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Large N expansion of the 2-matrix model, multicut case
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F-91191 Gif-sur-Yvette Cedex, France.

Abstract

We present a method, based on loop equations, to compute recursively, all the terms
in the large N topological expansion of the free energy for the 2-hermitian matrix
model, in the case where the support of the density of eigenvalues is not connected.
We illustrate the method by computing the free energy of a statistical physics model
on a discretized torus.

!E-mail: eynard@spht.saclay.cea.fr



1 Introduction

Random matrix models [35)21, 14,27,7,136] have a wide range of applications in
mathematics and physics where they constitute a major field of activity. They are
involved in condensed matter physics (quantum chaos [27,133], localization, crystal
growths [38],...etc), statistical physics [14,12,9,26] (on a 2d fluctuating surface, also
called 2d euclidean quantum gravity, linked to conformal field theory), high energy
physics (string theory [15,22], quantum gravity [14,26,25], QCD [41],...), and they
are very important in mathematics too: (they seem to be linked to the Riemann con-
jecture [35,37]), they are important in combinatorics, and provide a wide class of
integrable systems [42,/7,29,16].

In the 80’s, random matrix models were introduced as a toy model for zero—
dimensional string theory and quantum gravity [12,14,9].

The free energy of matrix model is conjectured? to have a 1/N? expansion [40,14,1,2]

called topological expansion (NN is the size of the matrix):
F=> N>2p® (1.1)
h=0

That expansion is the main motivation for applications to 2-dimensional quantum
gravity [14,21], because each F' (M) is the partition function of a statistical physics
model on a genus h surface.

The authors of [1] invented an efficient method to compute recursively all the F'(")’s
for the 1-matrix model, and they improved it in [2].

Their method was generalized in [18] for the 2-matrix model in the so-called 1-cut
case.

Here, we extend the result of [18], to multicut cases.

Assuming that the 1/N? expansion exists, the aim of the present work is to give a

method to compute recursively the terms of the expansion, similar to that of [18].

The 2-matrix model [10,/11] was first introduced as a model for two-dimensional
gravity, with matter, and in particular with an Ising field [31,8]. The diagrammatic
expansion of the 2-matrix model’s partition function is known to generate 2-dimensional

statistical physics models on a random discrete surface [14,12,31]:

N’F=-InZ= Y Y et (1.2)

surfaces matter

2There is at the present time no rigorous proof of the existence of the topological expansion; The
Riemann-Hilbert approach seems to be the best way to prove it as in [17]. The Riemann-Hilbert
problem for the 2-matrix model has been formulated [6,5/4,30], and seems to be on the verge of being
solved [4].



where the Action is the matter action (like Ising’s nearest neighboor spin coupling) plus
the gravity action (total curvature and cosmological constant) [14]. The cosmological
constant couples to the area of the surface, and N (the size of the matrix) couples to
the total curvature, i.e. the genus of the surface. The large N expansion thus generates

a genus expansion:

F=>Y N2p® (1.3)
h=0

where F( is the partitrion function of the statistical physics model on a random

surface of fixed genus h.

F(h) _ Z Z e—Action (14>

genus h surfaces matter

The leading term F® computed by [3] (along the method invented by [34] and rig-
orously established by [28]) is the planar contribution. Our goal in this article is to
compute F() and present an algorithmic method for computing F® for h > 1. We
generalize the method of [18].

1.1 Outline of the article

e In section 2| we introduce the definitions and notations, in particular we define
the 1-loop functions and 2-loop functions, loop-insertion operators, and we write

the “Master loop equation”.

e In section [3, we observe that, to leading order, the master loop equation is an
algebraic equation of genus zero, and we study the geometry and the sheet-

structure of the underlying algebraic curve.

e In section /5 we include the previously neglected 1/N? term in the loop equation,
and we compute the 1-loop function Y (x) to next to leading order. Then we
derive the next to leading order free energy F(V) by integrating Y (M (x). We also
discuss how to compute higher order terms.

e In section |6l we complete the calculation for the case where the algebraic curve
has genus one.

e section 8 is the conclusion.



2 The 2-matrix model

Let N be an integer, Vi and V5 two polynomials of degrees dy + 1 and dy + 1:

d1+lg d2+1§
_ k_k o~ k k
W(x)—g()%—;?:c ) ‘/2(19)904‘;??4 (2.1)

Then let g be an integer (called the genus) choosen between 0 < g < djdy — 1, and let
€ be a g dimensional vector:

€= (e1,€2,...,6)" (2.2)
We define

g

ri=1-) & (2.3)

i=1
All those numbers given, we define the partition function Z and the free energy F

by the following matrix integral:
Z — e—NQF — /dMldMQ e—NtI‘ [Vl(Ml)—l—Vg(Mg)—MlMg} (24)

where the integral is over pairs of hermitian matrices M; and M, restricted by the
following condition:

- the large N limit of the density of eigenvalues of M; has a support made of g + 1
disconnected intervals.

- the filling fraction (integral of the density) in each interval is ¢;.

We assume that the free energy F admits a topological 1/N? expansion:
1 1
— O~ p® (h)
F=F —I—N2F +...+N2hF +... (2.5)

That asumption plays a key role in many areas of physics, in particular quantum
gravity or string theory [15,14], and is believe to hold for a wide class of potentials.
However, the existence of the 1/N? expansion for the 2-matrix model has never been
proven rigorously (for the one matrix model, it has been established by [17]).

The goal of this article is to develop a method to compute F® by recursion on
h. In particular, we will explicitely compute F(1). Notice that this was already done
in [18] in the case g = 0. Notice that F(® was computed by [3].

Remark: The model can be extended to normal matrices with support on complex
paths, i.e. the eigenvalues are located along some line in the complex plane, not
necessarily the real axis. In that case, the potentiasl need not have even degrees and
positive leading coefficient, the potentials can be arbitrary complex polynomials, and
the complex paths have to be chosen so that the partition function eq. (2.4) makes

sense.



2.1 Definition: resolvents

We define: )
Tipi= 5 (tr M{ ML) (2.6)
The resolvents are formaly® defined by:
o) Tk7 00 T i
W)=Y 5 )= (27)
k=0 1=0

in other words:

Wl(x):%<tr$_1Ml> : Wg(y):%<try_1M2> (2.8)

We also define:

Y(z):=Vi(x) =Wi(x) ,  X(y) = Valy) = Waly) (2.9)
We assume that all the Ty, have a 1/N? expansion, and we can write (formaly):
1 1
YV(r)=YO(z )+WY( N(z) + .. +WY( W) + ... (2.10)
1 1
X(y) :X<0>(y)+mX(1>(y)+ +WX( Ny)+ ... (2.11)

We will recall below that the leading terms Y (©(z) and X(©(y) are solutions of
algebraic equations. Then we will explain how to compute the first subleading term
YW (z). We will show that we can compute all Y®) by recursion on h.

2.2 Other 1-loop functions

We define the following formal functions:

k0l0$k‘+1l+l :U_Mly_MZ
oo d2]1
L/ 1 V) - Vom)
ZZZ%HQEM 7:N<trx_Ml - (2.13)

k=0 j=0 =0

do i—1 j—1
gi+lg}<+lxzflfky]*17lTk7l
k=0 1=0
U V) v i)~ Vi)
N x— M y— M,

dy
=0 j

=0 k=

(2.14)

Notice that P(z,y) is a polynomial in z and y of degree d; — 1,dy — 1.

All those functions have a 1/N? expansion.

3Formaly means the following: the sums in the RHS are not necessarily convergent. Wi () is
merely a convenient notation to deal with all T} ¢ at once.
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2.3 Loop insertion operators

We define formaly the loop insertion operators:

0 10 =k 0 0 10 =k 0
= 4 - , = ——~—|— _ 215
oVi(z) = xdgo ; k1 g, Va(y) v 9Igo ; y*t Ogy (2:15)

These formal definitions actualy mean that for any observable f:

af k. Of
—— = Resz dx 2.16
501 Vi (2) (216)
In particular with the free energy, we read from the partition function:
Wi(z) = 0 F Wy(y) = 0 F (2.17)
YT Y T angy) |
2.4 2-loop functions
We define the following functions:
0 1 1
Oz / - — t t 2.1
() = g i) = = (g M> (219
- 0 1 1
Qy: / pp— — t t 2.1
) = Wl =~ (o ) 2)
9 L Vi) - V0L 1
U(z,y;2') = — U =(t 2 ; t
(z,y;2) () (z,y) < r$_M1 —YA rx’—Ml .
(2.20)

2.5 Master loop equation

It is shown in [18,19,20] that we have the following system of equations, called the

"master loop equations” [39]:

B2, Y (z)) = %U(x,Y(x),:v)
(2.21)
Ules) =2 = V(o) + - = ) (2:22)
Ule. i) = =) (22
where E(x,y) is a polynomial in z (degree d; + 1) and y (degree dy + 1):
E(z,y) = (V{(z) —y)(V3(y) — 2) — P(z,y) + 1 (2.24)



and where P(z,y) was defined in eq. (2.14).

We will solve that system of equations, order by order in 1/N?:

1 1
Y(z) =Y O() + WY(I)@) +...+ Wy(h)(ﬁ) +.. (2.25)

Then, the large N expansion of the free energy is obtained from eq. (2.17):

0
OVi(z)

F® =5, 0V (2) = YW (x) (2.26)

3 leading order: algebraic geometry
To leading order in 1/N?, the master loop equation is an algebraic equation for Y (z):
EOz,YO(z)) =0 (3.1)

where
EO(z,y) = (V{(z) =) (V3 (y) —x) = PO(z,y) + 1 (3.2)

and PO (z,y) is a polynomial of degree (d; — 1, ds — 1) whose coefficient of % ~1y%2~1

is known and is equal to gq, +19;,,, (from eq. (2.14)).
Before going to order 1/N? and higher, we need to introduce some concepts of

algebraic geometry, and study the geometry of the above algebraic equation.

3.1 Determination of P(O)(a:,y)

So far, we don’t know the other d;ds — 1 unknown coefficients of P(¥)(z,%). They are
determined by the following requirements:

- EO(z,y) = 0 is a genus g algebraic curve. If g is less than the maximal genus®
we get didy — 1 — g constraints on the coefficients of P (z,y).

- The contour integrals of Y ) (x)dx along A-cycles are:

1
5 AiY(O)(x)daczei i=1,...,9+1 (3.3)
where A;,B;, i = 1,...,g is a canonical basis of irreducible cycles on the algebraic
curve. We get g independent equations for the coefficients of P©)(x, ).

Therefore we can determine the polynomial P (x,7) (and thus the polynomial

EO)(z,y)) completely.

4The maximal genus is dida — 1. It can be computed by various methods. In particular, see [32]
for the Newton’s polygons method



A physical picture is that the support of the large N average density of eigenvalues
of the matrix M; is made of g + 1 intervals [a;, b;], i =1,...,¢+ 1, and for each i, A;
is a contour which encloses [a;, b;] in the trigonometric direction, and which does not
enclose the other a; or b; with j # i. eq. means that the interval [a;, b;] contains a

proportion ¢; of the total number of eigenvalues, this why ¢; is called a filling fraction.

In practice, we don’t have a closed expression for P (z,%) as a function of the
coefficients of V7 and V5 and the filling fractions ¢;. The converse is easier: given a

genus ¢ algebraic curve, we can determine V7, V5 and the ¢;’S.

3.2 Algebraic geometry

Before proceeding, we need to study the geometry of our algebraic curve.

Let us call £ the algebraic curve, and we consider that an abstract point p € £ is
a pair of complex numbers p = (z,%) such that E®(z,y) = 0. Thus, + = X(p) and
y = Y(p) are complex-valued functions on the curve.

Here, we sumarize some well known properties of Riemann surfaces and theta-
functions. We refer the interested reader to textbooks [23,24] for proofs and comple-

ments.

3.3 Sheet structure

The function Y () (resp. X (y)) is multivalued, it takes dy+1 (resp. dy+1) values,

which we note:

(%(:E),K(.I),,Y@(CL’)) (resp. (Xo(y)7X1<y>""7Xd1(y))> (34>
The zero™ sheet is called the physical sheet, it is the one such that (from eq. (2.9)):

Volw) ~ Wia) = 1+ O(1/a%)  (resp. Xalw) v Valw) = 1+ O(1/)  (35)
An z-sheet (resp. y-sheet) is a domain of £ on which the function X (resp. J)
is a bijection with C U {4+00}. The curve £ is thus decomposed into dy + 1 x-sheets
(resp. d; + 1 y-sheets). The decomposition is not unique, and a cannonical possible
decomposition will be given below.
For each x (resp. y), there are exactly dy + 1 (resp. d; + 1) points on &, one in each

sheet, such that:

And thus:



3.4 Points at oo, poles of X and Y

In particular, in each z-sheet, there is a point p such that X(p) = oo. It can be seen
from eq. (3.5)), that there are exactly two such points on £. We define py such that:

X(p) — o0 X(p) — o0
p—py = V) — o0 and  p—p_ = V(p) — o0 (3.8)
Y(p) ~ Vi(X(p)) X(p) ~ V5(Y(p))

p+ (resp. p_) is in the z-physical sheet (resp. y-physical sheet), while p_ (resp. p,) is

at the intersection of the other dy z-sheets (resp. d; y-sheets).

3.5 Endpoints and cuts

The z-endpoints (resp. y-endpoints) correspond to singularities of Y (x) (resp. X(y)),
i.e. they are such that dY/dzr = co (resp. dX/dy = o), i.e. they are the zeroes of
dX (p) (resp. d)Y(p)). There are dy + 1 + 2g (resp. d; + 1 + 2g) such endpoints:

dX(p) =0 < pE {617627 .- '7ed2+1+29} ’ dy(p> =0 < S {élv SR 7éd1+1+29} (39>

the endpoints are such that 3k # [, pr(x) = pi(z) (resp. pr(y) = Di(y)), i.e. they are

at the intersection of two sheets.

3.5.1 Ceritical points

In a generic situation, all the endpoints are distinct. If Vi, V5 and €; are chosen so that
some endpoints coincide, we say that we are at a critical point. Imagine that e is such
a multiple endpoint, near which dX has a zero of degree ¢ — 1 and dY has a zero of
degree p — 1, then:

Y (@) = Y(e) ~ O ((z = X(e)"'?) (3.10)

which is a typical critical behaviour of a (p, ¢) conformal minimal model.
From now on, we assume that we are in a generic situation, i.e. all the endpoints

are distinct.

3.5.2 Cuts

The cuts are the contours which border the sheets. Like the sheets, they are not
uniquely defined, there is some arbitrariness.

A canonical choice for the cuts is the following: the cuts are the sets of p € £ such
that

dg # p, X(p) = X(q) and Re /q Y(u)dX(u) =0 (3.11)



3.6 Irreducible cycles

We have already introduced a basis of irreducible cycles, A;, B;i =1, ...

Ai(B; =6

, g, such that:

(3.12)

Moreover, we assume that the A-cycles are cuts, and that the A and B cycles do not

intersect a line L which joins p, and p_.

We have:
1
2

]{ Y(p)dX(p) =&
A;

and we define:

= § V)i

We then define the period-matrix 7 by:

1 0T
Tig "= 5=
" 2im Oe;
Remark:
It is proven in the appendix (8 that:
OF© 1 9*°F©
Fj = R Ti,j = —Q
O¢; 2w Oeie;

where F(© is computed from eq. (2.17). Notice that 7 is symmetric.

3.7 Holomorphic differentials

We define the following differential one-forms:

1 0
du;(p) -

" 2in de;

(Y(p)dX(p))

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

they are holomorphic. Indeed, the pole of Y(p)dX (p) = dV1(X(p)) — Wi (X (p))dX (p)
at p = py is independent of ¢; (because V] is independent of ¢; and ResW;(z)dx = 1 is

independent of ¢;), therefore du;(p) has no pole at p,. By the same argument, du;(p)

has no pole at p_, and du;(p) is holomorphic. Moreover we have (from eq. (3.13) and

eq. (3.14)):
]{ duj(p) =dij ]{ du;(p) = Ti;
A; B;

Remark:

(3.18)

Anticipating a little bit, it follows from eq. (3.14), eq. (4.27) and eq. (4.30), that:

1 ar’;

du;(p) = 2im OVi(X(p))

dX (p)

(3.19)



3.8 Abelian differential of the third kind

On the Riemann surface £, there exists a unique abelian differential of the third kind

dS, with two simple poles at p = p., such that:

ResdS = —1 = —ResdS and Vi j{ dS =0 (3.20)
A;

P+ p—

We choose an arbitrary point py € &€, which does not belong to any cut or any
irreducible cycle, and we choose a line L joining p, to p_, which does not intersect any
cycle and does not contain py. Then we define the following functions on &£\ (U;A; U;
Bi U L)

p
S(p) = / s, Mp)=expS(p) (3.21)
P

0
where the line of integration does not intersect any cycle neither the line L (notice
that the integral around L vanishes because it encloses p, and p_ which have opposite

residues). We have:

Alp) = Elp.p-) (3.22)

E(p7 p+)
S(p) has logarithmic singularities near py and p_, and is discontinuous along L,

the discontinuity is:
0S(p)=2ir  pelL (3.23)

S(p) is continuous along the B-cycles, and discontinuous along the A-cycles, the

discontinuity is:
5Sp) =m  ped ., m= ]4 05 = ui(py) —w(p_)  (3.24)
Bi

A(p) has no discontinuity along L, it has a simple pole at p,, and a simple zero at

p_, therefore the following quantities are well defined:

7= lim X(p)/A(p) ., 7= lim Y(p)A(p) (3.25)

pP—pP+ p—p-

Remark: By an appropriate choice of pg, it should be possible to have v = 7,

however, we will not make that asumption.

4 2-loop functions and the Bargmann kernel

Consider the 2-loop function defined in eq. (2.18):

W, (x) 1 Y (x) <tr 1 1

O al) — _ B _ 4.2
(337 x ) avvl(l") (fﬂ — x’)Z 8‘/1(36') r— M " x' — M, >conn ( 6)

10



and define the bilinear differential (where z = X'(p) and 2’ = X (p)):

B(p,p) = oY (z)

= Vi) dx dx (4.27)

Q(x; ") has the following properties:

Qx;2") = Q(2'; x) is symmetric.

since Y (x) has square root singularities near the endpoints e, Q(z;2') has in-
verse square root singularities near the endpoints (i.e. simple poles in p — ey).

Therefore B(p,p’) has no pole in p = e.

since Wy(z) behaves like L + O(1/2?) in the physical sheet, i.e. when z — p,,
we must have: Q(x;2’) ~ O(1/2?%). In particular B(p,p’) is finite when p — p,.

since Y (x) behaves like VJ(Y(x)) — ﬁ + O(1/Y?*(z)) ~ x when x — p_, we
must have that B(p,p’) is finite when p — p_.

Q(x;2’) has no pole at = 2’ in the same sheet (i.e. when p = p’). This implies
that B(p, p') ~ (X(p) — X (p'))*dzx(p)dz(p') when p — p'.

since Y (z) satisfies eq. (3.3)) and € is independent on Vi, we must have:

Vi / Q(z;2")dz =0 (4.28)
A;

This allows to determine (x; z’). Indeed, B(p, p’) is a meromorphic bilinear differ-

ential on &£, with only one normalized double pole at p = p/, and normalized A-cycles,

therefore B(p,p’) is the Bargmann kernel, i.e. the unique meromorphic bilinear differ-

ential with such properties.

It can be written (see appendix [8):

B(p,p') = 8;0; mO(d(p) — d(p) — 2) du,;(p)du;(p’) (4.29)

It has the property that:

f . B(p,p') = 2imwdu;(p") (4.30)

Notice that in eq. , the derivative is taken at fixed z = X (p).

11



5 1/N? Expansion

We are now interested in the 1/N? expansion of the free energy and loop functions:

1 1
F:F()+mF()+ : Y(x)=Y<>()+mYU()+... (5.31)

where

0
Vi(x)
So far, we have explained how to compute Y (z). Once Y (z) is known, F(© can in
principle be computed from eq. (5.32)), this has been done in [3].

Our goal is to compute Y (x), FM and then define a recursive procedure to
compute Y *)(x) and F for all h > 1.

F® =5, 0V (z) = YW (x) (5.32)

5.1 1/N? term

First we expand the polynomial E(x,y):

1
B(z,y) = B®(2,y) + 55 BV (@9) + .. (5.33)
where EM(x, ) = —PW(z,y) is a polynomial of degree (d; — 1, dy—1) whose coefficient
of z%1~1y9%2~1 vanishes. And we write similar expansions for all other loop functions, in

particular U(z,y) and U(z,y;z').

Ulz,y) = U0z, y) + U (z,y) +... (5.34)

Ulz,y;2) = Uz, y: ') + U (z,y;2") + ... (5.35)
Then we expand eq. (2.21)) to order 1/N?:
ED(2,YO(2)) + YV (2) BV (2, YO (z)) = Uz, YO (2); 2) (5.36)

l.e.:
PO (2, YO (z)) + UO (2, YO (2); 2)
EX (2, YO (x))

So far, the polynomial P! (x, %) is unknown, i.e. we have d;ds; — 1 unknown coefficients.

YW (z) = (5.37)

We expect that order by order in the 1/N? expansion, the resolvent Wi(x) =
V/(z) — Y (x) has no singularities appart from the endpoints, so we require that Y1)
has singularities only at the endpoints.

The condition that YV has s1ngular1tles only at the endpoints, implies that in
eq. (5.37), the poles at the zeroes of Ey (:13, Y (©)(z)) which are not endpoints should
cancel. Since there are dyd, — 1 such points, we can determine P(l)(w, y), and thus we
can determine Y (z). In other words, P is determined by the condition that Y

has singularities only at the endpoints.

12



5.2 The function U(z,y;2’) to leading order

Consider z in the physical sheet, so that Y9 (x) = Y;(z). From eq. (2.22) we have:

) (4
O oy - 00wy T O B0y o
VT T @) T gY@ B - YO@)RE
Notice that .
EO(x,y) = —gs, 1 [ [(v — Yal)) (5.39)
k=0

(indeed, both sides are polynomials in y with the same degree, the same zeroes and

the same leading term). Therefore:

OEO) (z,y) &z Y () 1
— 7 — _EO(q, 5.40
oV; (') 9) 2 ) =@ (540
and thus: .
EO(z,9) <~ dYi(7) 1
UO (x,y;2') = ’ 5.41
@9 = TN 22 ) y V@) 40
Notice that we have considerably simplified the derivation given in [18]
In particular, when y = Yy(x) and 2’ = z, we have:
U0, Yok ) = B, Vo)) 3 208) L (5.42)
x,Yo(x);x) = x,Yy(x :
’ v 00 2 5y 0) V@) - @)
5.3 YW
Using eq. (5.37) and eq. (5.42)) we have:
™ (0) d>
Y(U(w) _ P(O)(%Y (2)) 1 Z Yy () 1
E) (2, YO (z)) 4= 0Vi(z) Yo(x) — Yi(z)
(5.43)

and Y™ has poles (of degree up to 5) only at the endpoints. In other words, Y (z)dx

is a one form, with poles only at the endpoints (no pole near p, and p_).

5.3.1 Behaviour near the endpoints

Recall that the endpoints are the zeroes of dX'(e) = 0. If p is near an endpoint ey,
there exists a unique (because we have assumed that the potentials are generic) p’ such
that X(p') = X' (p) and p’ is near e.

13



We have

YO (2(p))dx (p) = 2P ! +O(1) when p — ey, (5.44)

—dX(p) Y(p) - V(@)
where B(p,p’) is the Bargmann kernel.

This can also be written:

W = Res Sip.p')
Y ep)dX(p) = Res o = X @) =)

By adding only O(1) quantities, we arrive at:

W) (g = Res bn.p)
YR E@)AX @) = Res o =20 0@ =)

Since that quantity is symmetric in x and y, we have:

+O(1) when p — ¢ (5.45)

+O(1) when p — ¢ (5.46)

(1) (1) = Res 5e.7)
YEXP)dX(p) + XD )V P) = Res o ) 6 = 90)

g
i=1

(5.47)
where C; are some constants. Indeed, the difference between the LHS and RHS has no

pole, it is a holomorphic one-form.

5.3.2 local coordinate near an endpoint

Consider that z(p) is a local coordinate near an endpoint eg, we have:

2 .3 A
X(p) = X(ex) + 5 X" (ex) + X" (ex) + ﬂQcW(e,c) +... (5.48)
2 .3
V(p) = Ylex) + 2V (ex) + FV"(ex) + V" (ex) + ... (5.49)
Biop) = (——— + 15(e0) +...) dzd (5.50)
pp) =T TS+ ,
where S(p) is the projective connection.
X(p') = X(p) implies:
Y= —z(1 4+ rpz + iz + (20 + )2 + .. (5.51)
where
1 X”’(@k) 1 XIV(ek) 1 Xv(ek)
TR A 0 PTG X (ey) C TR0 A (o) (5:52)
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That gives:

y @ (X(p)) dX (p) _ 1 4 X" (ex) .3
dz 8X" (er) Y (ex) 24.)(”2(ek)y’(ek)
X"(er)?  XTV(er) | XM(er) V'(er) _ Y"(ex)
X (ey)? X" (ex) X" (er) V'(ex) V' (ex) 52
482V”<€k))ﬂ<€k)
AS(€k _9
2 (enyien” oW

(5.53)

This is in principle sufficient to determine Y.
5.4 Free energy

Then, we want to find the free energy F(!) such that:

1)
YW (z) = _aa‘f(x) (5.54)

In this purpose, we have to compute the derivatives of various quantities with respect

to Vi(z), and in particular, how the theta-function parametrization changes with the
potential V.

We conjecture:

1
F@:—ﬂm Y’ (e;) (5.55)

i

v [ [ (- 4282

5.5 Higher orders

where

Imagine we already know all quantities up to order h — 1, and write eq. (2.21]) to order
h:

zh:N 2h+2th 7) < ZN 2ky(k )

7=0
h—1

_ Z N —2h+2 7 (h—j) <x’ Z N2ky (F) (z); x) 4 O(N’Qh) (5.57)
=0 k=0

The only unknown quantities in that equation are: Y (z) and E® (2, Y(©(z)). The
polynomial £®) (x,7) must be chosen such that Y ®)(z) has no other singularities than
the endpoints, and is completely determined by this consition. That allows to find
Y ") (z) as well as E®) (x,y) and UM (z,y) to order h.

The procedure can be repeated recursively to find Y " (z) to any order.
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6 Genus 1 case

Let us recall that the case ¢ = 0 was done in [18]. The case g = 1 is treated in this
section.
We require that E(z,y) = 0 be a genus one algebraic curve. Therefore, there must

exist an elliptic uniformization. We choose it of the following form:

[12, (u— 0:(0)) 0(2uqe)
0(u — oo )0(u + UOO)d2 I 9<uoo _daz( )
dl 1+1

(u—uoo)dle(u—i—uoo) 19( —i—ol( )

and we denote 7 the modulus. Here, 6 denotes 6y, i.e. the prime form for genus 1. A

z=X) = g

y=Yu = i

definition of the #-function and its properties can be found in appendix|8.

We must have:
ZO’Z = (d2 — DNus : Za, = (dy — 1)uco (6.2)

All this means that for every (z,y) which satisfy E(z,y) = 0, there exists at least
one v (in the fundamental paralellogram of sides 1, 7) such that x = X (u) and y = Y(u).

An alternative parametrization is:

X(u) = 79(;(180)0) (Z(u —Uoo) — Z(u+ Uso)) + Ag + Z k:fkl' *=2 (4 +us)  (6.3)
V(u) = —&0(2““’) (Z(t+ tso) — Z(u — ) + Ag + i %W—?)(u — Us) (6.4)

0'(0)

where 7 is the Zeta-function, i.e. the log-derivative of #;, and ¢ is the Weierstrass

function, i.e. ¢ = —2'.

We note the inverse functions:
r=X(s) o s=ol@) ,  y=V(s)=s=dy) (6.5)

The functions o(z) and &(y) are multivalued, we will discuss their sheet structure
below. The functions Y (z) and X (y) are:

Y(r)=Y(e(x)) . Xy =&(0(y)) (6.6)

They are multivalued too, and their sheet structure will be discussed below.
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6.1 The parameters

Our parametrization depends on d; +dy+6 parameters which are: o, (0) (k=1,...,ds),
;(0)(j=1,...,d1), 7,7 uso and 7. The condition eq. means that only d; +dy+4
of them are independent.

Equations eq. (3.5) read:

_ b V(s)X'(s) B
Gk = 5i- uoods X ()" k=1,....,di+1 (6.7)
. L X(s)V'(s) B
=g BT k=Ll (6.8)
and . .
1= - b dsY(s)X'(s) = %in }{_um dsX (s)YV'(s) (6.9)

Where the contour of integrations are small cylces around Fu,..

And eq. (3.3) reads:
2ime :/ ds Y(s)X'(s) (6.10)
0

We thus have d; + ds + 4 equations, therefore we can, in principle, determine all the
parameters.

In principle, it should be possible to revert these formula, and compute the ¢(0)’s
and (0)’s as functions of the coupling constants g and §g. This can be done at least

numerically.

Remark: Another point of view is interesting too: once eq. (3.3)) and eq. (3.5) are taken
into account, we have d; 4+ ds + 2 independent parameters. This is precisely the number
of coefficients of the potentials V; and V,. We can consider that the parameters are

merely a reparametrization of the coefficients of the potentials, according to

eq. (6.7) and eq. (6.8).

6.2 endpoints and cuts

The endpoints in the z-plane (resp. y-plane), i.e. the singularities of Y (x) (resp. X (y))
are such that:
X'(s) =0 (resp. V'(s) = 0) (6.11)

There are dy + 3 (resp. dy + 3) such endpoints:

X/(S):O A 86{61362""76(12-5-3} ) y’(s):() A Se{élw'-aédﬁ-fﬂ}
(6.12)

17



We can write:

oo 0(000Qus)B T TIE0(s — e)
As) == T 0(uco — €1) 005 — 110e)20(5 + tioe)2+:

(6.13)

B00Cu) [ — )
I 0(use +€) O(s — too)BH10(s + uso)?

Since X’(s) and )'(s) are elliptical functions, we must have:

Zel = —(dy — 1)us , Zel = (d1 — 1use (6.15)

V'(s) = (6.14)

and since X'(s) and )’(s) are the derivatives of elliptical functions, we must have:

zth—i (da+1)ZQ2ux) > Z(us + &) = (di + 1) Z(2us) (6.16)

Notice that eq. (6.7) for k = d; + 1 and eq. (6.8) for k = dy + 1 imply:

ay 11 0o + &) 4, 11 0(too — €:)

g _d 1L ZC) 54
19d,+17 1—[Z e(uoo_én ) 2gd2+17 H e(uoo+ez) (6 7)

6.3 2-loop functions and the Bargmann kernel

Consider the 2-loop function defined in eq. (2.18):

W, (2) 1 oy (x) <tr 1 1

o ) B o 1
<$7 X ) a%(ﬂ:’) (fﬂ — x’)Q 8‘/1(35') x — M " a' — M >conn (6 8)

Q(x; 2") has the following properties:
o Qz;2') = Q(a; x) is symmetric.

e since Y (z) has square root singularities near the endpoints X'(ex), Q(z;2') has
inverse square root singularities near the endpoints (i.e. simple poles in o(x)—ey).
Therefore X'(s)Q(X(s);2') is finite when s — ey.

e since Wi(z) behaves like 2 + O(1/2?) when z — oo (ie. o(z) — +us), we
must have: Q(z;2’) ~ O(1/z*). In particular X’(s)Q(X(s);2’) is finite when

S — +Uso-

e since Y () behaves like VJ (Y (z)) — % +O(1/Y?*(x)) ~ x when 0(z) — —Us,
we must have that X’ (s)Q(X(s); 2') is finite when s — —uq..

e Q(x;2) has no pole at x = 2’ when x and 2’ are in the same sheet, i.e. when

o(x) = o(2’). This implies that aag(x,)) @ _155/)

> when o(x) — o(z').
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e since Y (z) satisfies eq. (3.3) and ¢ is independent on V;, we must have:

1
/ Q(X(s);2")0s =0 (6.19)
0
This allows to determine Q(z;z"). Indeed, the function X’(s)X'(u )% is an
elliptical function of s, with only one double pole at s = u. Therefore (see appendix
8):

Y (X (s))
X ()X (u) o = P(s —u) + C 6.20
(9 ()5 s = 0l — (6.20)

where ¢ is the Weierstrass function, and where the constant C' must be equal to zero
in order to satisfy eq. (4.28).

We recognize the Bargmann kernel:

oY () = o'(z)o' (") p(o(x) — o(2')) = 0,0 In (0 (x) — o(2'))
Vi (z')
(6.21)
In a similar fashion, we find that the function:
e .1_8W2(y)__ 1 1
Qy; ') = ) <tr YA tr U >Conn (6.22)
is:
~ ,/__aX(y)_w 1y ~ . / o ~ . /
Qy;2') = ) ' (y)o' (2" )p(e(y) —o(z')) = 0,00 In6(G(y) — o(z'))
(6.23)
We are now equipped to compute the next to leading order functions...
6.4 Computation of YV
We have (see eq. (5.43)):
PO (z,Yy(x or(z) — op(x))
YO () = 0_ 0 6.24
SN ERTIE wak amrean S

and we require that Y ())(z)’s only poles (of degree up to 5) are the endpoints X'(ey).
Note that X’(s)Y ™M (X (s)) has no pole at s = fu.,, therefore we may write:

da+3
YW (x(s)) = X’l(s) Z Apd"(s—ep)+Brd' (s—ex)+Crp(s—ex)+ Dy Z (s —ey) (6.25)
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The coefficients Ay, Bg, Cy, Dy are determined by matching the poles in eq. (6.24)
(PY doesnot contribute to them because E,(r,Yy(z)) has only single poles at the
endpoints). Below, we will find that Dy = 0.

Let k € [1,ds + 3], and choose s close to ej:

s=ep+e (6.26)

there must exist § (unique because the potentials are non-critical) such that X'(s) =
X (s) and 3§ is close to e (§ is the oy (z) in eq. (6.24)):

S=ep—n : n = O(e) (6.27)
By solving X'(s) = X'(§) order by order in € we get:
n=N\e , A =1+rpe+rie> + (2r] +tp)e* + O(e?) (6.28)
where
1A (er) 1 XY (er) 1 XY (ep)

=Z == = — — 6.29
" 3 (ep) T e T eoane e (629

From eq. (6.24) we must have:

‘(e +n)
X'(ex —n)(V(ex +€) — V(ex —n))

We note the 3rd degree polynomial:

6Ak — 2Bk€ + Ck€2 —+ Dk€3 = — -+ 0(64) (630)

Py(€) = 6A, — 2Bpe + Cpe® + Dy (6.31)
ie.

Po(e) = (1+ 1) =Ge)

2

X" /\_X/// . 2)\—3le 3)‘_4XV -1
( (ex) + € 5 (ex) — € 5 (ex) + € ol (ex))
€

(T4 XY (ex) + %(1 = X)V"(ex) + 5 (1+X)Y" (ex)

(1= XY (@)™ + O
= —(X"(er)V'(er) ™ (14NN
(1- ge)\rk + 2 X%sp, — gﬁg(tk +rask))

[\

€ V'(ex) | € o V" (€r) |1
(1+ 5(14— A) Vi) + E“ — A+ A )73},(%) )
+2X”(ek)y’(ek)€ 0l (632



It is easy to see that #;, as well as YV (e;) disappear, and that Dj, = 0.

After a straightforward calculation, one finds:

1 X/// e
— 8X" (€)Y (ex)(6Ar — 2Bre + Cre’) = 1— 3¢ X”((e:))
L (A v

6)(,,,( fg,(f(’“)i ;5,','((6’“3
e () V(o) ‘24<1>

(6.33)

After substitution into eq. , we find the genus one correction to the resolvent:

(1) _ da+3 1 Mia
Y (X(5>> = k=1 48X’(3)X//(€k)yl(€k)¢ (S ek)
do+3 X' (er)
+Zk 1 48X7(s) X”2 V)y/ er) ( €k>
X”’( ) X’"(ek) y”(e ) y///(ek)
d2+3 X”(8k>2 X”(ek) X' (er,) y’(ek) V' (e) o
+Z 48X (5) X" ()Y (er) o(s — ex)

d2+3 ¢
k=1 2X7(s) X’/Eek)y’(ek)gb(‘s — €x)

(6.34)

That function represents the partition function of a statistical physics model on a genus
one surface with one + boundary.
Notice that

d +3 X”'(ek)2 . XIV(ek) X”’(ek) y//(ek) y///(ek _
OFY _ re) = 22 Te)? ~ ) T Fa) Ve ~ Fa) 224 (6.35)
Oe 1 48X//(Gk)yl(€k) '

6.5 The free energy
We are now going to find the free energy F(!) such that:

(1)
Y(l)(x) — _ﬁa‘f(x) (6.36)

conjecture:

do+3 d1+3 ' u
ja ——ln (7474 1T 11 ( G 9) (22:01300))) (6.37)

=1 j=1

question: how to extend that conjecture to genus g > 1 777
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7 Variations with respect to the potentials
7.0.1 Variations with u fixed

Now, we would like to compute:

y o / aX(u) Y ! 83}(“)
X(u) =X <S)78V1(X(s)) and  Y(u):=4X& (8)70‘/1(/1’(3)) (7.38)
with u fixed (we will not write the s dependence for lisibility in this section).
We have:
0Y(u) oY (X(u)|  OY(w) , 0X (u)
AT, = T, ™ AT ™ ) iR, 799
which implies:
X (W)Y (w) = V()X (u) = ¢(s — u) (7.40)
In particular at u = e; we have:
. 1
X(e;) = y’(ei)¢(8 —e;) (7.41)
We set: o )
S —€;
= TP (7.42)
Moreover, we have:
X(u+1)_X(u) X(u—}—T)_X(u) .
X(ut+l) X(w) O X(utr) X(w) (7.43)
where 7 := X’(s)%. That means that the function:
B X(u) da+3
flu) == ) ; a; Z(u—e;) (7.44)
has no poles and satisfies:
fu+1)=fu) . flu+7)=flu)—7+2ir Y o (7.45)

f'(u) is an elliptical function with no pole, therefore it is a constant, and f(u) is a
constant too.

That allows to write:

X(u) = X'(u)

da+3
=1

(7.46)
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that implies:
F=2T Y (7.47)

and C'is a constant which is determined by the behaviours near +u.,. Indeed, consider
X'(u)/X'(u), you get:

C+ Y 0iZ(us — ei)] (7.48)

and
(dz + 1)uoo o d2 +1

U — Ugo U — Uso

C+ Z ;7 (—Uoo — ei)] (7.49)

where Uy, == X’ (S)EWIB(%. That implies

C_——Z% (Uoo — €;) + Z(—Uoo — €;)) (7.50)

and
— 22Uy, = Z Qi (Z (Uoo — €;) + Z(Uoo + €;)) (7.51)

i.e.

) = S0 Y 22— ) + Zle + ) — Zluse — 1)

(7.52)
We also have:
o1 ¢(s — u)
V(w) = 5Y'(w) Y aif2Z(u =€) + Z(uoo + €)= Z(uoo = €)] = STON
(7.53)
In particular near u = e;, we find:
B 1 X’”(ei)
=—C— Zozj —¢€j) — 5 e (7.54)
J#i
and near u = Uy, we write:
A
X(u) ~ 7.55
(1) ~ —— (7.55)
A
i Z a;p(u — Uso) (7.56)



and near u = —us,, We write:

V() ~ - fum (7.57)
% = Z Qi (1 + tsg) (7.58)
note that:
0(2uy) o 0(2ux)
A=~ 700) A=-7 7(0) (7.59)
Note also that: v 10 ¢/(0) EI Za i (7.60)
OVi(X(s)) 4m ' o '
7.0.2 variation of )'(e;)
/ a(yl(el)) _ N SV (e
X (S)m — y (61) +€zy ( Z)
= V() (Zajqb 1%) +%aiym(ei>
J#i
w X" (e) | dlei =) (1XV(e) 1A (e)
_—Oézy ( )X”( ) + X”(ei) <6 X”(ei) _ZX/a(ei))

l(b/(ez )X///(el) B 1¢//(€i _ 8)

2 X"2(e;) 2 X'(e;)
(7.61)
O(mY(e)
X' (S)W = - ;%Qﬁ ) + Gy
+% (ym(ei> EXIV(QZ,) B EXH/Q(ei) B y//(ei) X”’(eﬁ)
Vie)) 3 X' (e;) 2X7(e;) Vi) X'"(e;)
1¢'(e; —s)X"(e)) 1 ¢"(ei —s)
2 X7(e)Y'(er)  2X7(e)Y (er)
(7.62)
thus:
oln ([T, V' (e;

i jF# )
+Z a; y/// el) 1 XIV(eZ) 1 X’”Q(ez)
yl GZ 3 X”(e) 2 X”2( z)

Ve x"'@)

o
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qbez—sX” i —S)
+5 Z X”Q __ZX” y/ 61

(7.63)
Notice that:
);((Z)) _ Z Z(u—e;) — 2Z(u — uoo) — (dy + 1) Z(u + o) (7.64)

implies (expand to order 1 in u — e;):

v, . "2
S dlei—e) = G- %’;”é‘?)) + ifcﬂ?é )) +26(ej — Uso) + (da+ 1) (e; + o) (7.65)
i#j
therefore
01 "(e;
w( T S - = S ay(20(ey ) + 0 ey + )
a; y/// ) XIV(el) .)(',”2(61-)
+ Z ( X”(el) X”Q(Bi)
B y//(ei) X”’(ei))
R LT
(e;—s e — S
S R 3 e
(7.66)
ie.
Ol (I V'(es)) A Q;
YOSnEe) T _QZ_dz“ 250
o y/// ) XIV (el) X///Q <€Z)
+Z < 6 X”(ei) B X”Q(ei)
B y”(ei) X/l/(ei))
die = R
/61—8 " 1 ”ei—s
B ) 32 W)
(7.67)
therefore: )
FO = K(Vs, ) — T 0'(0)8 A% Ald2+D) Hy’(ei) (7.68)
where K may depend on V5 and € but not on V;. Using:
d2.gd2+1 ’7’7_d2 H 0 ez i‘ Z:; (769)
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we can write it in a more symmetric form:

)0(2uoo)
€; + Uso)

1) _ - 440/ (0)8
FY = K(e) 1n779’ HQ —Uoo(

(7.70)

where K depends neither on Vi nor on V5. K may still depend on e.
The calculation of derivatives wrt € is exactly the same, with replacing «; by
1/X"(e;)Y (e;), and we find that K does not depend on e.

The limit where € — 0 is the genus zero case, and we have K = 0.

8 Conclusion

We have computed the free energy to order 1/N?, in the genus one case, and it should
not be too difficult to do the calculation for all genus. It is conjectured that £ should

be the log of the determinant of the Laplacian on the algebraic curve.

Aknowledgements: I am thankfull to M. Bertola, V. Kazakov, 1. Kostov for fruitful

discussions.

Appendix A Calculation

We shall prove here that:

FO 1 0*F
F' = a y Ti,j a (Al)

J Oe; 2 8626
j j

Notice that the second of these two equalities follows from the first.

The compatibility condition coming from eq. (2.17):

o orF© o OFO 0 0
_— = —Wl (:L') = —
oVi(z) O, O0e; OVi(x) O O¢;

—Y(x) (A.2)

as well as eq. (3.17) and eq. (3.19) imply that I'; — T is independent of V4, and by

the same argument after an integration by parts, it must be independent of V5 too.

In order to prove that I'; — 856 (_0) = 0, we can choose Vi and V5 such that the z-
J

physical sheet contains all the A-cylces. That means that the function Yy(x) has g+ 1
cuts in the physical sheet, i.e. the large NV average density of eigenvalues of matrix M,

has a support made of g + 1 connected intervals:

g+1

LY@+ -Y@—i0) ,  swpp=|Jlanb] (A3

plr) = o~ U
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We choose the A; contours as follows:

and we can choose V; and V5 such that the filling fraction of interval [a;, b;] is:

T bi 1
N= [ =g d = (A4)
n; is the average number of eigenvalues of M; in interval [a;, b;].

Now, following the method of [13] for the one-matrix model, compute the energy
cost of moving one single eigenvalue x from a to b, where a belongs to cut ¢ and b to
cut ¢ + 1. Basicaly: n; — n; — 1 and n;41 — n;1 + 1, i.e. ¢ — ¢; — 1/N. That energy
cost can be written: ) ,

1 ON°F
-y =N / " (@)da (A.5)

where the effective mean field potential Vg experienced by one eigenvalue of M; in

the presence of the potentials and the interaction with all other eigenvalues in their

equilibrium position was computed in [34,43,4,32], and it reduces to:

or 1
=—09 Y =T, A.
Oe;  2im Jp (v)dw ’ (4.6)

2

Appendix B Theta functions in genus one

Consider a complex number 7 such that Im 7 > 0, called the modulus. We define the

theta-function by:

O(u) = i ™™ sin (2rnu) (B.1)
We have: o
Olu+1)=0u) , Ou+71)=—0we ™ g(—u)=—0(u) (B.2)
We also introduce: . B - .
du
we have:
Zu+1)=Zw) , Zu+7)=2@w) —2r , Z(—u)=—-Z(u) (B4)
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Z(u) has a single pole at u = 0, with residue 1:
1

And we introduce the Weierstrass function:

0

Hu) = -7 () (5.6)

we have:
¢(u+1) =o(u+7) = d(—u) = ¢(u) (B.7)
¢(u) is thus an elliptical function (doubly periodic). It has a double pole at u = 0:
1
8(u) ~ &~ G+ O (B5)
Consider an elliptical function f such that:
flut1) = flut7)=f(u) (B.9)
then:

e if f is entire, then f is a constant.

e if f is meromorphic (its singularities are poles), it must have at least two poles

(possibly a double pole).

e if f has n poles eq,...,e, with multiplicities mq,...,m,, in the fundamental

parallelogram of side (1,7), then there exist m = ) ;_, my complex numbers
A, f1, fa, ..., fr_1 such that:

flu) = AHELI%Z?Y_;SL (B.10)

where we have defined f,, such that:
> fe=) mue (B.11)
k=1 k=1

e An alternative representation of f is the following: there exist there exist m + 1
numbers Ao, A1 1, ..., Aimys s Ana, o, Ay, such that:

n mp

Flu) =40+ A 20D (u—ep) (B.12)

k=1 I=1

with the condition that: .
D> Api=0 (B.13)
k=1
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Appendix C Theta functions arbitrary genus

C.1 Genusg>1

e(u) _ Z eiwntTne2i7rntu (Cl)
we have:
O(u+n) =0(u) =0(—u) (C.2)
and
O(u+71n) = 0(u) e~ iml2nfutnirn] (C.3)
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