the Or, -equation on A\{0} and the boundary
of the disc (f(e%¢), e (¢ 1g(e?()) is attached to Ey. This implies the following

Lemma 3. If (f,g) is a solution of (BPy), then ¢ — (f(e"¢),e ¥ g(e"¢)) is also a
solution of (BP)).

Suppose that this problem has a solution (f°, ¢°) for A = 0 (in view of the above
assumptions this solution is holomorphic on A with respect to the standard structure
on C" x C™). Using the implicit function theorem we study, for sufficiently small A,
the solutions of (BP)) close to (f°,¢"). Similarly to Section 2.2 consider the map u
defined in a neighborhood of (f9,¢% 0) in (C*(A))*" x R by:

¢ €A —r(f(¢),¢1g(C),N)
u:(fagvk)'_) _ af+q1()‘vf)af
99 + q2(N, £)0g + q3(A, f)g

If X := (C*(A))*" then its tangent map at (f°,¢°,0) has the form

¢ € 0A = 2Re[G(f°(¢), ¢ 9%(C), 0)R]
DXu(fO,go,O) ch = (hl,hg) — 8h1
Oha
where for ( € OA one has

G20, ¢1(0),0) - Z(f0(0),¢T9"(), 0)
G(¢) = . . .

G (20, ¢719°(0),0) -+ FEE(£0(),¢1g0(€), 0)
with N = 4n and w = (z,t).

If the tangent map Dxu(f°, g% 0): (AY)N — (C*1(A))Y is surjective and has a
finite-dimensional kernel, we may apply the implicit function theorem as in Section 2.2
(see Proposition [) and conclude to the existence of a finite-dimensional variety of
nearby discs. In particular, consider the fibration E over the disc (f°, ¢°) with fibers
E() = {(2,t) : 17(2,t,¢) = 0}. Suppose that this fibration is totally real. Then we
have:

Proposition 2. Suppose that the fibration E is totally real. If the tangent map
Dxu(f°,¢°,0) : (A% — (C¥YH(A))*" is surjective and has a finite-dimensional
kernel, then for every sufficiently small X\ the solutions of the boundary problem (BP)y)
form a smooth submanifold in the space (C*(A))*".

In the next Section we present a sufficient condition for the surjectivity of the map
Dxu(f°,¢° 0). This is due to J.Globevnik [[[0], [[1] for the integrable case and relies
on the partial indices of the totally real fibration along (f°, ¢°).
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3. GENERATION OF STATIONARY DISCS

Let D be a smoothly bounded domain in C" with the boundary I'. According to
[L13] a continuous map f : A\{0} — D, holomorphic on A\{0}, is called a stationary
disc for D (or for I) if there exists a holomorphic map f : A\{0} — T¢, o) (C™), f#0,

continuous on A\{0} and such that

(i) mof=Ff
(ii) CAb—> Cf(¢) isin O(A)
(iil) f(C) € Xp(e)(I') for every ¢ in OA.

We call f a lift of f to the conormal bundle of I" (this is a meromorphic map from
A into T( o (C™) whose values on the unit circle lie on X(T")).

We point out that originally Lempert gave this definition in a different form, using
the natural coordinates on the cotangent bundle of C™. The present more geomet-
ric version in terms of the conormal bundle is due to Tumanov [RF]. This form is
particularly useful for our goals since it can be transferred to the almost complex
case.

Let f be a stationary disc for T'. It follows from Lemma [ that if T is a Levi nonde-
generate hypersurface, the conormal bundle ¥(I") is a totally real fibration along f*.
Conditions (7), (i), (i79) may be viewed as a nonlinear boundary problem considered
in Section 2. If the associated tangent map is surjective, Proposition [ gives a descrip-
tion of all stationary discs f close to f, for a small deformation of I'. When dealing
with the standard complex structure on C", the bundle T(*l,(]) (C™) is a holomorphic
vector bundle which can be identified, after projectivization of the fibers, with the
holomorphic bundle of complex hyperplanes that is with C* x P*~!. The conormal
bundle ¥(T") of a real hypersurface I' may be naturally identified, after this projec-
tivization, with the bundle of holomorphic tangent spaces H(I') over I'. According to
S.Webster [RH] this is a totally real submanifold in C* x P"~!. When dealing with the
standard structure, we may therefore work with projectivizations of lifts of stationary
discs attached to the holomorphic tangent bundle H(I'). The technical avantage is
that after such a projectivization lifts of stationary discs become holomorphic, since
the lifts have at most one pole of order 1 at the origin. This idea was first used by
L.Lempert and then applied by several authors [fil, f, BJ].

When we consider almost complex deformations of the standard structure (and not
just deformations of I') the situation is more complicated. The main geometric diffi-
culty is to prolong an almost complex structure J from R?” to the cotangent bundle
T*(R?") in a certain “natural” way. As we will see later, such a prolongation is not
unique in contrast with the case of the integrable structure. Moreover, if the cotan-
gent bundle T*(R?") is equipped with an almost complex structure, there is no natural
possibility to transfer this structure to the space obtained by the projectivization of
the fibers. Consequently we do not work with projectivization of the cotangent bundle
but we will deal with meromorphic lifts of stationary discs. Representing such lifts
(f,§) in the form (f,§) = (f,¢ tg), we will consider (Jo, T )-holomorphic discs close
to the (Jo, Tp)-holomorphic disc (f, g). The disc (f,g) satisfies a nonlinear boundary
problem of Riemann-Hilbet type (BPy). When an almost complex structure on the
cotangent bundle is fixed, we may view it as an elliptic prolongation of an initial
almost complex structure on the base and apply the implicit function theorem as in
previous section. This avoids difficulties coming from the projectivization of almost
complex fibre spaces.
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3.1. Maslov index and Globevnik’s condition. We denote by GL(N,C) the
group of invertible (N x N) complex matrices and by GL(N,R) the group of all
such matrices with real entries. Let 0 < o < 1 and let B : 0A — GL(N,C)
be of class C*. According to 4] (see also [§]) B admits the factorization B(7) =
FH(r)A(T)F~ (1), 7 € DA, where:

e A is a diagonal matrix of the form A(7) = diag(7*, ..., 7)),

e F*: A — GL(N,C) is of class C* on A and holomorphic in A,

o 7 : [CU{oo}]\A — GL(N,C) is of class C* on [C U {o0}]\A and holomorphic
on [CU {cc}]\A.

The integers k1 > --- > k,, are called the partial indices of B.

Let E be a totally real fibration over the unit circle. For every ( € A consider the
“normal” vectors v;(¢) = (rL(f(¢),€),--.,7n(f(€),€), 5 = 1,...,N. We denote
by K(¢) € GL(N,C) the matrix with rows v1((),...,vn(¢) and we set B(() :=

—K(¢) 1K((), ¢ € OA. The partial indices of the map B : 0A — GL(N,C) are
called the partial indices of the fibration E along the disc f and their sum is called

the total index or the Maslov index of E along f. The following result is due to J.
Globevnik [[1]):

Theorem : Suppose that all the partial indices of the totally real fibration E along f
are > —1 and denote by k the Maslov index of E along f. Then the linear map from
(AN to (CH(A))N given by h — 2Re|Gh] is surjective and has a k dimensional
kernel.

Proposition [l may be restated in terms of partial indices as follows :

Proposition 3. Let f°: A — C¥ be a Jy-holomorphic disc attached to a totally real
fibration E in CN. Suppose that all the partial indices of E along f° are > —1. Denote
by k the Maslov index of E along f°. Let also E. be a smooth totally real deformation
of E and Jy be a smooth almost complex deformation of Jy in a neighborhood of f(A).
Then there exists dg, €o, Ao > 0 such that for every 0 < e < g and for every 0 < X < Ag
the set of Jy-holomorphic discs attached to E. and such that || f — f° ||a< 6o forms
a smooth (N + k)-dimensional submanifold A. y in the Banach space (C*(A))N.

Globevnik’s result was applied to the study of stationary discs in some classes
of domains in C" by M.Cerne [ff] and A.Spiro-S.Trapani [PJ]. Since they worked
with the projectivization of the conormal bundle, we explicitely compute, for reader’s
convenience and completeness of exposition, partial indices of meromorphic lifts of
stationary discs for the unit sphere in C".

Consider the unit sphere I' := {z € C" : 21z + ... 4 272" — 1 = 0} in C". The
conormal bundle (T") is given in the (z,t) coordinates by the equations

(8) Azl g2 —1 =0,
t1 =cz', ...ty = cZ", ceR.

According to [[J, every stationary disc for I' is extremal for the Kobayashi metric.
Therefore, such a stationary disc f© centered at the origin is linear by the Schwarz
lemma. So, up to a unitary transformation, we have f°(¢) = (¢,0,...,0) with lift
(f2, g9 (¢) = (¢,0,...,0,¢71,0,...,0) = (f° ¢ g% to the conormal bundle. Repre-
senting nearby meromorphic discs in the form (z,¢~!w) and eliminating the parameter

c in system (S) we obtain that holomorphic discs (z,w) close to (f°, g°) satisfy for
¢ € 0A:
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ri(z,w) = 2l 4. 42— 1 =0,
r?(z,w) = izlw ¢t —iztwi ¢ =0,

3 e DA R i RS g 2,-
r°(z,w) = Zwe( T —Z°wi (T + 2wl — 27w =0,
rt(z,w) = iZlwe¢ "t —iPPw ¢ — iz 0ol + i2%w. ¢ = 0,
r5(z,w) = zZlws¢!t — Bwi ¢+ 2tws¢ — 2w =0,
r8(z,w) = izlws¢t —iBw T —izlwsl + i2w ¢ =0,
r2 iz w) = 2w, — 2w+ 2w — 2o ¢ = 0,
r2"(z, w) = iZ'w, ("t =izt (T — i w, ¢+ 2w ¢ = 0.

Hence the (2n x 2n)-matrix K(¢) has the following expression:

¢ 0 0 0 0 0 0 0
—iC 0 0 0 —1 0 0 0
0 ¢! 0 0 0 (2 0 0
0 —i¢! 0 0 0 —i¢2 0 0
0 0 —¢! 0 0 0 ¢? 0
0 0 —i¢ ™! 0 0 0 —ic? 0
0 0 0 ... —C_l 0 0 0 ... §2
0 0 0 e =it 0 0 0 - —i?

and a direct computation shows that —B = K 'K has the form

Cy Oy
Cs Cy)’

where the (n x n) matrices C1,...,Cy are given by

20 .0 00 . 0
00 .0 0 —¢C . 0

=10 o .0, ca=|0o 0o —¢ o],
0 0.0 00 0 —¢
—2¢ 0 0 10 .0
0 ¢ . 0 0 0 .0

Cs=| 0 o ol, ca=lo o .0
0 0 . —C 0 0 .0

We point out that the matrix

¢ 0
¢ 1
admits the following factorization:

b5 (&)

Permutating the lines (that is multiplying B by some nondegenerate matrics with
constant coefficients) and using the above factorization of (2 x 2) matrices, we obtain
the following
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Proposition 4. All the partial indices of the conormal bundle of the unit sphere along
a meromorphic disc of a stationary disc are equal to one and the Maslov index is equal
to 2n.

Proposition [l] enables to apply Proposition [] to construct the family of stationary
discs attached to the unit sphere after a small deformation of the complex structure.
Indeed denote by 17(z,w,(,A) C>°-smooth functions coinciding for A = 0 with the

above functions 7!, ... r2".

In the end of this Subsection we make the two following assumptions:

(i) 1"1' (z,w,(,\) = zl,Zl +-.+-+2"Zz" — 1, meaning that the sphere is not deformed
(ii) 77 (z,tw,(,\) = tr?(z,w,(, \) for every j > 2, t € R.

Geometrically this means that given A, the set {(z,w) : 77(z,w,\) = 0} is a real
vector bundle with one-dimensional fibers over the unit sphere.

Consider an almost complex deformation Jy of the standard structure on B,, and an
elliptic prolongation T) of Jy on B,, x R?". Recall that the corresponding 5Tk—equation
is given by the following system

(&) { of +qi(\, f))0f =0,
99+ a2(\, £))3g + g3(\, f)g = 0.

Consider now the corresponding boundary problem:

r(f,9,¢,A) =0, € 0A,
g + q2(X, £)9g + q3(A, f)g = 0.

Combining Proposition [ with the results of Section 2, we obtain the following

Proposition 5. For every sufficiently small positive A, the set of solutions of (BP)),

close enough to the disc (f°,¢°), forms a smooth 4n-dimensional submanifold Vy in

the space C*(A) (for every noninteger o > 1).

Moreover, in view of the assumption (ii) and of the linearity of (£) with respect to
the fiber component ¢, we also have the following

Corollary 1. The projections of discs from Vy to the base (R?", .Jy) form a (4n —1)-

dimensional subvariety in C*(A).

Geometrically the solutions (f, g) of the boundary problem (BP)) are such that the
discs (f,(!g) are attached to the conormal bundle of the unit sphere with respect to
the standard structure. In particular, if A = 0 then every such disc satisfying f(0) =0
is linear.

4. FOLIATION AND “RIEMANN MAP” ASSOCIATED WITH AN ELLIPTIC
PROLONGATION OF AN ALMOST COMPLEX STRUCTURE

In this Section we study the geometry of stationary discs in the unit ball after a
small almost complex perturbation of the standard structure. The idea is simple since
these discs are small deformations of the complex lines passing through the origin in
the unit ball.
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4.1. Foliation associated with an elliptic prolongation. Fix a vector v* with
|[v°]] = 1 and consider the corresponding stationary disc f° : ¢ + (v. Denote
by (f9,¢°) its lift to the conormal bundle of the unit sphere. Consider a smooth
deformation Jy of the standard structure on the unit ball B,, in C". For sufficiently
small \g fix a prolongation Ty of the structure Jy on B, x R?", where A < A\g. Then
the solutions of the associated boundary problem (BP)) form a 4n-parameter family
of (Jo, Tx)-holomorphic maps from A\{0} to C" x C". Given such a solution (f*, g*),
consider the disc (f*,¢*) := (f*,¢("'¢g"). In the case where A = 0 this is just the lift
of a stationary disc for the unit sphere to its conormal bundle. The set of solutions
of the problem (BP)) (considered in Section 3.1), close to (fY,g°), forms a smooth
submanifold of real dimension 4n in (C*(A))*" according to Theorem . Hence there
is a neighborhood Vj of v° in R?" and a smooth real hypersurface I 3‘0 in Vp such that
for every A < Ao and for every v € I’} there is one and only one solution (f;,gy) of
(BPy), up to multiplication of the fiber component g, by a real constant, such that
fM0) = 0 and df}(0)(8/0x) = v.
We may therefore consider the map
Fy o (v,0) € Iy x A= (£7,9)(C).

This is a smooth map with respect to A close to the origin in R.

Denote by 7 the canonical projection 7 : B,, x R*® — B,, and consider the com-
position FO)‘ =mo FO)‘. This is a smooth map defined for 0 < A < Ag and such
that

(i) F{(v,¢) = v, for every ¢ € A and for every v € Ij‘o.
(ii) For every A < Ao, Fj'(v,0) = 0.

(iii) For every fixed A < Ao and every v € I, the map Fj\(v,-) is a (Jo, Jy)-

holomorphic disc attached to the unit sphere.

(iv) For every fixed A, different values of v € I}, define different discs.

—

Definition 4. We call the family (F3\(v, '))veﬂo canonical discs associated with the
boundary problem (BP)). ’

We stress that by a canonical disc we always mean a disc centered at the origin.
The preceding condition (iv) may be restated as follows:

Lemma 4. For A < Ao every canonical disc is uniquely determined by its tangent
vector at the origin.

In the next Subsection we glue the sets Iqj\, depending on vectors v € S?"~ 1 to
define the global indicatrix of F*.

4.2. Indicatrix. For A\ < )¢ consider canonical discs in (B,,, J)) centered at the origin

and admitting lifts close to (9, g0).
As above we denote by [ 5‘0 the set of tangent vectors at the origin of canonical discs

whose lift is close to (f9,¢%). Since these vectors depend smoothly on parameters v
close to 1% and X < Ao, I ;\0 is a smooth deformation of a piece of the unit sphere S?*~1.
So this is a smooth real hypersurface in C" in a neighborhood of ©°. Repeating this
construction for every vector v € S?"~! we may find a finite covering of S?"~! by
open connected sets U; such that for every j the nearby stationary discs with tangent

vectors at the origin close to v are given by F j)‘. Since every nearby stationary disc is
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uniquely determined by its tangent vector at the origin, we may glue the maps F j)‘ to

the map F* defined for every v € S*»~1 and every ¢ € A. The tangent vectors of the
constructed family of stationary discs form a smooth real hypersurface I* which is a
small deformation of the unit sphere. This hypersurface is an analog of the indicatrix
for the Kobayashi metric (more precisely, its boundary).

We point out that the local indicatrix [ 3‘0 for some fixed v? € S~ is also useful
(see Section 5).

4.3. Circled property and Riemann map. If A is small enough, the hypersurface
I is strictly pseudoconvex with respect to the standard structure. Another important
property of the “indicatrix” is its invariance with respect to the linear action of the
unit circle. e

Let A < A, v € I* and f) := FX(v,-). For § € R we denote by fg"(, the Jy-

holomorphic disc in B,, defined by f;\ﬁ CEA f) (e'¢ ). We have :
Lemma 5. For every0 < \ < \o, everyv € I and every 6 € R we have : fj‘e = fg‘wv.

Proof. Since f) is a canonical disc, the disc f;\ﬂ has a lift close to the lift of the disc
¢ — €Pv¢. Then according to Lemma B f;\’(, is a canonical disc close to the linear
disc ¢ — ev¢. Since the first jet of fj‘ﬂ coincides with the first jet of fe)\i%’ these two
nearby stationary discs coincide according to Lemma [4. O

This statement implies that for any w € I the vector ew is in I* as well.

It follows from the above arguments that there exists a natural parametrization of
the set of canonical discs by their tangent vectors at the origin, that is by the points
of I*. The map .

FA ¢ IP"xA — B,
(0,0) = fQ)
is smooth on I* x A. Moreover, if we fix a small positive constant o, then by shrinking
\o if necessary there is, for every A < Ag, a smooth function G* defined on I* x A,

satisfying [|G*(v,¢)| < eol¢|? on I x A, such that for every A < Ao we have on
I x A

(7) FMv,¢) = Cu+ GMv, Q).

Consider now the restriction of 1/7\)‘ to I x [0, 1]. This is a smooth map, still denoted
by F*. We have the following :
Proposition 6. There exists \y < Ao such that for every A < A1 the family
(FXv,7)) vy x[o,1[ i a real foliation of B,\{0}.

Proof. Step 1. For r # 0 we write w := rv. Then r = ||w||, v = w/||w]|| and we

denote by F* the function FA(w) := P/’B‘(v,r). For A < Ao, F* is a smooth map of
the variable w on B, \{0}, satisfying :

FAw) = w + GMw)
where G is a smooth map on B, \{0} with |GMw)| < eollw|* on B,\{0}. This

implies that F is a local diffeomorphism at each point in B,\{0}, and so that F* is a
local diffeomorphism at each point in I*x]0, 1[. Moreover, the condition ||G*(w)|| <
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e1|lw||? on B,\{0} implies that GX is differentiable at the origin with d(?‘(O) = 0.
Hence by the implicit function theorem there exists \; < \g such that the map F*
is a local diffeomorphism at the origin for A < A;. So there exists 0 < r; < 1 and a

neighborhood U of the origin in C" such that F is a diffeomorphism from I*x]0, 7|
to U\{0}, for A < A;.

Step 2. We show that F* is injective on I*x]0,1] for sufficiently small . Assume
by contradiction that for every n there exist A, € R, r,, 7/ €]0,1], v™, w™ € I* such
that:

elim, o0 Ay =0, limy, oo 7y = 7, limy, 0o 1), = 17,

elim, oo v” =v € S? L, lim, oo w" = w € S**1

and satisfying

FAn(v™ 1) = FAn(w™, 1))

for every n. Since F is smooth with respect to A, v,r, it follows that ﬁ)(v,r) =
FO(w,r") and so v = w and 7 = /. If » < r; then the contradiction follows from the
fact that F is a diffeomorphism from I*x]0, [ to U\{0}. If 7 > r; then for every
neighborhood Uy of rv in B,\{0}, r,0" € Uy and r,w™ € Uy for sufficiently large
n. Since we may choose U, such that F* is a diffeomorphism from a neighborhood of
(v,7) in I*x]ry, 1] uniformly with respect to A << 1, we still obtain a contradiction.

Step 3. We show that FXis surjective from I*x]0,1[ to B,\{0}. It is sufficient
to show that FX is surjective from I* x [r1,1[ to B, \U. Consider the nonempty set
Ey={weB,\U:w= F/:\(v,r) for some (v,7) € I*x]ry,1[}. Since the jacobian of
F/S‘ does not vanish for A = 0 and l;\)‘ is smooth with respect to A, the set F) is open
for sufficiently small A. Moreover it follows immediately from its definition that E)

is also closed in B, \U. Thus E) = B,\U.
These three steps prove the result. O

We can construct now the map ¥r, for A < A;. For every z € B,,\{0} consider the
unique couple (v(z),7(2)) € I*x]0, 1] such that f;' is the unique canonical disc passing
through z (its existence and unicity are given by Proposition [f) with fg‘(z) (0) =0,

df;\(z) (0)(0/0x) = v(z) and fj‘(z) (r(2)) = z. The map ¥p, is defined by :

‘l’TA . ]E%n\{(]} — (Cn

z — r(z)v(z).

Definition 5. The map VT, is called the Riemann map associated with a prolongation
T\ of the almost complex structure Jy.

This map is an analogue of the circular representation of a strictly convex domain
introduced by L.Lempert [[LJ]. The term “Riemann map” was used by S. Semmes [2(]
for a slightly different map where the vector v(z) is normalized (and so such a map
takes values in the unit ball). In this paper we work with the indicatrix since this is
more convenient for our applications.

The Riemann map W7, has the following properties :

Proposition 7. (i) For every (v,() € I* x A we have (U1, o f})(¢) = (v and so

log || (¥ o £3) ()l = log [¢].
(it) There exist constants 0 < C" < C such that C'||z|| < [|[¥p, ()| < C||z|| on B,,.
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Proof. (i) Let ¢ = e®r € A(0,7) with 8 € [0,2x[. Then f}(¢) = f(e"r) = 2, (r).
Hence we have (U7, o f2)(¢) = U, (fe’\i%(r)) = eur = (.

(ii) Let z € B,\{0}. Then according to equation () we have the inequality
122 ()| (1 =el|ry (2)]) < [l2l* < W1, (2) (1+e]|Try(2)]). Since [[Ug, (2)]| < 1 we
obtain the desired inequality with ¢ =1/1 + ¢ and ¢ =1/1 — &;. O

From the above analysis it follows the basic properties of the Riemann map.

Proposition 8.
(i) The indicatriz I is a compact circled smooth Jy-strictly pseudoconvex hyper-
surface bounding a domain denoted by Q.
(ii) The Riemann map ¥r, : B, \{0} — Q*\{0} is a smooth diffeomorphism.
(iii) For every canonical disc f} we have U, o f2(¢) = v(.

We note that the Riemann map possesses further important structure properties
depending on the choice of a prolongation T of an almost complex structure .Jy.

4.4. Local Riemann map. In Subsection 4.2 we introduced the notion of local
indicatrix [ {)\0 for v9 € $?"~1. We may localize the notion of the Riemann map,

introducing a similar associated with the local indicatrix. Denote by Qio the set

Ii‘o x [0,1]. The arguments used in the proof of Proposition | show that FA(Qio)
is foliated by stationary discs centered at the origin. We may therefore define the

Riemann map Wr, 0 on FA(Q,) by:
Uy w0(2) = r(2)v(2)
where v(z) is the tangent vector at the origin of the unique stationary disc f;\(z)

passing through z and f;\(z) (r(z)) = =.

Remark 1. We point out that the Riemann map can be defined in any sufficiently
small deformation of the unit ball and satisfies all the same properties.

5. RIEMANN MAP AND LOCAL GEOMETRY OF ALMOST COMPLEX MANIFOLDS

As we have seen previously, a choice of an elliptic prolongation Ty of an almost
complex stucture Jy on a vector bundle over the ball (for A small enough) allows to
define the foliation by canonical discs and the Riemann map. Further properties of
such a map depend on the choice of T which is not unique. In this section we consider
a natural definition of T as the vertical lift of the almost complex structure Jy. This
construction is well-known in differential geometry on the tangent and cotangent
bundles, see [1J]. For reader’s convenience we recall it.

5.1. Vertical lift to the cotangent bundle. Our goal now is to construct a family
of Lempert discs invariant with respect to biholomorphic transformations of an almost
complex manifold with boundary. We recall the definition of the canonical lift of an
almost complex structure J on M to the cotangent bundle T*M. Set m = 2n.
We use the following notations. Suffixes A,B,C,D take the values 1 to 2m, suffixes
a,b,c,....h,i,7,... take the values 1 to m and j = j+m, ... The summation notation
for repeated indices is used. If the notation (cap), (47), (Fj) is used for matrices,
the suffix on the left indicates the column and the suffix on the right indicates the
row. We denote local coordinates on M by (z!,...,2") and by (p1,...,p,) the fiber
coordinates.
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Recall that the cotangent space T*(M) of M possesses the canonical contact form
f given in local coordinates by

0 = pida’.
The cotangent lift ¢* of any diffeomorphism ¢ of M is contact with respect to 8, that

is 0 does not depend on the choice of local coordinates on T*(M).
The exterior derivative df of 8 defines the canonical symplectic structure of T*(M):

df = dp; A dz’
which is also independent of local coordinates in view of the invariance of the exterior
derivative. Setting df = (1/2)ecpdz® A dz® (where dz’ = dp;), we have

w@:<jn%>

Denote by (¢B4) the inverse matrix, we write e~! for the tensor field of type (2,0)
whose component are (EBA). By construction, this definition does not depend on the
choice of local coordinates.

Let now E be a tensor field of type (1,1) on M. If E has components Eih and E;“h
relative to local coordinates x and z* repectively, then

oxr’
B o
If we interpret a change of coordinates as a diffeomorphism z* = z*(z) = ¢(z) we
denote by E* the direct image of the tensor E under the action of ¢. In the case where
E is an almost complex structure (that is £? = —Id), then ¢ is a biholomorphism
between (M, E) and (M, E*). Any (1,1) tensor field E on M canonically defines a
contact form on E*M via

pZE;'ka = Da

o = poEfdx’.

Since

(") (0 By “da™) = o,
o does not depend on a choice of local coordinates (here ¢* is the cotangent lift of
©). Then this canonically defines the symplectic form

a

OF
da:pa&icmCAdﬂt%EﬁmaAdf.

The cotangent lift ¢* of a diffeomorphism ¢ is a symplectomorphism for do. We may
write

do = (1/2)rcpdz® A dz®

<0Ef 8E?>
Tji = Pa -

where z* = p;; so we have

Oz’ ozt
Tji = Eij
T2=—E!
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75 =0
We write E for the tensor field of type (1,1) on T*(M) whose components Eé are
given by

EéZTB(/*ECA.
Thus
h _ mh Dh _
=Lk E'=0

7

E
and opa
- Ea ( P .
Eih:pa<a L j>7Eh:E;L'

oxd O

In the matrix form we have

~ El 0
FE = 9Ee  OES e
a ( 8I§ - 8:c]i ) Efi

By construction, the complete lift E has the following invariance property: if ¢ is
a local diffeomorphism of M transforming F to E’, then the direct image of E under
the cotangent lift ¢ := ©* is E.

We point out that in general, E is not an almost complex structure, even if F is.
However, the invariance condition

(8) de* o E = E'(¢*) 0 dp’
gives a Beltrami-type equation quite similarly to the almost complex case.

5.2. Structure properties of the Riemann map. Assume now that M C C" and
let Jy be an almost complex defgzmation 9£ the standard structure on M. We denote
by T} the elliptic prolongation Jy of Jy (J is the vertical lift of Jy to the cotangent
bundle). So the Beltrami-type equation (f) is just the Op-equation. In order to
define a biholomorphically invariant family of corresponding canonical discs we need
to consider an invariant boundary problem for the operator éTA.

We point out that the notion of the conormal bundle can be easily carried to the
case of an almost complex manifold. Let 7 : T(*l,o)(M ,J) — T*(M) be the canonical
identification. In the canonical complex coordinates (z,t) on T’ (*170)(M ,J) an element
of the fiber over the point 2 can be written in the form t;dz7. Let D be a smoothly
bounded domain in M with the boundary I". The conormal bundle ¥ ;(I") of ' is a
real subbundle of T(*l,o)(M7 J)|r whose fiber at z € T is defined by X,(T') = {¢ €
T(*l’o)(M, J) : Re ¢|H(‘]170)(I‘) = 0}. Since the form dp forms a basis in X,(I"), every
¢ € X 7(T') has the form ¢ = cdp, ¢ € R.

Definition 6. A continuous map f : A — (D, J), (Jo, J)-holomorphic on A, is called

a stationary disc for (D,J) (or for (U,.J)) if there exists a smooth map f = (f,g) :
A—TH ())(M7 J), f # 0 which is continuous on A and such that

(i) ¢ — f(C) satisfies the Or, -equation on A,
(i) (io(f,¢"19))(0A) C Zy(T).
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We call f a lift of f to the conormal bundle of I'. Clearly, in view of our choice
of T the notion of a stationary disc is invariant in the following sense: if ¢ is a C!
diffeomorphism between D and D’ and a (J, J')-biholomorphism from D to D’ then
for every stationary disc f in (D, J) the composition ¢ o f is a stationary discs in
(D', J").

Let now D coincide with the unit ball B,, equipped with an almost complex de-
formation Jy of the standard structure. Then it follows by definition that stationary
discs in (B,,, J)) may be described as solutions of a nonlinear boundary problem (BP))
associated with 7. The above techniques give the existence and efficient parametriza-
tion of the variety of stationary discs in (B, J)) for A small enough. This allows to
apply the definition of the Riemann map and gives its existence. We sum up our
considerations in the following

Theorem 1. Let Jy, J) be almost complex perturbations of the standard structure on
B, and Ty, T} be their vertical lift to the cotangent bundle. The Riemann map Vr,
exists for sufficiently small X and satisfies the following properties:

(a) U, : B,\{0} — QM\{0} is a smooth diffeomorphism

(b) The restriction of Up, on every stationary disc through the origin is (Jo, Jo)
holomorphic (and even linear)

(c) U, commutes with biholomorphisms. More precisely for sufficiently small X
and for every C' diffeomorphism ¢ of B, (Jx, Jx)-holomorphic in B, and
satisfying ¢(0) = 0, we have

p = (Ug) ' odpgo Vry.
Proof of Theorem[l. Conditions (a) and (b) are conditions (i) and (ii) of Proposition .
For condition (c), let ¢ : (B,,J) — (Bn,J’) be a (J,J')-biholomorphism of class
C! on B, satisfying ©(0) = 0. We know that a disc f; is a canonical disc for the
almost complex structure J if and only if ¢(f;) is a canonical disc for the almost
complex structure J'. Since ¢(f)) = fj;o(v) by definition, W ;(f;/)(¢) = ¢v and
W 5 (fapo(v))(€) = (dpo(v) by Proposition B (iii), condition (c) follows from the fol-

lowing diagram:
dipo
v

i £
N Cdpolv)

" ¢ ¢ U
f{)] @/ CLIIL;O(U)

—_—
14
Theorem [ gives the main structure properties of the Riemann map.

5.3. Regularity of diffeomorphisms. Riemann maps are useful for the boundary
study of biholomorphisms in almost complex manifolds. We have

Corollary 2. If A << 1 and ¢ is a C! diffeomorphism of B, (Jx, Jx)-holomorphic
in B, satisfying p(0) =0, then ¢ is of class C*° on B,.

Proof. This follows immediately by Theorem [I] condition (c) since the Riemann map
is smooth up to the boundary. ([
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Every almost complex structure is locally a small deformation of the standard
structure. So we have the following partial generalization of Fefferman’s theorem:

Theorem 2. Let (M,J), (M,J") be almost complex manifolds and let D and D' be
domains in M and M’ respectively. Assume that 0D and 0D’ contain smooth strictly
pseudoconvex open pieces I' and I'. If ¢ is a C' diffeomorphism between D UT and
D'uUT”, (J,J")-holomorphic on D such that (I') C I, then ¢ is of class C* on DUT.

Proof. Let q be a point of I and ¢ = ¢(q). We may assume that J(q) = Jp and
J'(¢') = Jop. Since T' and I are strictly pseudoconvex, in local coordinates near g
(resp. ¢') satisfying z(¢) = 0 (resp. z(¢’) = 0) they are small deformations of the
Siegel sphere H = {Rez"+ || z ||>= 0}. After the Caley map, H is transformed to the
unit sphere S and I' (resp. I') may be viewed as a small deformation of the sphere
along the boundary of some stationary disc f°, f°(0) = 0 such that the corresponding
disc on the Siegel domain {Rez"+ | z ||>< 0} has direction at the center parallel
to the holomorphic tangent space of H at the origin. Denoting again by J resp. J’
the images of our almost complex structures under the Caley map, we see that in a
neighborhood of the disc fO they may be viewed as an arbitrarily small deformations
of the standard structure. So we may consider as in Subsection 4.4 the Riemann map
U, 40 where oY is the tangent vector at the origin of the disc fY. Since the property
(c) of Theorem [l] obviously holds for local Riemann maps, we conclude. O

Theorem f] admits the following global version.

Theorem 3. Let (M,J) and (M, J") be almost complex manifolds. Let D and D" be
smoothly bounded strictly pseudoconvexr domains in M and M " respectively. Every ct
diffeomorphism between D and D', (J, J")-holomorphic on D, is of class C* on D.

The following reformulation of Theorem P may be considered as a geometrical
version of the elliptic regularity for manifolds with boundary.

Theorem 4. Let M and M’ be two C*>° smooth real 2n-dimensional manifolds, D C M
and D' € M’ be relatively compact domains. Suppose that there exists an almost
complex structure J of class C*° on D such that (D, J) is strictly pseudoconvex. Then
a Ct diffeomorphism ¢ between D and D' is of class C>°(D) if and only if the direct
image J' := ¢*(J) is of class C*°(D') and (D', J') is strictly pseudoconvex.

5.4. Rigidity and local equivalence problem. Condition (c) of Theorem [l implies
the following partial generalization of Cartan’s theorem for almost complex manifolds:

Corollary 3. If A\ << 1 and if ¢ is a C' diffeomorphism of B,,, (Jx, Jx)-holomorphic
in B, satisfying ©(0) =0 and dp(0) = I then ¢ is the identity.

This provides an efficient parametrization of the isotropy group of the group of
biholomorphisms of (B, Jy).

We can solve the local biholomorphic equivalence problem between almost complex
manifolds in terms of the Riemann map similarly to [f, [[] (see the paper [I§] by P.
Libermann for a traditional approach to this problem based on Cartan’s equivalence
method for G-structures). Let I* (resp. (I’)}) be the indicatrix of (B,,.Jy) (resp.
(Bn, J})) bounding the domain Q* (resp. (£)*) and let ¥, (resp. Wry) be the
associated Riemann map. This induces the almost complex structure Jy := d¥r, o
}{)\ od(¥p, )™t (resp. (J§)* = d¥r; o Jyo d(\PT;)’l) on Q* (resp. (€)*). Then we

ave:
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Theorem 5. The following conditions are equivalent:

(i) There exists a C* diffeomorphism ¢ of B, (Jx, J3)-holomorphic on B, and
satisfying ¢(0) = 0,

(ii) There exists a Jo-linear isomorphism L of C", (J%, (J})*)-holomorphic on Q*
and such that L(QY) = ().

Proof. If ¢ satisfies condition (i), the commutativity of the following diagram (in view
of Theorem [l

L= d(po
(@, J3) (@), (1)3)
W, Wl
14
(]Bn7~])\) (]BTHJ;\)

shows that L := dgg satisfies condition (i7). Conversely if L satisfies condition (%)
then the map ¢ := (\IJﬁﬁ)_l o L o W, satisfies condition (). O

In conclusion we point out that there are many open questions concerning the
Riemann map on almost complex manifolds (contact properties, relation with the
Monge-Ampere equation, ... ). They will be studied in a forthcoming paper.
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