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A discrete model of Brownian sticky flows on the unit circle is described: it is
constructed with products of Beta matrices on the discrete torus. Sticky flows are
defined by their “moments” which are consistent systems of transition kernels on
the unit circle. Similarly, the moments of the discrete model form a consistent
system of transition matrices on the discrete torus. A convergence of Beta matrices
to sticky kernels is shown at the level of the moments. As the generators of the
n-point processes are defined in terms of Dirichlet forms, the proof is performed at
the level of the Dirichlet forms. The evolution of a probability measure by the flow
of Beta matrices is described by a measure-valued Markov process. A convergence
result of its finite dimensional distributions is deduced.
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1 Introduction

In [{, f], a family of stochastic flows of kernels on the circle S! called “sticky flows”
is described. Sticky flows interpolate between Arratia’s flow of coalescing maps and the
deterministic heat flow. They are defined by their “moments” which are consistent systems
of transition kernels on S'. In this article, a discrete version of sticky flows is presented
for sticky flows associated with Brownian motions on S!. This discrete model is defined
by products of Beta matrices on the discrete torus %(Z/N Z). It appears to be a special
case of a general construction which associates a flow of Dirichlet matrices to any Markov
chain on a finite set.



As in the continuous case, the moments of the flow of Beta matrices are consistent systems
of transition matrices on %(Z/N Z). The convergence of the flow of Beta matrices towards
sticky kernels is shown at the level of the moments. Namely, it is established that for
every n € N*, the semigroup {Pt("), t € R} of the n-point motion of the sticky flow is
approximated by the n-point transition matrix of the flow of Beta matrices. Classical
approximation theorems, such as theorem 6.1 in [, cannot be used since the generators
of the semigroups Pt(") do not have a core of C? functions. The generators are defined in
terms of Dirichlet forms, thus the proof is performed at the level of the Dirichlet forms.
Given an initial law, the flow of Beta matrices generates a measure-valued Markov process.
A convergence result of its finite dimensional distributions is deduced.

Section 1 contains a study of the flows of Dirichlet matrices on a finite set. Flows of
Beta matrices on %(Z/N Z) and Brownian sticky flows on the circle S* are presented in
section 2. Section 3 is devoted to establishing the convergence of the flow of Beta matrices
on +(Z/NZ) to a Brownian sticky flow on S*.

2 Dirichlet matrices and Polya scheme

A stochastic kernel on a finite set F' is nothing but a random transition matrix on F.
Given a sequence of i.i.d. random transition matrices (K;);cz on F', one may define a
stochastic flow of kernels (K;)s<: on F' by setting for every s < t,

Ko K. . K 1K, if the time is Z, (1)
st KZ(s)-H ce KZ(t)—lKZ(t) if the time is R.

where Z denotes a homogeneous Poisson process independent of (Kj;);.

The sequence of matrices (K;); defines a random medium that evolves with time. It is
also a random distribution on paths. The n-point motion is defined as an n-sample of
this distribution. More precisely, the environment (i.e. the sequence (Kj;);) being fixed,
one considers the motion of n independent inhomogeneous Markov chains with transition
kernels (K;);. Under the annealed measure (i.e. averaging on the environment), the mo-

tion of n points becomes a homogeneous Markov chain with semigroup {Pt(n) = E(K§)}-

The semigroups (Pt("))t, n € N* form a consistent exchangeable family of Markovian semi-
groups: all points play the same role and by removing any point in the n-point motion,
one gets the (n—1)-point motion. In [B], following a generalization of De Finetti theorem,
it is shown that the law of such a stochastic flow of kernels is given by a consistent family
of n-point Markovian semigroups {Pt(n), n € N*}.

2.1 Dirichlet matrices

We shall assume that the rows of every matrix K; are independent Dirichlet random
vectors. A suitable choice of the coefficients of the Dirichlet laws enables us to exhibit a
consistent and exchangeable system of probability measures {m™, n € N*} such that for
every n € N*, m(™ is an invariant measure for the n-point semigroup (Pt(n))t.

Let us first state a natural extension of the Dirichlet distribution to the case of nonnegative
coefficients and then define what we shall call a Dirichlet random matrix and a flow of

Dirichlet matrices.



Definition. Let a, . .., ap be nonnegative reals such that at least one of them are positive.
Let 1 <1; < ... <1i; <k denote the indices of the positive coefficients and V' the set of
points & = (1, ..., xx) € [0,1]* such that =; = 0if i & {i,...,3;} and S a; = 1.
A random vector X = (X7, ..., X}) is said to have the Dirichlet distribution D(ay, .. ., o)
if P(X ¢V)=0andif (X;,...,X;) has the Dirichlet law D(ay,, ..., q;;) i.e.
Do, + -+ i) -1
T(ay) -~ T(ay) rt

oy
J

-1
1{ml+___+xj:1}dl‘1 tee d[L‘j_l.

Definition. Let F' and G be two finite subsets. Let A = (a;;)i j)erxc be a matrix of
nonnegative coefficients such that each row has at least a positive coefficient.
A random matrix X = (Xi,j)(id‘)eFXG will be called a Dirichlet matriz with parameter A
if the rows of X are independent random vectors and the ¢-th row of X has the Dirichlet
distribution whose parameters are given by the i-th row of A for every i € F.

Definition. Let F' be a finite set and A = (a;;);j)er2 be a matrix of nonnegative
coefficients such that each row has at least a positive coefficient.

The discrete time (or continuous time) stochastic flows defined by formula ([]) from a
family (K;);ez of independent Dirichlet matrices of parameter A is said to be a stochastic
flow of Dirichlet matrices of parameter A on F.

Let us notice that the product of two independent Dirichlet matrices is a matrix whose
rows are generally neither independent nor distributed according to a Dirichlet distri-
bution. Still, the following lemma holds; it states a probably well-known property of
Dirichlet laws which is based on properties of Gamma distributions (first?) mentioned by
Edwin Pitman in [fj.

Lemma 1 Let r and s be positive integers. Let A = (a;)1<i<r, 1<j<s b€ @ matrizc of
nonnegative coefficients such that each row has at least a positive coefficient. Let X be a
Dirichlet matriz of parameter A.

If Y is a random vector independent of the random matriz X, with Dirichlet distribution
D(Z;:1 ai;, .- .,E;Zl a.j), then the random vector Y X has the Dirichlet distribution

D(Zz:1 i1y Ez’:l is)-

Proof. We shall construct copies of X and Y using a family of independent Gamma
random variables. This construction is based on the following properties of the Gamma
laws:

Properties 2 Let aq,...,a, be nonnegative reals and Z1, ..., Z,. be a family of indepen-
dent random variables with Gamma laws Gamma(ay, 1),..., Gamma(a,, 1) respectively
(by convention, the Gamma law of parameter 0 is the Dirac at 0). Assume that some of
the parameters aq, ..., o, are positive. Then

- the random variable Z =% ._, Z; follows the law Gamma(} ;_; o, 1).

- the random vector (%, o %) has the Dirichlet law D(cy, . .., «,) and is indepen-

dent of the random variable Z.



These properties can be shown by computing the Laplace transform of the random vector
(4,...,%,2).

Let {U;;, (i,7) € {1,...,r} x {1,...,s}} denote a family of independent random vari-
ables such that U;; = 0 if a;; = 0 and U;; has the Gamma(a;;,1) distribution if

ai; > 0. Set Uy =377 Uiy, U=3_Upand Vi ; = %1] for every (i,7) € {1,...,r} %
{1,...,s}. Tt follows from the recalled properties of the Gamma laws that for every
i € {1,...,r}, the random vector V; = (V;1,...,V;s) has the Dirichlet distribution
D(aiy,- - -, a;s) and is independent of U; that has the Gamma()_>_, a;;, 1) distribution.

As {U,;, (i,5) € {1,...,r} x{1,...,s}} is a family of independent random variables, the

random variables Vi,...,V,,Uy,..., U, are independent. In particular, V = (V;;);; is a
Dirichlet matrix of parameter A.
It also follows that the random vector W = (%, ey %) has the same law as Y, i.e. the

Dirichlet distribution D(ij1 aij,. .-, Z§:1 a,;) and is independent of the random vec-
tors Vi,..., V..

If we set Ty =7 W;Vi; for j € {1,...,s}, then T; = £ >°7_, U ;. As the random vari-
ables i U;; for j € {1,..., s} are independent and have the Gamma(}_,_, a;1,1),...,
Gamma() ., a;s,1) distributions respectively, the random vector (T7,...,7T,) has the
Dirichlet distribution D(}_; @1, .., iy Gis). O O

2.2 Invariant distributions

Let us notice that if P is a stochastic matrix indexed by F and m is a finite positive
measure on F' invariant by P then the matrix A = (a; ;) defined by a; ; = m; P, ; for every
(i,7) € F?* is such that the sum of the coefficients of the i-th row is equal to the sum of
the coefficients of the i-th column for every ¢ € F'. Thus applying lemma [[] yields:

Proposition 3 Let P be a stochastic matriz indezed by a finite set F' and let m be a
positive measure on F invariant by P. Set A = (a;;) the matriz defined by a; j; = m;p;
for every (i,7) € F?. Let (K,;)s<: be a discrete time stochastic flow of Dirichlet matrices
of parameter A. Let u be a Dirichlet vector on F' of parameter m, independent of (K +)s<t.

(i) For every s <t, uKs, is a Dirichlet vector of parameter m.

(ii) For every n € N*, E(u®") is an invariant probability measure for the n-point semi-

group (Pt("))t associated with the Dirichlet flow (Ks)s<i. Its expression can be given
iteratively as follows:

B () = T M ) @)

for every x = (z,x,) € F™.

(#ii) Assume that P is periodic with period d > 1. There exists a partition Cy,...,Cq_4
of F' such that p;; > 0 only if there exists r € {0,...,d — 1} such that i € C, and
J € Cri1 (by convention Cjgyy, = Cy, for every j € N and k € {0,...,d—1}). Then
for every k,r € {0,...,d — 1} and j € N, pc, Kogj+r is a Dirichlet vector on I of
parameter mlc, .



Proof. Assertion (i) follows from lemma [Il. For every n € N* and t € N, E((u£(,)®") is
equal to F (u®”)Pt(" , thus E(u®™") is invariant by Pt(").
Let us compute the moments of p. Set ey, ..., e, the elements of F. For x € F™, let s.(x)

denote the number of coordinates of z that equal to e. As E(u®")(z) is the moment of
order (se,(x),..., S, (x)) of the Dirichlet law D(m(ey),...,m(e,)),

i _ T(m(F)) I'(m(e) + se(z))
(")) — p@ﬂp)HQEl T(m(e)
— H 'Ym(e Se

'Ym(F eEF

where 7,(u) denotes the product [['_, (a + i) for every u € N* and a € R. To obtain the
iterative expression, it remains to notlce that if = (z,2,) then s.(x) = 115, =} + 5c(2).
The restriction of 4 to Cj, is the random measure ¢, (- ) = % As p is a Dirichlet
vector of parameter m, pc, is a Dirichlet vector of parameter m1e,. Lemma [] applies
to the vector (yc, (7))iec, and the submatrix K, = (K1141(, 7) )iccy, jecy,, of Ky for
every | € Z; this shows that y o, K141 is a Dirichlet vector of parameter m1¢, , for every

ke{0,....,d} and | € Z. O O

In order to present an explicit expression of E(u®"), let us introduce some notations
associated with a partition 7 of [n] = {1,...,n}.

Let P, be the set of all partitions of [n]. Let |r| denote the number of non-empty blocks
of . The symbol < will be used to designate an order relation between partitions: 7’ < 7
if 7’ is equal to 7 or is a finer partition than 7. Let C be the set of points x € F™ such
that x; = x; if and only if 7 and j are in the same block of 7. Set F; = Uy <wCr. It is
the set of points x € F™ such that, if 7 and j are in the same block of 7, then z; = x;. It
is isomorphic to FI™. Let ¢, : FI"l — E_ be the one-to-one mapping defined as follows:
for all z € FI™l, ¢ (x) = (y1,...,yn) where y; = x; if i belongs to the I-th block of w. The
measure E(u®") can be expressed as a combination of probability measures on the sets
E., m e P, as follows:

Proposition 4 Let m be a measure on a finite set F' and let pu be a Dirichlet vector on
F with parameter m. Set m = % For every n € N*,

= > Ao () 0

7I'€7)n
@ _ 1 (1)1 - - _
where py’ = a"=5—— if w is a partition of [n] with k nonempty blocks of lengthny, . .., ny
[1 (a+i)
=0

and a s a positive real.

Proof. The proof can be deduced from the expression (B) of E(u®"), by induction on n.
Assume that formula () is true for E(u®™Y). Fix a point z = (z, z,,) € F™. If 7 is the
partition of [n — 1] such that z € C,, then

n—1
E(p Z pﬂm( )¢ ®|7r’\)() (xnn)l(—;w)z:i:; i{ii%}-

7, 'L



Set By, ..., By denote the nonempty blocks of the partition 7. Let s(m) denote the
partition (m,{n}) and s;(7) denote the partition of [n] obtained from 7 by adding n
to the block B; for i € {1,...,k}. Two cases arise according as x € Cy(r) or x € Cj,(x for
some i € {1,...,k} since for every a > 0,

(a) _L (a

Card(B;) (@ ,
Dy a+n—1 ———=p@ forie{1,...,k}.

)andpslw)_a+n_17r

Then formula (B) for E(u®") follows from the fact that:

- the partitions 7 finer than s(7) have the form s(n') where 7’ is finer than ,

- the partitions finer than s;(m) either have the form s(n’) where 7’ is a partition of
[n — 1] finer than 7, or have the form s;(n") where 7’ is a partition of [n — 1] finer
than 7 such that its j-th block is a subset of B;.

O

Remark. (pgra))ﬂepn is the exchangeable partition function of an exchangeable sequence
of random variables governed by the Blackwell-MacQueen Urn scheme [[.

2.3 Description of the n-point motion

In order to complete the description of the n-point motion associated with the discrete
time flow of Dirichlet matrices of parameter A denoted by (K :)s<:, let us compute the
transition matrix P™: for = (zy1,...,2,) and y = (y1,...,yn) in F,

P(")(Ly) = E(H Ki(z,v:) = HE(H Ki(l, h)Sz,h(:v,y))

leF heF

where s;,(z,y) = Card({i, (@i, y;) = ( h)}). Let us set v(u) = [[', (a + i) and
si(x) = Card({i € {1,...,n}, z; =1}). It follows from the expression of the moments of
the Dirichlet laws that

P(n ZU y H ]EF ’Yazj 817](‘%’ y))
cF 7216F01]<Si<x))
Let us remark that:
[0 Gy + Sz ( )
PO (z,y) = <" and POz, y) = 2t e 2l py g )

ZzGF amv’«' Z]GF Qg 2J + Szp (SL’)
for n > 2 where z = (z1,...,2,-1).
Thus the transition mechanism can be described as follows: the first point moves from a
site 7 to a site j with probability p; ; = <=:—. The motion of the (k — 1) first points

Deer @it
being known, the k-th point moves from a site i to a site j with probability % if
€eF ™,

among the k — 1 first points, v were located on the site 7, and u have moved from ¢ to the
site j. This is a combination of independent Polya urns attached at each site.

Let us deduce some elementary properties of P™

6



1. If the one-point motion is defined as a reversible Markov chain on F', then for every
n € N* the n-point motion is a reversible Markov chain on F™.

2. If A is irreducible and aperiodic then for every n € N*, P is also an irreducible
and aperiodic matrix.

3. Assume that A is irreducible and periodic of period d. Let Cy,...,Cy_1 denote a
partition of F' such that for every r € {0,...,d — 1}, i € C, and j ¢ C,;; imply
a;; = 0. Then for every n € N* and r € {0,...,d — 1}, (C,)" is a closed subset for
P and (P™)? is an irreducible aperiodic matrix on (C,)".

The property (1) implies that if the one-point motion is a reversible Markov chain on F’
with reversible probability measure m and if p is a Dirichlet vector on F' with parameter
m independent of the stochastic kernels (K;);, then the stationary vector-valued Markov
process (Ko j); is reversible. The properties (2) and (3) of the n-point motions and
proposition B enable us to establish the asymptotic behaviour of the flow of Dirichlet
matrices:

Corollary 5 Let P be a stochastic matriz indexed by a finite set F' and let m be a positive
measure on F invariant by P. Set A = (a;;) the matriz defined by a;; = m;p;; for
every (i,7) € F2. Let (Kq4)s<: be a discrete time stochastic flow of Dirichlet matrices of
parameter A.

(i) Assume that P is irreducible and aperiodic.
For every probability measure v on F', vK,; converges in law to a Dirichlet vector
of parameter m as j tends to +oo.

(ii) Assume that P is irreducible and periodic of period d. Let Cy,...,Cyq_1 denote a
partition of F such that for every r € {0,...,d — 1}, ifi € C, and j & C,.1 then
pij = 0. Set Cyyq = Cy, for every k € N. For k € {0,...,d — 1}, let v, denote a
probability measure on F' such that v (Cy) = 1.

Foreveryr in{0,...,d—1}, (voKojasr, - - - Vio1Ko jarr) converges in law, as j tends
to +00, to a vector (fir, ..., trra—1) of independent Dirichlet vectors of parameters
mlc,,...,mlg, , | respectively.

Proof.

(i) (vKy,); is a sequence of random variables that take their values in the set of prob-
ability measures on F. To prove that they converge in law to a random measure
1, it suffices to prove that for every n € N* the se(%uence of probability measures
(E((vKo;)®™)); on F™ converges to E(u®"). As PO(Z’ = E(K);)®" is the transition
matrix of an irreducible aperiodic Markov chain on £, (1/®"P0(7nj)) ; converges to the
stationary law of the Markov chain that is E(u®") where p is a Dirichlet vector of
parameter m, by proposition f.

(ii) Let us first note that for every j € N, Ky j, ..., v4_1Kp; are independent variables
since Ky ; is a product of j independent random matrices, each of them having
independent rows. As (P™)? is an irreducible and aperiodic Markov chain on
(Cy)" for every u € {0,...,d—1} and n € N*, it can be shown as in the proof of (7),
that for every k,r € {0,...,d — 1}, 1K gj1+r converges in law to a Dirichlet vector
of parameter mlc,, as j tends to +oo.



3 A discrete model of a sticky flow on S!

In the remaining part of this paper, we shall consider a particular flow of Dirichlet matrices
on the lattice Ty = ﬁ(Z/QNZ) of S1, called flow of Beta matrices. It gives a simple
discrete model of the Brownian sticky flow defined by Y. Le Jan and O. Raimond in [f], .
After a description of the flow of Beta matrices, the main properties of the Brownian sticky
flows will be summarized.

3.1 Beta matrices
Let a be a positive real, N € N* and K be a matrix on the lattice T defined as follows:
K(i,j) = Xilgip oy + (1-— Xi)l{j:i_%} for every i,j € Ty

a a

where X1, ..., Xpn are independent Beta(5%, 5% ) random variables.

The matrix K is a Dirichlet matrix of parameter A = (m;p; ;);; where P = (p; j); ; is the
transition matrix of the symmetric random walk on T and m is the uniform measure
on Ty with total mass 2a. Let (K;);cz be a sequence of independent matrices having the
same law as K and let Z be an independent Poisson process on R with intensity 4N2.
The continuous time Dirichlet flow of matrices defined on T by

KN,s,t = Kz(5)+1Kz(5)+2 tee KZ(t)—lKZ(t) for every s S t,

will be called a flow of Beta matrices on Ty of parameter a. Let us note that A is
irreducible and two-periodic thus the n-point process is not irreducible. We shall focus
our attention on the following irreducible set:

T](V") = xr € (Z/2NZ)" and x; — x1 € 2Z, for all 1 <i <n}

s
o

(x @INE)" U (522 + 1) /2N D))"

The transition matrix of the n-point motion on T](V") at time ¢t will be denoted P](Vnz The
jump Markov chain of the n-point process is two-periodic: in one step, a point with odd
coordinates moves to a point with even coordinates and conversely. Its transition matrix
will be denoted PJS," ). It has a reversible probability measure denoted by mg\?):

n 1 0)®n 1)®n
iy = SEGN") + B(uy™") (4)
where ,ug\(;) and ug\l,) denote independent Dirichlet vectors on Ty with parameter m1 14 vz
and ml L ((2Z-+1)/2N7) respectively. Let 7 be a Bernoulli random variable with parameter

1
27
or 5-((2Z + 1)/2NZ) then (VK 0,4)ier, converges in law to ME@ as t tends to +oo.

independent of ME\?) and ,ug\l,). It follows that if v is a probability measure on %Z/N Z

A sample path of the measured-valued Markov process v(® = (05K n,0.2k ) ken associated to
the discrete-time flow of Beta matrices on %(Z/N Z), is represented in figures [[] and g for

N =500, z = % and two choices of the parameter a: a = 20 and a = 100. In these figures,

)

the sample of I/lia at a fixed k is represented by a horizontal line of N colored pixels. A

detail of the histogram of the sample of y,g“) for kK = 500 and k& = 1000 is given figures [
and .



500 4 0.9 500 0.9
1000 — 0.8 1000+ 0.8
1500 g 07 1500} = 1 07
2000 1 06 2000 e 4 06

~ 2500} g 05 ~ 2500} : 1 05
3000 — 0.4 3000 2 B 0.4
3500+ | 0.3 3500+ g VV 5 1 03
4000 — 0.2 4000 B B 0.2
45001 1 01 4500 = 1 01
5000 15‘0 2‘00 35‘0 o 5000 15‘0 2(‘)0 2‘50 3‘00 35‘0 0

Figure 1: a sample of the measure-valued Figure 2: a sample of the measure-valued

20 100
process {y,g ), 0 < k <5000} process {1//,(g ), 0 < k <5000}
T T ‘1} T T 0.6 T .
4100 ":"3{\ g 4100
‘/}% 025

4200 E % — 05 4200

4300 - {\{52 1 4300 - 02
A 04 '

4400 | f:i 5% ) ii 4 4400 |

~ 4500 {25 ?{\ e 03 ~ 4500 015

2 ¥

4600 | 3 s “% R 4600 -
£ - g

4700 ;z; %i H 02 4700 o
5 IS

4800 {j; 5’ ] o1 4800 | 0.05
4900 P i — 4900 [

‘ : ENE1a ‘ ‘ :

5000 150 200 250 300 350 o 5000 150 350

Figure 3: an enlargement of the bottom Figure 4: an enlargement of the bottom

of figure of figure

k=4999
0.2 T T T T T 0.06 T T
0.05F
015 4
0.04F
0.1 4 0.03F
0.02
005} 4
” ” 001 “‘
0 . Hn L 1 o . " . 0 e b ﬂ 1 J\Hn I
100 150 200 250 300 350 400 100 150 200
k=5000 k=5000
02 T 0.06 T
0.05F b
015} 4
0.04 g
0.1t 4 0.03F b
0.02 b
005 4
| | n L ’
0 . ”n”\ 1 ' L b . 0 PRIV Y HHH HHH’L”H e 1 ‘Hn”nn lo 5ot
100 150 200 250 300 350 400 100 150 200 250 300 350 400

Figure 5: histograms of the sample of the Figure 6: histograms of the sample of the
probability measure V,EQO) for two succes- probability measure 1/1900) for two succes-
sive values of k: k = 4999 and k = 5000 sive values of k: k = 4999 and k£ = 5000



3.2 Consistent system of Brownian sticky kernels on S!

In [B, f], a general class of sticky kernels associated with systems of coalescing particles
that move as independent Levy processes is constructed. Sticky kernels are characterized
by a parameter of stickiness 7 and the exponent 1) of the associated Levy process, that
is Y(u) = % in the case of Brownian sticky kernels. Let us describe the properties of
Brownian sticky kernels on S?.

For n € N*, let us consider the measure m™ defined on (S*)" by m(™ = > rep, Pr @\
where \; is the image of the Lebesgue measure M€ on (S1)I7 by the one-to-one map
¢ (that sends (S)™ onto ($1)") and {p', 7 € P,} is the partition function defined
in proposition f]. As this defines an exchangeable and consistent system of measures, it
follows from Kingman’s representation theorem that there exists a random measure on
S' such that m™ = E(u®") for every n € N*. In our case, p is the Dirichlet process® of
parameter a\ on S!.

Using this family of measures, a consistent system of Feller semigroups denoted by
(Pt(n)) can be defined via their Dirichlet forms:

Proposition 6 (Y. Le Jan and O. Raimond, [{]) Fork € N*, let E°* be the Dirich-
let form defined on L*((S')*, \®*), associated with k independent Brownian motions on
S'. For every n € N*, let £™ denote the Dirichlet form on C*((SY)") defined as follows:

Vf,g € CH((SH)"), € =) PWEN(fo b, godn). (5)

7T€Pn

e The semigroups (Pt(")), n € N* associated with the Dirichlet forms €M™, n € N*
define a consistent system of strong Feller semigroups.

o For every n € N*, the generator of E™ denoted by A™ has the following expression
on C? functions:

1

AO(f) = 5

5 2 (A (fop) el Ve CH(SY)) (6)

7T€Pn

Since {(Pt(n))t, n € N*} is a compatible family of Feller semigroups on S, it follows from
theorem 1.1.4 in [J] that it is possible to construct a stochastic flow of kernels (K ;) such

that £ (Kg?f ) = Pt(n) for every t € R, and n € N*. This stochastic flow was named sticky

— and exponent ) (u) = u (or Brownian sticky flow of parameter

flow of parameter 7 = 5

_ 1
T—m).

Jr

Given a probability measure v on S*, the sticky flow induces a stochastic process
(10Ko4): on the set M;(S?) of probability measures on S.

Proposition 7 (Y. Le Jan and O. Raimond, B, @]) Let (K;+)s<: be a sticky Brow-

nian flow of parameter T = a—_lH
Let § be a non null finite measure on a measurable space (Y,)). A Dirichlet process on (Y,)) of
parameter ¢ is a random measure x4 on Y such that for any finite measurable partition (Bi,...,B,) of

Y, (u(B1),...,u(Byr)) has the Dirichlet law D(§(By), ..., 0(B)).

10



1. Let vy be a probability measure on S*. Then (1Ko ) is a Feller process on My (S').
It converges in law to the Dirichlet process of parameter a\ on S?.

2. Let p be a Dirichlet process of parameter a\ on S', independent of (Koy):. Then
(uKot)s is a reversible process.

4 Convergence theorem

We shall now establish the “weak” convergence of the Beta flow of parameter a on Ty
to the Brownian sticky flow of parameter 7 = Fla We keep the same notations as those
introduced in section j.

Theorem 8 Let ¢ be a positive integer. For N € N*, let vy be a probability measure on
(+(Z/NZ))*. Assume that vy converges weakly to a probability measure v on (S*)* as N
tends to 4o00.

(i) For every t € R, the sequence of measure-valued random variables VNKJQ\’}EM con-
verges in law to qu?f as N tends to 4+o00.

(ii) For every continuous functions f and g on (SY)* and for everyt € Ry,

| PO @ @iv(o) converges o [ B o)) f(a)iv(o)

as N tends to +o0o.

For N € N*, let gy be a probability measure on ~(Z/NZ). Assume that (nn)n converges
weakly to a probability measure n on S*.

(iii) The finite dimensional distributions of the measure-valued Markov process
{nnKnos, t € Ry} weakly converge to the finite dimensional distributions of
{nKos, t € Ry} as N tends to +oo.

Remark.

1. Assertions of the theorem also hold with sequences of probability measures vy and
ny defined on (55 ((2Z+41)/2NZ))" and 55 ((2Z+1)/2NZ) respectively that converge
weakly as IV tends to +o0.

2. For N € N*, let 1/](\}), ce V](\?) be probability measures on +(Z/NZ) such that (u](\l}))N

converges weakly to a probability measure v of S! for every i € {1,...,r}. It
follows from assertion (i) of theorem f that (y](\})K NOts -« - s y](\?)K No0.t) converges in

law to (V(I)Ko’t, ey I/(T)Koﬂg) for every t € R,. This property could be used as a
definition of the convergence in law of stochastic flows of kernels with independent
increments.

Before going into details, let us explain the scheme of the proof of theorem . First,
(77) and (7i7) will be deduced from assertion (i) of the theorem. The main step of the
proof of (i) is to show the following convergence of the resolvents:

11



Proposition 9 Letn € N*. Let (Vj\(,?;)wo denote the resolvent associated with the n-point

motion of the Beta flow of parameter a on T](Vn) and let (Vcsn))(po denote the resolvent of the

n-point motion of the Brownian sticky flow of parameter T = a+1 For every a € RY. and

continuous functions f and g on (S1)", /V]\(,?;(f)gdm%) converges to /Va" (f)gdm™
as N tends to +o00.

As the discrete and the continuous n-point processes are both reversible, an argument
using spectral measures allows to deduce the following weak convergence of the semigroups
from the weak convergence of the resolvents:

Proposition 10 Let n € N*. [If f and g are continuous functions on (S1)", then
ngNt f)dmN converges to ng( (f)dm™ as N tends to +oo.

A last ste%) consists in making the previous convergence result of the semigroups also
true if my’ is replaced by any sequence of probability measures vy on (+(Z/NZ))" that
weakly converges.

4.1 Convergence of the resolvents of the n-point motions

The convergence of the resolvents is based on the convergence of the invariant measures
mg\?) and of the generator of the n-point motion of the flow of Beta matrices together with

a Lipschitz property of the discrete resolvent VJS,"; Before proving proposition [, let us
give precise statements of these three points.

4.1.1 Convergence of the invariant measures

Lemma 11 For every partition m of [n], let fr be a function defined on (S)", Lipschitz
on Er and vanishing outside Er. Let f =73 _p fr. Then

[ am [ g

Proof. Let Ey, denote the intersection of E, with TJS," ) and let AN = be the uniform

distribution on Ey . By formula (f) and proposition fi, mg\?) =D rep, Py )\N,T As the

measure m™ has a similar decomposition: m™ = Enepn pﬁf) Ar, it suffices to prove that

for all partitions m, 7" of [n],

Cy
N D (U fellsip + 11 fxlloo)-

7T€’Pn

Ch
< 7 (I fllip + [ fxlloo).

‘ / Foddy — | frdr
EN / E /

Let us first consider the case 7 is not finer than 7', that is there is a nonempty block B of
7 intersecting at least two blocks of 7. Let 7 be the partition of [n] obtained by merging
the blocks of 7 that intersect the same block of /. Then E. N E, is a subset of Ez. As
7 is a coarser partition than ', A (Ez) =0 and |Enz| < +|En | Thus

| e - / fadhe > )] < el

EENJ‘./OENJ‘-

12



Let us now consider the case 7 is equal to 7’ or finer than n’. Then E. C E.. If ' has
k nonempty blocks then

v X aon@) = [ fulouteas

S1)k
$ET1(\;€) (

‘ / fﬂ'd)\N,W/ - fwd)\ﬂ/
EN’,"/ E.

The function f, o ¢, is a Lipschitz function with Lipschitz coefficient smaller than
n||fe||Lip- Thus it remains to establish the following result: for every k£ € N* | there
exists a constant Cj, such that for every Lipschitz function g on (S1)¥,

’ﬁ > g(fﬁ)—/

Ck
2)do| < <EllgllLip
k (SH*
€Ty

The proof can be made by induction on k. i

4.1.2 Convergence of the generators

Lemma 12 For every n € N*, let AS\?) denote the generator of the n-point motion of the
Beta flow on T](V") of parameter a. For every C? function f on (S')",

sup |AY(f)(x) — AW (f)(x)]

J:ET](V")
converges to 0 as N tends to +oo.

Proof. Let n € N* and f be a C? function defined on (S1)". Let us recall the expression
of AMW(f):

AO(F) = 5 57 AL(f)e, where A (f)(@) = AD(F 0 6,)(67(x).

7T€’Pn

Thus it suffices to prove that for every partition 7 of [n],

sup | 240 (f)(x) — Arf(@) |

zeCr ﬂT](\,n)

converges to 0 as N tends to +oo.
We shall introduce the discrete version of the Laplacian A, denoted by Ay » and we shall

prove that the difference between QAE\?)( f) and Ay . f goes to zero as N tends to +o0.

The expression linking the generator Ag\?) and the transition matrix P](Vn )

for a function g defined on (S')" and z € T](Vn)

is the following:

AP(g) @) =aN? | > P{(wx+e)g(z+e) — g(x)

ee{i%}"
Let us recall the expression of P( for every = € Tz(v and € € {£55}",

T I )Ty 1)

PJS,) (r,2+¢)
si(z)— .
1€Z/2NZ. ITi5 ( +1)

13



where s;(z) denotes the number of coordinates of 2Nz equal to [ and
si(z,e) = Card({i € {1,...,n},2Nz; = [ and 2Ne¢; = £1}).
As s (x,€) = s; (z, —¢), PJS,")(Q:, T+e)= P](V") (x,x —€). Thus,

2A0(9)(2) = > P\ (z,x+¢e)Lu(g)(z,2) Vo € T

ee{t

where L, (g)(x,h) = 4N?(g(z + h) + g(x — h) — 2g(x)) for h € R.
For d, N € N*, let A%) denote the discrete Laplacian on the set T](\fl ). Tts expression in
terms of L, is: .
@ __ €
ANg—ﬁ Z La(g)( - aﬁ)
ee{£1}d

for a function ¢ defined on T](Vfl ). Let 7 be a partition of [n] having d nonempty blocks and

set An.g(-) = A%) (g0 ¢x)(¢-1(+)) for a function g defined on TJS,"). As the restriction of
b, to {1}% is a one-to-one map onto E, N {+1}",

Muaf@) =5 Y LalDwe)

ee{E N }"NEx

Consequently, the expression of 2A§\7) f(x) — Arf(x) can be split into the three following
terms:

B = Y (PP - ) ()
e€E-N{+55}"

I%(z) = Ay f(z)— A f(z)

Bz) = Y PP@a+e)Ll.(f)(ae)
e€ELN{+ 55"

Asymptotic behaviour of [2( ). For a C? function g on (SY)", z € (S')" and

e € {1}, set L,( Z Z €i€;0; J -g(x). It follows from a Taylor expansion with in-
=1 j=1

tegral remainder that |L,(g)(z, 55%) — £,(g)(w, €)| converges to zero uniformly on z € TJS; )

and € € {+1}" as N tends to +o00. Thus I%(z) = Ax,f(z) — A, f(x) converges to zero

uniformly on x € T](V").

Asymptotic behaviour of P](V")(x, x+¢). Let (By,..., By) denote the nonempty blocks
of mand let x € C;: N T](Vn). Then

d ’VQN(Z fem )5 (2 Lemm 1y)

i i 1
P (z,x +¢) Sl b Ve € {£——
-1l ()] N

where 7,(u) denotes the product [V, (b + i) for b > 0 and u € N with the convention

[1,Z, = 1. A computation shows that

14



o if u,v € N* then

1 a
laN T TaN (1 — 1=
Ya (u) 2 2( 211( 2a+2Ni))
1 a
2

< 1—(1————)h.
< = 2a + 2N) )
Thus
(n) (n) 1
sup Py’ (z,x + ¢) and sup [Py (2,2 +€) — o5
2€Cy, {5 }"NES 2€Cx, e€{ 55 }"NEx 2
converge to 0 as NV tends to 4o0. i

4.1.3 Lipschitz property of the resolvents and the semigroups associated with
the Beta flow

Lemma 13 Let (P](Vnz)t denote the n-point Markovian semigroup of the Beta flow on T](V").

If f: (SY)" — R is a Lipschitz function then
o the Lipschitz coefficient of P]@(f) is bounded by || f||Lip-
e the Lipschitz coefficient of Vj\(,"(l(f) is bounded by || f1|Lip-

Proof. We use a coupling argument borrowed from [[f]. Let x=(z1,...,2,41) be a point
of T](V"H) such that z; # x5 and let X, = (Xt(l), o ,Xt("H)) be a Markov chain on T](V"H)
with transition matrix P](V"H) and with initial point z. Set 7 = inf{s > 0, Xgl) = XS(Q)}.
Since (Xt(l), Xt(Z)) is a positive recurrent Markov chain on T ](\,2 ), 7 is almost surely finite.
Let us define two processes (Y;); and (Z;); on T](Vn):

[ ] }/;(1) = Xt(l) and }/;(l) = Xt(iJrl) fOI' 1€ {27 cee 777,}7
o 2 = X e + X1y and 2 = X[V for i € {2, n}.

As {(P](V"Q)t, n € N*} defines a consistent family of Markovian semigroups, (Y;); and

(Xt(2), Xt(3), o ,Xt("ﬂ))t are both Markov processes with semigroup (P](\,"z)t The strong

Markov property implies that (Z;); is also a Markov process with semigroup (P](Vnz)t As
}/t = Zt if ¢ Z T,

S (F) (@, s, Bngr) — PSS (2, 23,y i)
= |E(f(Yinr) = F(Zin)| < 1 F|l i E(d(X A%, X20)).

15



and
V() (1,23, - T ><f><x2,x3,.. Y

+oo
.y / FYins) = F(Zune) )]
R 1) +©
<l [ e B X2
0

Let us show that for every ¢t > 0, E (d(Xt(/l\T, Xt(fw)) < d(x1,x5). Without loss of generality,
one may assume that w = z; — 5 € {0, %, ..., % }. Let (Xfl), Xt(z)) be a Markov chain
s Z)? starting from (21, :EQ) whose transition matrix P is defined by:

Pz +ky+1) =P )(x y) for every (z,y) ETN and k,l € Z°.
Set W, = Xt(l) — Xt(Z). Since 2Nw is even, for every t > 0, W, remains nonnega-
tive, whence E(d()%&l,)?ﬁ))) < E(Winr). As (W) is a martingale, for every ¢ > 0,

T

E(Wnr) = w. Therefore, for every ¢t > 0,

on (

BE(d(X{), X20)) = B(d(X), X)) < w = d(zy, xs).

T T

We have obtained the following inequalities: for every ¢ > 0,
PN (e, i) = PUN) @2, @, i) | <[l 22),

n n 1
Vil D) @12, gn) = Vo (D@2, 5, )| S [ llzigd (e, 2).

As the semigroup (P](V" 2)t is invariant by the action of a permutation, for every z,y € T](V" ),

BV ) = PR < (11 D di, o)

V@) = VEADWI < Iy Y e o).

4.1.4 Proof of proposition {g.
A density argument reduces the problem to showing that for all C* functions f and ¢ on
shyn, fV]S{L;(f)gdm%) converges to [ V™ (f)gdm™ as N tends to +oc.

Let us introduce an extension of ij,";(f) to (S

Lemma 14 A function g on T](V")

that:

can be extended to a Lipschitz function g on (S*)™ such

11 lec=ll 9 lloo
o || 9 ||ip< Cu || gl|Lip where C,, is a constant only depending on n.

o g is differentiable on (SY)" — R where R is the subset of points having at least
one coordinate in 55 (Z/2NZ) and ||0;9(z)|| < Cyllg||Lip for alli € {1,...,n} and
re (SH"—R.
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Proof. Firstly, a function g on T](V") is extended to a function g on the lattice (5 (Z/2NZ))"
as follows: for z € (55 (Z/2NZ))" — T](Vn), set

1
9(@) = 1 > 9(y)

yeVa

where V, is the set of the nearest points of z in (55 (Z/2NZ))™ in the sense of the distance
dn(z,y) = >, d(z;,y;). This extension has the following properties:

* [[glloc = [l9]oo;
e there is a constant C,, > 0 such that for every function g : Tjsf") — R, |9l zip < Cullgl|Lip-

Lastly, a function f defined on (5% (Z/2NZ))" is extended to a function f on (SH" as

follows. A point « = (21,...,2,) in an elementary cube []}",]2%, &4 [ is the barycentre
of the vertices of this cube %, n € {0,1}" with the weights
- ki v, kit 1 .
n(k+n,2)=(2N)" i = o) (o — @)t
el n.2) = N [~ g (gt =)

respectively. Then we set f(z) as the convex combination of the points f (%) with the
weights o, (k + 0, z) for every n € {0,1}" :

foy = Y aulhtn o f)

ne{0,1}™
Let us list some properties of this extension:
o ||flloe = ||f]|oc and f is differentiable in ()" — R.
o [|fllzip < ||fll1ip and for every i € {1,...,n}, [0, (@) < ||f[l1ep if # € (SH)" = R.

O

By lemma [[3, the Lipschitz coefficient of VA(,";( f) is bounded by a constant irrespective of

—_—

N, hence it is also the case for Vjs,no)é( f). Thus on applying lemma [}, we obtain that the

—_—

difference between [ Vjs,no)é( f) gdmg\?) and [ Vjs,no)é( f)gdm™ converges to zero as N tends to
+00.
The remainder of the proof is the subject of the following key lemma:

Lemma 15 Let o > 0. If f is a C* function on (SY)" then for every g € L2(m™),
ng]\(fiL(l(f)dm(") converges to [ gVi™ (f)dm™.

Proof. For a positive real v, set EV( -, -) = a( -+ )y +EM™( -, -) and H™ the closure
of C1((S1)") for the metric £,

As (u, v}, 00 = EL(VAM (u), v) for every u € L2(m™) and v € H™, the weak convergence
in the Dirichlet space (H™, SC(Y")) implies the weak convergence in (L2(m™), (-, ), ).

17



—_—

Thus, it suffices to prove that for all g € H™, Eén)(VOE?\),(f), g) tends to &(yn)(Va(n)(f), g).

It follows from lemmas [[J and [[4 that VOE’;\),( f) is bounded by Hf e and differentiable on

(S1)™ — R with partial derivatives bounded by || f||5;,- Thus expressmn () of £™ enables
us to establish the following inequality

EM (VAR () < Cualll 1+ IIF11%)

where C), , is a constant irrespective of N and f. As the set of C3 functions is dense in

H(™ . this reduces the problem to proving the convergence of 5&")(1/0%\),( f),g) for any C*
function g.

—_——

Let g be a C? function. The difference £ (V, n;(f) g) — 5&")(\/05")(]‘),9) is the sum of
two terms:

—~—

Iy = 6"><v<"><f> g) — %( ’ii(f) 9)

9 - / Flag(@ydn ) = [ F)g(a)im ()

By lemma [[T], [](\?) goes to zero as N tends to +oo.
Let us split up I](\}):

—~—

1Y = / VI (F)(a — A™)(g)dm™ — / VAL (F) (@ = AM)(g)dm
+ [ VDR = A (g

It follows from expression () of the generator A™ that A™(g) is a sum of Lipschitz

functions on F, that vanish out of E;. Thus lemma [[1] can be applied to ij,";( fla—AM).
Finally, the last integral is bounded by

/1l n n
sup | (A = A™)(g)(x) | .
@ :BET](\,n)
Thus it converges to 0 as N tends to +o0o, by lemma [[J. i

4.2 Proof of proposition 0.

Let f be a continuous function on (S')". As the two n-point processes are reversible
Markov processes their generators Ag\?) and A™ are self-adjoint operators on the Hilbert
spaces L2(mN ) and L?(m(™) with nonpositive spectra. Let v, and v/ denote the spectral
measures of AEV and A" respectively associated with the function f :

(. A o / vy and (f, $(A / G
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for every continuous function ¢ on R_.
The relation between the resolvent and the generator, given in the discrete case by
Vjs,no)é = (a— Ag\?))*l, and the convergence of the resolvents imply that for every ¢ > 0,

/ ; _1 xdl/]{,(:p) converges to / ; _1 xdl/f(x).

By the Stone-Weierstrass theorem, the algebra A of polynomial functions in (1 — z)
defined on R_ is dense in the set Co(R_) of continuous functions on R_ vanishing at
—o0. Let C be the vector space spanned by the following set of functions defined on R_,
{z — 7, t > 0}. As Ais in the closure of C for the uniform norm, C is dense in Coo (R_).

[ H@PRAD @ @) = [ eavha)

Thus
/ F(2) P () (@)dm™ () = / e d (z)

for all ¢ > 0. The polarization identity lets us recover the announced convergence.

-1

converges to

4.3 Proof of theorem

First, let us notice that the convergence result stated in proposition also holds if

the invariant measures mg\?) and m™ of the n-point processes are replaced by uniform

measures:

Proposition 16 Let n € N* and t > 0. Let Ano, An1 and X denote the uniform prob-
ability measures on +(Z/NZ), 5%((2Z + 1)/2NZ) and S* respectively. If f and g are
continuous functions on (S*)" then

[P @@ and [ g PRN @G )
converges to /g(x)Pt(n)(f)(x)dA®"(x) as N tends to +oo.

Proof. As ||PNt( MNloo < ||f||leo @ density argument reduces the problem to showing the
convergence results for C'! functions f and g. Let g and f be C! functions on (S')". First,

let us show that /g(x)P](Vnz(f)(x)d)\%"(x) converges to /g(x)ﬂ(n)(f)(:p)d)\@"(:p) as N
tends to +o00, where )\53) denotes the uniform measure on T](V" ). For & > 0, set

Vo={ee (S Ji#j, |ni—=]<e}
and for € > 0, consider a continuous function g. on (S')" such that g. = 0 on Vj, g. = ¢
outside V. and ||¢¢||o0 < [|9|]co-
Outside Vy, the measures m%) and m™ coincide with A ]\? and A®" respectively. It follows
from proposition [[(] that fg€ Nt f)d)\N converges to fgep(" (f£)dA®™. As \®(OV.) = 0,

)\(n) (V) converges to A®™(V;). Thus, the upper limit as N tends to +oo of
[Py - [gr i < [lg - g1
| [aPRUO - [aPP(Daxm+ [lg =gl IPOIN"
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is bounded by 4||g||so|| f1lccA®™(VZ). As A®"(VL) converges to A*"(V,) = 0 as € tends to 0,
|ng]§;f2(f)d)\§(;) — ngt(")(f)d)\@"\ converges to 0 as N tends to +oo.
To conclude, let us remark that for every Lipschitz function ¢ on (S')", the difference

between [ gbd)\g\?) and [ gbd)\%% or [ gbd)\%f‘l is bounded by

N—-1 N-1

1 U Un 2uy + 1 2un, +1 n

2Nn E ...E :‘(b(N’...’ﬁ)_(b( 2N T 2N )‘§4NH¢HLZP'
u1=0 un=0

As the Lipschitz coefficient of P](Vnz (f) is bounded by || f||ip, this ends the proof of propo-
sition [[G. O

4.3.1 Proof of assertion (i)

Let ¢t be a fixed positive real. We shall prove that for every j € N* if yy for N € N*
is a probability measure defined on (5 (Z/NZ))? such that (uy)y converges weakly to
a probability measure p on (S')7 and if g is a continuous function on (S')7 then the
random variables NKﬁfb,t(g) converge in law towards qu?g (9) as N tends to +o00. This
convergence result applied to uy = vy and j = ¢r where r € N*, will show that the
measures E((I/NK?}?OJ)W) converge weakly to E((VKS?f)@). Thus the convergence in law
of uy K, , will follow.

Let j € N* and let (un)n be a sequence of probability measures defined on the sets
(+(Z/NZ))’ that converges weakly to a probability measure p on (S*)7. As the C!
functions on (S')7 are dense in C'((S')7), it suffices to prove that for every g € C1((S')?),
the sequence of random variables (MNKﬁfdt(g)) N converges in law to MK% (g9). Indeed,
let (gx) be a sequence of C! functions that converges to g € C'((S')?). For every u € R,

iu @7 K ®I , A
|E(e MNKN,O,t(g)) — E(e™Kor (g))| < |U|E(|NNK%O¢(9/§) B MNKJ%,JO,t(Q)D
iu ®3 iunk ®7 A A
+ |E(6 “NKN,O,t(gk)) — E(6 NKo,t (9k))| + |U|E(|MK8?,5](919) o MKg?t](g)D
< 2|ulllg — grlloo + |E(6i““NK%,]0,t(9k)) - E(eiuquz,’f(gk)”

Let ¢ > 0. If we take the upper limit of the two parts of the previous inequality as N
tends to +o0o with an integer k satisfying ||g — gk||o < €, then

mN|E(eiuuNK1%fb,t(9)) - E(ew“ng’)g(g)” < 2lule

provided that ,uNK]%’jO’t(h) converges in law to qu?g(h) for every h € C1((S')).
Let g be a C! function on (S')?. In order to prove that Xy = MNKS\??@(Q) converges in

law to X = MKS’}’ (9), let us introduce a sequence of probability measures with Lebesgue
density that approaches u. Let ¢ be a C*™ density function defined on (S')?. For k € N*,
set ¢ : v — k?¢(kx). Then any probability measure 1 on (S')? can be approximated by
the probability measures (¢, *n)(z)A*?(dz): more precisely, there is a constant C} 4 such
that for every Lipschitz function f on (S')? and every probability measure n on (S')?

) C.
[ sensma = [ i < S22 (7
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Indeed,

| [ ensmari— [ ran
_’//f et — 0) AN () (v /f /mu—vm( )) (o)

< Hf||upZ [ ([ 1= wlonta = 0)ixiw))ante).

To obtain bound ([7), it remains to note that

/ tg — vil(u — w)AA (u / 12:16(2)dA%(2).

Let us introduce auxiliary variables: for k& € N*, set
X = /( . K (9) (0% ) d™7, X = / K.1(9) (05 * )Yy,
VO = [ K)o i,
For every ¢ € N*, the /-th moments of X*) and X](\lf) are the following:
BOA)) = [ PRG0N

BXYY) = [ PO o)A

Thus, 1t follows from proposition [If that for every & € N*, the moments of any order
of (X )N converge to the moments of X*). As the random variables XN and X®)

are bounded by ||g||sc||0x|]ses (X)) converges in law to X*). In order to deduce that
(Xn)n converges in law to X, we shall prove the following results:

o B((X® — X)?) converges to 0 as k tends to +oo,

(k)

o supyspi2 E((Yy — Xn)?) converges to 0 as k tends to +oo,

e for every k € N*| E((X](\lf) - ij,k))z) converges to 0 as N tends to +oc.
These three convergence results are sufficient to deduce that the characteristic functions
of X converge pointwise to the characteristic function of X. Indeed, for every u € R
and k € N*, |E(exp(iuXy)) — F(exp(iuX))| is bounded by
|B(exp(iuXy)) — Eexp(iuX))| < [ul (| Xy = Y]) + [ul (Y - X))
+ | E(exp(iuXy))) — E(exp(iuX ®)| + [u| E(X® — X)).
Thus for every € > 0, there exists an integer k. such that for every N > k92,
|Eexp(iuX)) — Eexp(iuX))| < [ule + [ul E(YF - X))
+ | E(exp(iuX §)) — E(exp(iuX *))|.

By taking the upper limit, as N tends to 400, of the two terms in this inequality, we
obtain that |E(exp(iuXy)) — E(exp(iuX))| converges to 0.
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Study of E((X® — X)?): first,
E(X®)?2 — x® X)) =
[ ([ P20 9w o) wwdr )6 0)a (0
- [ (] P08 9w 0) 60 @ax @) dufo)
As the map P/*” (g ® g) is Lipschitz, the map

w/ g ® 9)(uv) (e * 1) (w)dA (w)

is also Lipschitz with Llpschltz coefﬁment bounded by HP(QJ (9 @ 9)||Lip- Thus,
bound (@) gives | E((X®)? — XPX)| < %2(|P*)(g @ g)|| 1. Similarly,

BX = x| = | [ ([ P90 9w v)dutn) )0 w(0)ax (0
- [ ([ P®e 9 v)dute) )aut)| <

Therefore E((X® — X)?) converges to 0 as k tends to +oo.

”IIPQ] (9 9)||Lip-

Study of E((Yjs,k) — Xx)?): the same splitting as before yields that

B((Vy) = Xn)) = / (F(v) = FR(0)) (@5 % i) (0) A (v)
- [(Fh@) = FR0)dtv)
where
Fio) = [ PR ® 0)(u0)érs i) )dFfa)
FRw) = [ PEg@ ) v)duntn)
Let us bound more generally,
Busl$) = [ Sy~ [ fans

for a Lipschitz function f on (S')7. Ay (f) is the sum of two following terms:

Ag\lf)k(f) = /f(ﬁbk*MN)d)\%{o—/f(gbk*,uN)d)\@j
AR = / £ (g ) AN — / fdpx.
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It follows from bound () that \AE\Q, ()] < ff’|| fllLip- By developing the convolu-

tion term ¢y * fin, the expression of A( ) . (f) becomes

A0 = [( [1wontu =)o) = [Fa)n(u = 0)dr(w))dun()
Since for every v € (S')?, u — f(u)¢r(u — v) is a Lipschitz function with Lipschitz
coefficient bounded by ||f||ka:]||gz§||C>O + | llook? T | D] Lip, We obtain

kit
AL € Dj—— I (kllf\\sz\\¢\\oo+Hf||ooH<bHsz)

where D; is a constant irrespective of f and ¢. In conclusion, there is a constant
D; 4 such that for every Lipschitz function f on (S')? and k € N*,

DJ¢

sup [Anr(f)] < == f oo + [1F1]2ip):

N>ki+2

Since the map P](V% {)(g ® g) is a Lipschitz function verifying

27 27
1P (9 9)loo < 119 @ glloo and ||PGT (9 © 9)1i0 < |9 © 9l|1is

(k)

Fy and F} have the same properties. Thus supysgi+e E((Yy — Xn)?) converges

to 0 as k tends to +oc.
o Study of E((Y]\(,k) X(/LC )?): fix an integer k € N*.

B - vPxO) < [[ (1P @ 9w o)léns mmt)
(G 1) (0) = (05 1) )] ) A0 AT )
< Flgl ol [ 10 m)0) = G ) 0T 0

The term |E((X](\];))2 - Y]S,k)X](\]f)ﬂ has the same bound.

The weak convergence of (uy)y to p implies that for every u € (S)?, ¢p x pn(u)
converges to ¢ * 1(u). As for every N, the map ¢ + py is Lipschitz with Lipschitz
coefficient bounded by k7||¢||Lip, (ék * iy )N converges uniformly to ¢y, * p. It

follows that E((Yjs,k) - X](\];))Q) converges to 0 as NV tends to 400, for every k € N*.

4.3.2 Proof of assertion (i7)

By (i), VNKE\?’EOJ(Q) converges in law to I/Kg?f(g) as N tends to +0o0. These random
variables are bounded by ||g||s. Thus E(VNK]?}fO,t(g)) = fPJS,{)O,t(g)dVN converges to
E(WK{(9)) = [ Py (g)dv.

By sphttmg f into its posmve and its negative part, it suffices to deal with a nonnegative

function f. If [ fdv = 0 then |fP](Vt (9)fdvn| < ||9lle [ fdvy tends to 0. Assume now
that [ fdv > 0. Then for N large enough, [ fdvy is positive. Let us apply the previous

result with the sequence of probability measures vy (dx) = %: (rn) weakly con-
~ x)dv(z l ¢
verges to v(dz) = % whence ffilzx i P](V)Ot (9)fdvy converges to f}du fPO(ﬂf) (g)fdv.

As [ fdvy tends to [ fdv, ijif)Ot (9)fdvn converges to fP(](t )fdv.
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4.3.3 Proof of assertion (iii)

Set un: = nnKno+ and py = nKy, for every t € R. Let us prove by iteration that for
every r € N*, the r-dimensional distributions of yy converge weakly to the r-dimensional
distributions of y, that is for every 0 = t; < ... < t,, the distribution of (un¢,-..,tns,)
converges to the distribution of (uy,, ..., f,.)-

First, this convergence result holds for » = 1. Let » € N*. Assume that the r-dimensional
distributions of px converge weakly to those of p. Let 0 =1¢; < ... < t,4;. To prove that
the law of (pn4,, .-, fing,.,) converges to the distribution of (p,,. .., fu,.,), it suffices to

show that for every ki, ..., k.1 € N, and for every g; € C((SY)*),..., gry1 € C((ST)F+1),

k- k.
E(u (91) - - ping ! (grs1)) converges to E(ug™ (g1) - prg " (grs1))-

First, let us note that for every N € N, pun,, ., is equal to pun, Kny,,
matrix Ky,
Thus,

tr+1, the random

t,.1 has the same law as Ky, ,,—¢ and is independent of (piny,,. .., ing,)-

1 k"r h
E(uy (91) - i (9r1)) = /( - Py . (G)Fduy
where h = 32" k;, F and G are the maps defined on (S')" by

F(r,y) = (1 @ ®g.)(r) and G(z,y) = gr11(y)

for every x € (SY)Zi=1ki and y € (SY)*+1 and vy is the probability measure
kr— kr+ky
B, © -+ ® piy © piyar ).

sbr

By the iterative assumption, the distribution of (pn 4, - - ., fixe, ) converges to the distribu-
tion  of  (fgy, ..y e, Thus in particular, (vy)y weakly converges to
k ®kr— ®(kr+kr
v=Bui" ©- o p " @ pg ),
. g Sk,
It follows from assertion (i) that F (u%’ftll (91) - pn ' (gr1))  converges  to
®k?r+1

E(ui™ (g1) -+ i (9r11)), ending the proof of (iid).
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