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A discrete model of Brownian sticky flows on the unit circle is described: it is
constructed with products of Beta matrices on the discrete torus. Sticky flows are
defined by their “moments” which are consistent systems of transition kernels on
the unit circle. Similarly, the moments of the discrete model form a consistent
system of transition matrices on the discrete torus. A convergence of Beta matrices
to sticky kernels is shown at the level of the moments. As the generators of the
n-point processes are defined in terms of Dirichlet forms, the proof is performed at
the level of the Dirichlet forms. The evolution of a probability measure by the flow
of Beta matrices is described by a measure-valued Markov process. A convergence
result of its finite dimensional distributions is deduced.
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In [B, @], a family of stochastic flows of kernels on the circle S* called “sticky flows”
is described. Sticky flows interpolate between Arratia’s flow of coalescing maps and the
deterministic heat flow. They are defined by their “moments” which are consistent systems
of transition kernels on S*. In this article, a discrete version of sticky flows is presented
for sticky flows associated with Brownian motions on S'. This discrete model is defined
by products of Beta matrices on the discrete torus %(Z/N Z). Tt appears to be a special
case of a general construction which associates a flow of Dirichlet matrices to any Markov
chain on a finite set.

As in the continuous case, the moments of the flow of Beta matrices are consistent systems
of transition matrices on +(Z/NZ). The convergence of the flow of Beta matrices towards

N
sticky kernels is shown at the level of the moments. Namely, it is established that for



every n € N*, the semigroup {Pt("), t € R} of the n-point motion of the sticky flow is
approximated by the n-point transition matrix of the flow of Beta matrices. Classical
approximation theorems, such as theorem 6.1 in [[], cannot be used since the generators
of the semigroups Pt(") do not have a core of C? functions. The generators are defined in
terms of Dirichlet forms, thus the proof is performed at the level of the Dirichlet forms.
Given an initial law, the flow of Beta matrices generates a measure-valued Markov process.
A convergence result of its finite dimensional distributions is deduced.

Section 1 contains a study of the flows of Dirichlet matrices on a finite set. Flows of
Beta matrices on +(Z/NZ) and Brownian sticky flows on the circle S* are presented in
section 2. Section 3 is devoted to establishing the convergence of the flow of Beta matrices
on +(Z/NZ) to a Brownian sticky flow on S*.

1 Dirichlet matrices and Polya scheme

A stochastic kernel on a finite set F' is nothing but a random transition matrix on F.
Given a sequence of i.i.d. random transition matrices (K;);cz on F', one may defined a
stochastic flow of kernels (K ;)s<; on F by setting for every 0 < s <'t,

Ko Keq... K 1K, if the time is Z, (1)
st Kz(5)+1 . KZ(t)—lKZ(t) if the time is R.

where Z denotes a homogeneous Poisson process independent of (K;).

In [f], following a generalization of De Finetti theorem, it is shown that the law of such a
stochastic flow of kernels is given by a consistent family of n-point Markovian semigroups
{Pt(”) =F (K(%Z‘), n € N*} which are, in that case, semigroups of transition matrices. In

the discrete-time case, (Pt(n))n is associated with a Markov chain on F. In the continuous-
time case, this Markovian semigroup is associated with a jump Markov process on F™.

1.1 Dirichlet matrices

We shall assume that the rows of every matrix K; are independent Dirichlet random
vectors. A suitable choice of the coefficients of the Dirichlet laws enables us to exhibit a
consistent and exchangeable system of probability measures {m(”), n € N*} such that for
every n € N*, m(™ is an invariant measure for the n-point semigroup (Pt("))t.

Let us first state a natural extension of the Dirichlet distribution to the case of nonnegative
coefficients and then define what we shall call a Dirichlet random matrix and a flow of

Dirichlet matrices.

Definition. Let «,...,a; be nonnegative reals such that at least one of them are pos-
itive. Let 1 <4 < ... <i4; < k denote the indices of the positive coefficients and V' the
set of points = = (z1, ..., ;) € [0,1)* such that z; = 0if i & {i1,...,i;} and SF_ a; = 1.
A random vector X = (Xi,...,X}) is said to have the Dirichlet law D(ay,...,ax)
if P(X ¢ V) = 0 and if (X; Xi,;) has the Dirichlet law D(a,,...,qs,) that is

T(aig +Fai) a;—1 a;;—1
TR T oodrs
Tas, ) T(as) x T’ lggeqa=1dTy - drjg.
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Definition. Let F' and G be two finite subsets. Let A = (a;;)i j)erxc be a matrix of
nonnegative coefficients such that each row has at least a positive coefficient.



A random matrix X = (X ;)¢ )erxa will be called a Dirichlet matriz with parameter A
if the rows of X are independent random vectors and the ¢-th row of X has the Dirichlet
distribution whose parameters are given by the i-th row of A for every i € F.

Definition. Let F' be a finite set and A = (a;; )i )er> be a matrix of nonnegative
coefficients such that each row has at least a positive coefficient.

The discrete time (or continuous time) stochastic flows defined by formula ([I) from a
family (K;);ez of independent Dirichlet matrices of parameter A is said to be a stochastic
flow of Dirichlet matrices of parameter A on F.

The following lemma states a probably well-known property of Dirichlet laws. It is based
on properties of Gamma distributions (first?) mentioned by Edwin Pitman in [f].

Lemma 1 Let r and s be positive integers. Let A = (a;;)1<i<r, 1<j<s be a matriz of
nonnegative coefficients such that each row has at least a positive coefficient. Let X be a
Dirichlet matriz of parameter A.

If Y is a random vector independent of the random matriz X, with Dirichlet distribution
D(Z;:1 Aljy-eey D iy Grj), then the random vector YX has the Dirichlet distribution

7
D(Z¢:1 Aids -y Zi:l Uis)-

Proof. We shall construct copies of X and Y using a family of independent Gamma
random variables. This construction is based on the following properties of the Gamma
law :

Properties 2 Let aq, ..., q, be nonnegative reals and Zy, ..., Z,. be a family of indepen-
dent random variables with Gamma laws Gamma(aq, 1) ..., Gamma(cq,., 1) respectively (by
convention, the Gamma law of parameter 0 is the Dirac at 0). Assume that some of the
parameters aq, . .., a, are positive. Then

- the random variable Z = %"._, Z; follows the law Gamma()_._, a;, 1).

- the random vector (Z-,..., %) has the Dirichlet distribution D(au,...,a,) and is
independent of the random variable Z.

These properties can be shown by computing the Laplace transform of the random vector

(&,..., %, 2).

Let {U;;, (4,7) € {1,...,7} x{1,...,s}} denote a family of independent random variables

such that U;; = 0 if a;; = 0 and U, ; has the Gammal(a, ;, 1) distribution if a; ; > 0. Set

Up=>5U;, U=3_Upand Vi ; = ULZ,J for every (i,7) € {1,...,r} x {1,...,s}. It
follows from the recalled properties of the Gamma laws that for every i € {1,... 7}, the
random vector V; = (V;1,...,V; ;) has the Dirichlet distribution D(a; 1, ..., a;s) and is in-
dependent of U; that has the Gamma(}_’_, a;;, 1) distribution. In particular, V' = (V; ;);
is a Dirichlet matrix of parameter A.

As {U;;, (i,j) € {1,...,r} x{1,...,s}} is a family of independent random variables,

the random variables Vi,...,V,, Uy, ..., U, are independent. It also follows that the ran-
dom vector W = (&,..., %) has the same law as Y, that is the Dirichlet distribution
D(> ;-1 a1j .-+ ;- arj) and is independent of the random vectors Vi, ..., V.

If weset T; =30, W;V;; for j € {1,...,s}, then T; = £ >°7_ U; ;. As the random vari-
ables Y7 U;; for j € {1,..., s} are independent and have the Gamma(}_;_, a;1,1),...,
Gamma() ., a;s,1) distributions respectively, the random vector (T7,...,7T,) has the
Dirichlet distribution D(};_; @i1,--.\ D iy Qi) O



1.2 Invariant distributions

Let us notice that if P is a stochastic matrix indexed by F and m is a finite positive
measure on F' invariant by P then the matrix A = (q; ;) defined by a; ; = m; P, ; for every
(i,4) € F? is such that the sum of the coefficients of the i-th row is equal to the sum of
the coefficients of the i-th column for every i € F. Thus applying lemma [I] yields:

Proposition 3 Let P be a stochastic matriz indexed by a finite set F' and let m be a
positive measure on F' invariant by P. Set A = (a; ;) the matriz defined by a;; = m;p; ;
for every (i,7) € F?. Let (K,;)s<: be a discrete time stochastic flow of Dirichlet matrices
of parameter A. Let i be a Dirichlet vector on F of parameter m, independent of (K )s<t-

(i) For every 0 < s <t, uKs; is a Dirichlet vector of parameter m.

it) For everyn € N*, E(u®") is an invariant probability measure for the n-point semi-

1) F N*, E(u®™) i ' jant probabilit for th nt '
group (Pt(n))t associated with the Dirichlet flow (Ks4)s<¢. Its expression can be given
iteratively as follows:

n—1
m(xn) + Zi:l ]':Bniﬂﬁi E<M®(n_l)>($).

B(u®")(r) = P

for every x = (z,x,) € F".

(7ii) Assume that P is periodic with period d > 1. There exists a partition Cy,...,Cq_4
of F' such that p;; > 0 only if there exists r € {0,...,d — 1} such that i € C, and
J € Cri1 (by convention Ciqyr, = Cy, for every j € N and k € {0,...,d—1}). Then
for every k,r € {0,...,d =1} and j € N, pc, Ko gj+r is a Dirichlet vector on F of
parameter mle, .

Proof. Assertion (7) follows from the statement (i) of lemma [ For every n € N* and
teN, BE((uKo.)®") = E(u‘@")Pt("), thus E(u®") is invariant by P™.
Let us compute the moments of p. Set ey, ..., e, the elements of F. For z € F"| let s,(e)

denote the number of coordinates of = that equal to e. As E(u®")(z) is the moment of
order (s;(e1),...,sz(e.)) of the Dirichlet law D(m(eq),...,m(e;)),

I'(m(F I'(m(e s.(e 1
BN = ity 2oy L T = sy LoD @

where 7,(u) denote the product [[*-, (a + i) for every u € N* and a € R. To obtain the
iterative expression, it remains to notice that if x = (z,z,) then s,(e) = 15, —c} + sz(e€).

The restriction of p to Cj, is the random measure e, (- ) = & (E(kgk)' L As i is a Dirichlet
vector of parameter m, pc, is a Dirichlet vector of parameter mlc,. Lemma [l| applies
to the vector (¢, (7))icc, and the submatrix K, = (K1141(4, J) )iecy, jeCy,, of Kiyr for
every | € Z; this shows that pc, K41 is a random Dirichlet of parameter ml¢, , for

every k € {0,...,d} and [ € Z. O
In order to present an explicit expression of E(u®"), let us introduce some notations

associated with a partition 7 of [n] = {1,...,n}.
Let P, be the set of all partitions of [n]. Let |7| denote the number of non-empty blocks
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of . The symbol < will be used to designate a order relation between partitions: 7’ < 7
if 7’ is a thinner partition than 7. Let C} be the set of points z € F™ such that z; = x

if and only if 7 and j are in the same block of m. Set E; = Up<,Cr. It is the set of
points x € (S)" such that, if 7 and j are in the same block of 7, then z; = x;. Tt is
isomorphic to FI™l. Let ¢, : FI"l — E_ be the one-to-one mapping defined as follows: for
all x € FI"l ¢.(x) = (y1,...,yn) where y; = x; if i belongs to the I-th block of w. The
measure F(u®") can be expressed as a combination of probability measures on the sets
E,, m € P, as follows:

Proposition 4 Let m be a measure on a finite set F' and let p be a Dirichlet vector on
F with parameter m. Set m = % For every n € N*,

E(u®") =Y p™ e (m®) (3)

7T€’Pn

where p() _ aknznl(lr("z——i_l)
=0 i)

Ni,...,Nk and a is a positive real.

if ™ is a partition of [n] with k nonempty blocks of length

Proof. The proof can be deduced from the expression (B) of E(u®"), by induction on n.
Assume that formula () is true for E(u®™Y). Fix a point z = (z, z,,) € F™. If 7 is the
partition of [n — 1] such that z € C;, then

(n(ED) Iy () TLER) + >im) Loimen)
Elp W;<7rp () m(F)+n—1
where 7' < 7 if 7’ is a thinner partition than 7. Let s(m) denote the partition (m,{n})
and s;(m) denote the partition of [n] obtained from 7 by adding n to the i-th block of 7 for
ie{l,...,k}. Two cases arises according as x € s(m) or x € s;(m) for some i € {1,...,k}
since for every a > 0,

a B|
(a) @ _ |
e and p ) = 9 fori e {1,...,k}.

Pim) = atn

Then formula (B) for F(u®") follows from the fact that:

- the partitions 7 thinner than s(7) have the form s(z’) where 7' is thinner than .,

- the partitions thinner than s;(7) either have the form s(n’) where 7’ is a partition
of [n — 1] thinner than 7, or have the form s;(7’) where 7’ is a partition of [n — 1]
thinner than 7 such that its j-th block is a subset of B;.

d

Remarks. (pia))ﬂepn is the exchangeable partition function of an exchangeable sequence

of random variables governed by the Blackwell-MacQueen Urn scheme [f].



1.3 Description of the n-point motion

In order to complete the description of the n-point motion associated with the flow of
Dirichlet matrices of parameter A denoted by (K;)s<s, let us compute the transition
matrix P™: for x = (zy,...,2,) and y = (y1,...,y,) in F,

P™(z,y) HKm t9)) = [[ ECT] Koalt, b))

€T N heTn

where s, (z,y) = Card({7, (w;,y;) = ( h)}). Let us set va(u) = [['S) (a + i) and
si(x) = Card({i € {1,...,n}, x; =1}). It follows from the expression of the moments of
the Dirichlet laws that

P(”)(x,y) — H HjeTN ’Yai,j(si,j(x,y)).

i€Tn szeFai,j <Sl(x))

Let us remark that:

T a/xn; n + an, n £7
PO(z,y) = =L and P™(z,y) = =2 . (&0)

PO (g y) for n > 2
zeF a’:L',Z Z]GF al’nvj + Szn (£> o

where x = (z1,...,2,_1).
Thus the transition mechanism can be described as follows: the first point moves from a
site 7 to a site j with probability p; ; = < The motion of the (k — 1) first points

ZéeF a; e ’
being known, the k-th point moves from a site i to a site j with probability % if

eF Y,k
among the k — 1 first points, v were located on the site 7, and u have moved from ¢ to the
site j. This is a combination of independent Polya urns attached at each site.

Let us deduce some elementary properties of P™):
e If A is symmetric then for every n € N*, (E(u®"), P(™) is reversible.

e If A is irreducible and aperiodic then for every n € N*, P(™ is also an irreducible
and aperiodic matrix.

e Assume that A is irreducible and periodic of period d. Let Cy,...,Cq_1 denote a
partition of F' such that for every r € {0, ... 1} i€ C,and j & C,yq imply
a;; = 0. Then for every n € N* and r € {0,...,d — 1}, (C,)" is a closed subset for
P and (P™)? is an irreducible aperiodic matrlx on (C,)™
The properties of the n-point motions and proposition fJ enable us to establish asymptotic
behaviour of the flow of Dirichlet matrices:

Corollary 5 Let P be a stochastic matrix indezed by a finite set F' and let m be a positive
measure on F invariant by P. Set A = (a;;) the matriz defined by a;,; = myp;; for
every (i,7) € F2. Let (Ks;)s<: be a discrete time stochastic flow of Dirichlet matrices of
parameter A.

(i) Assume that P is irreducible and aperiodic.
For every probability measure v on F', vKy; converges in law to a Dirichlet vector
of parameter m as j tends to +oo.



(i1) Assume that P is irreducible and periodic of period d. Let Cy,...,Cq_1 denote a
partition of F such that for every r € {0,...,d — 1}, ifi € C, and if j & Cy,11 then
pij =0 and set Cyrq = Cy for every k € N. For k € {0,...,d — 1}, let v, denote a
probability measure on F' such that v (Cy) = 1.

For every r € {0,...,d — 1}, the random vector (voKo jatr, - - -, Vi-1Ko jatr); con-
verges in law to a vector (fiy, ..., frra—1) of independent Dirichlet vectors of param-
eters mlc,,...,mlg, , , respectively.

Proof.

(i) (vKoy,); is a sequence of random variables that take their values in the set of prob-
ability measures on F'. To prove that they converge in law to a random measure

1, it suffices to prove that for every n € N* the seoguence of probability measures
E((vKy;)®")); on F™ converges to E(u®"). As P - F Ko ;)®™ is the transition
J J K 0 J

7j
matrix of an irreducible aperiodic Markov chain on F™, (V®"PO(3)) ; converges to the
stationary law of the Markov chain that is E(u®") where p is a Dirichlet vector of
parameter m, by proposition [J.

(ii) Let us first note that for every j € N, 9Ky j, ..., v4-1Kp ; are independent variables
since Ky ; is a product of j independent random matrices, each of them having
independent rows. As (P™)? is an irreducible and aperiodic Markov chain on
(Cy)™ for every u € {0,...,d—1} and n € N*, it can be shown as in the proof of (7),
that for every k,r € {0,...,d — 1}, 1K gj+r converges in law to a Dirichlet vector
of parameter mlc, , as j tends to +oo.

2 A discrete model of a sticky flow on S*

In the remaining part of this paper, we shall consider a particular flow of Dirichlet matrices
on the lattice Ty = ﬁ(Z/QNZ) of S, called flow of Beta matrices. It gives a simple
discrete model of the Brownian sticky flow defined by Y. Le Jan and O. Raimond in [J, f].
After a description of the flow of Beta matrices, the main properties of the Brownian sticky
flows will be summarized.

2.1 Beta matrices

Let a be a positive real, N € N* and K be a matrix on the lattice Ty defined as follows:
K(i,j) = Xl-lj:Hﬁ +(1- X,-)lj:i_ﬁ for every i,7 € T

where X1, ..., Xpn are independent Beta(5%, 5% ) random variables.

The matrix K is a Dirichlet matrix of parameter A = (m;p;;);; where P = (p; j);; is the
transition matrix of the symmetric random walk on T and m is the uniform measure
on T with total mass 2a. Let (K;);cz be a sequence of independent matrices having
the same law as K and let {Z(t),t > 0} be an independent Poisson process on R with
intensity 4N?2. The continuous time Dirichlet flow of matrices defined on T by:

Knst = Kzy+1K 20542 - - Kz for every s <t

7



will be called a flow of Beta matrices on Ty of parameter a. Let us note that A is
irreducible and two-periodic thus the n-point process is not irreducible. We shall focus
our attention on the following irreducible set:

{%, r € (Z)2NZ)" and z; — x; € 2Z, for all 1 <i < n}

(x @IND)" U (5((2Z + 1) /2N D))"

Ty =

The transition matrix of the n-point motion on T](\;L ) at time ¢ will be denoted P](\,"z The
jump Markov chain of the n-point process is two-periodic: in one step, a point with odd
coordinates moves to a point with even coordinates and conversely. Its transition matrix
will be denoted P](Vn) . It has a reversible probability measure denoted by m%):

n 1 n n
myy’ = SEEY™) + E(y") ()

where ,ug\o,) and pg\l,) denote independent Dirichlet vectors on Ty with parameter m1 1,57

and m1l L ((22+1)/2NZ)) respectively. Let 7 be a Bernoulli random variable with parameter
%, independent of ug\?) and ug\l,). It follows that if v is a probability measure on %Z/N Y/

or 7:((2Z + 1)/2NZ) then (VK4 )ier, converges weakly to ug\?) as t tends to +oo.

A sample path of the measured-valued Markov process {I/]ga) = 0, KNno2k, kK €N} on
+(Z/NZ), associated to the discrete-time flow of Beta matrices is represented in figures
Ml and P for N = 500, z = % and two choices of the parameter a: a = 20 and a = 100.
In these figures, the sample of 0, Ky o, at a fixed k is represented by a horizontal line of
N colored pixels. A detail of the histogram of the sample of 6, Ky, for & = 500 and

k = 1000 is given figures | and .

2.2 Consistent system of Brownian sticky kernels on S'

In [[, ], a general class of sticky kernels associated with systems of coalescing particles
that move as independent Levy processes is constructed. Sticky kernels are characterized
by a parameter of stickiness 7 and the exponent v of the associated Levy process, that
is ¥(u) = % in the case of a Brownian sticky kernels. Let us describe the properties of
Brownian sticky kernels on S?.

For n € N*, let us consider the measure m™ defined on (S*)" by m™ =3 PN
where ), is the image of the Lebesgue measure A®I™ on (S)I*l by the one-to-one map
¢, (that sends (SY) onto (S*)") and {p&’), m € P,} is the partition function defined
in proposition []. As this defines an exchangeable and consistent system of measures, it
follows from Kingman’s representation theorem that there exists a random measure on
S' such that m™ = E(u®") for every n € N*. In our case, p is the Dirichlet process® of
parameter a\ on S!.

Using this family of measures, a consistent system of Feller semigroups denoted by

(P{™) can be defined via their Dirichlet forms:

!Let § be a non null finite measure on a measurable space (Y,)). A Dirichlet process on (Y,)) of

parameter ¢ is a random measure p on Y such that for any finite measurable partition (By,..., B,) of
Y, (u(B1),...,u(Br)) has the Dirichlet law D(§(B1),...,0(B;)).
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Proposition 6 (Y. Le Jan and O. Raimond, [{]) For k € N*, let E°% be the Dirich-
let form defined on L*((SY)*, \®*), associated with k independent Brownian motions on
S'. For every n € N*, let £™ denote the Dirichlet form on C*((S')") defined as follows:

Vf,g € CH (S, EM(f9) =D PIEN(f o br, gobr). (5)

ﬂ'e,Pn

o The semigroups (Pt(”)), n € N* associated with the Dirichlet forms €M™, n € N*
define a consistent system of strong Feller semigroups.

e For every n € N*, the generator of E™ denoted by A™ has the following expression
on C? functions:

AO(f) = 2 S (A (f o) 067 e, Y € CX(S')) (6

7T€’Pn

Since {(Pt("))t, n € N*} is a compatible family of Feller semigroups on S, it follows from
theorem 1.1.4 in [J] that it is possible to construct a stochastic flow of kernels (K;) such
that (Kgf’f) = Pt(n) for every ¢ € R and n € N*. This stochastic low was named sticky

1

-7 and exponent ¥(u) = % (or Brownian sticky flow of parameter

flow of parameter 7 =
_ 1
T = m)
Given a probability measure vy on S*, the sticky flow induces a stochastic process
(10Koy): on the set M;(S) of probability measures on S.

Proposition 7 (Y. Le Jan and O. Raimond, [B, l]) Let (Kst)s<: be a sticky Brow-

nian flow of parameter T = #1 Let vy be a probability measure on S*. Then (19Koy): is

a Feller process on My(SY). It converges in law to the Dirichlet process of parameter a\
on S*.

3 Convergence theorem

We shall now establish the “weak” convergence of the Beta flow of parameter a on Ty

to the Brownian sticky flow of parameter 7 = ——. We keep the same notations as those

1+a
introduced in section f.

Theorem 8 Let ¢ be a positive integer. For N € N*, let vy be a probability measure on
(+(Z/NZ))*. Assume that vy converges weakly to a probability measure v on (S*)* as N
tends to 4o00.

(i) For every t € Ry, the sequence of measure-valued random variables I/NK%%¢ con-
verges in law to VKS%)f as N tends to +o0.

(ii) For every continuous functions f and g on (S*) andt € Ry, [ P](\fv)()yt(g)(x)f(x)dij(x)
converges to [ PO(? (9)(x)f(x)dv(z) as N tends to +oc.

For N € N*, let ny be a probability measure on ~(Z/NZ). Assume that (ny)n converges
weakly to a probability measure n on S*.

10



(11i) The finite dimensional distributions of the measure-valued Markov process {nyKn o+, t €
R} weakly converge to the finite dimensional distributions of {nKo:, t € Ry} as
N tends to +o0.

Remarks.

1. Assertions of the theorem also hold with sequences of probability measures vy and
ny defined on (5% ((2Z+41)/2NZ))" and 55 ((2Z+1)/2NZ) respectively that converge
weakly as V tends to 4o0.

2. For N € N*, let u](\}), ce 1/](\7) be probability measures on +(Z/NZ) such that (u](\z}))N
converges weakly to a probability measure v of S! for every i € {1,...,7}. It
follows from assertion (i) of theorem J§ that (V](\})K NOts - - ,y](\;)K No0.t) converges in
law to (VW Ky, ..., vMKy,) for every t € R,

Before going into details, let us explain the scheme of the proof of theorem . First,
(#7) and (7i7) will be deduced from assertion (i) of the theorem. The main step of the
proof of (i) is to show the following convergence of the resolvents:

Proposition 9 Letn € N*. Let (Vy "))a>0 denote the resolvent associated with the n-point

motion of the Beta flow of parameter a on TN and let ( C,E”))wo denote the resolvent of

1
the n-point motion of the Brownian sticky flow of parameter T = ?

For every a > 0 and continuous functions f and g on (S')" fVNa gdmg\?) converges
to fVan) f)gdm™ as N tends to +oo.

As the discrete and the continuous n-point processes are both reversible, an argument
using spectral measures allows to deduce the following weak convergence of the semigroups
from the weak convergence of the resolvents:

Proposition 10 Let n € N*. If f and g are continuous functions on (S')", then
ng](Vnt f)dmN converges to ng (n) (f)dm™ as N tends to +oc.

A last Ste1>a consists in making the previous convergence result of the semigroups also
true if my’ is replaced by any sequence of probability measures vy on (5(Z/NZ))" that
weakly converges.

3.1 Convergence of the resolvents of the n-point motions

The convergence of the resolvents is based on the convergence of the invariant measures

mgv and of the generator of the n-point motion of the flow of Beta matrices together with

n)

a Lipschitz property of the discrete resolvent stfa‘ Before proving proposition [, let us

give precise statements of these three points.
3.1.1 Convergence of the invariant measures

Lemma 11 For every partition m of [n], let f. be a function defined on (S*)", Lipschitz
on B, and vanishing outside E,. Let f = Zwem fr- Then

[ am [ g

Cy
< D (el + 11 fxlloo)-
TEPn

11



Proof. Let Ey, denote the intersection of E, with T' ](\? ) and let AN be the uniform
distribution on Ey .. By formula (f]) and proposition f, mg\?) = D nep, p&“)AN,W. As
m™ has a similar decomposition: m = Zwepn pﬁr“)Am it suffices to prove that for all
partitions 7, 7’ of [n],

< S

\/ Fiddww — [ frdre ol zip + 1 el oc)-
EN / E/

Let us first consider the case 7 is not thinner than 7/, that is there is a nonempty block
B of 7 intersecting at least two blocks of 7’. Let & be the partition of [n] obtained by
merging the blocks of 7 that intersect the same block of /. Then E,, N E, is a subset of
Es. As 7 is a coarser partition than 7', /\W/(E;r) =0and |Enz| < +|Enq| Thus

1
fﬂ'd)\ ,7r’_/ fwd/\ﬂ fﬂ' ‘ NT f7r 00+
\/E o ), > A

JCEENJr
Let us now consider the case 7 is equal or thinner than 7/. Then E,, C E,. If #’ has k
nonempty blocks then

[ ndwe— [ R
En E.

The function f. o ¢, is a Lipschitz function with Lipschitz coefficient smaller than
n||fx||Lip- Thus it remains to establish the following result: for every k& € N*, there
exists a constant Cj, such that for every Lipschitz function g on (S1)*,

Ck
o 2 o) [ o] < il

xGT( )

|EN7r|

=g & £~ [ feloni@an

Sk
rer (1)

The proof can be made by induction on k. O

3.1.2 Convergence of the generators

Lemma 12 For every n € N*, let Ag\?) denote the generator of the n-point motion of the
Beta flow on T](V") of parameter a. For every C? function f on (S')",

sup [AV (f)(x) — AW (f)(x)]

IET](VTL)
converges to 0 as N tends to 4+oc0.

Proof. Let n € N* and f be a C? function defined on (S')™. Let us recall the expression
of AM(f) :

AD(f) = 2 3 Aclf)Le, where Ar(f)(x) = A (7 0 6,) (67 (x)).
TEPn

Thus it suffices to prove that for every partition 7 of [n], sup | 2A§\?)(f)(x) — Ay f(z) |
.IECWOT;VH)
converges to 0 as N tends to +oo.
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The expression linking the generator Ag\?) and the transition matrix P](\f )

for a function g defined on (S*)" and x € Tz(vn ),

is the following:

AP(@) @) =4N* | > PP(z,x+e)g(z +¢) — g(x)
Ee{iﬁ}"

Let us recall the expression of P : for every € T} and € € {£551}",

s (z,e)—1 . s; (ze)—1, ¢4 .
-] [Iis ™ Gy +)IlL ™ (55 +9)

P]E,) (z,2 +¢)
I€Z,/2NZ. Hzl(o) (% +1)

where s;(x) denote the number of coordinates of 2Nz equal to [ and s (v, ¢) = Card({i €
{1,...,n},2Nx; =1 and 2N¢; = £+1}).
As s (z,e) = s, (z, —¢), P](\;L)(x, r+e)= P](Vn) (x,x —¢). Thus,

24000)(0) = 3 Y@+ e)lalg)(w,e) Vo € T
ee{iﬁ}"

where L, (g)(z,h) = 4N*(g(x + h) + g(x — h) — 2g(x)) for h € R. For a C? function g
on (S')", a point x € (S')" and € € {£1}", set L,(g)(z,€) = >1_, > i €ie;0;g(x). Tt
follows from a Taylor expansion with integral remainder that |L,(g)(x, 5%) — £.(9)(z, €)|
converges to zero uniformly on = € T](\; ) and € € {£1}" as N tends to +o0.

Let m be a partition of [n| having d nonempty blocks. Let us define a discrete ver-
sion of the A,. First, let Ag\‘? denote the discrete Laplacian on T]S}i): Ag\?)g(x) =
o > ccqeny La(g) (@, 55) for a function g defined on TJ(Vd). Then set Ay.g(-) = A%)(g o
6:)(67' (). )

It follows that Ay . f(z) — A f(x) converges to zero uniformly on = € Ty,
Let us note that the restriction of ¢, to {£1}¢is a one-to-one map onto E,N{=+1}", whence

Ay f(z) = 2% Zse{iﬁ}m& L,(f)(x,e). Consequently, the expression of ZAE\T,L)f(:r;) —
A, f(z) can be split into the three following terms:

B = Y (PP - ) L(e)
EEEﬁﬁ{iQN}"

(x) = Anaf(z) = Arf(x)

B(z) = > PPz x4 e)La(f)(@,e)
e€ELN{E 55 1"

It remains to study the asymptotic behaviour of PJ(\,") (x,x +¢€). Let (By,...,Bs) denote
the nonempty blocks of 7 and let z € C; N T, Then

d
PJ(\?)(QT, T + 6) = H PYa/QN(ZiEBl 1Ei:ﬁ)’ya/2N(ZieBz 15@':*%)

e Ya/n (| Bil)

1
v +—
eed 5N

where 7,(u) denotes the product [, (b + i) for b > 0 and u € N with the convention
HZ._:IO = 1. A computation shows that
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e if u,v € N* then

731
Qoo (4)1a/an (V) < B for 2N > a
Ya/n (U +v) AN (u+v —1)!
e if u € N* and v = 0 then
u—1
7a/2N<u>7a/2N(0) 1 a 1 a u—1
== -JJa-—% yH<-a-—(1-—2 yu1y
| Ya/n () 2| 2( le[( 2@+2N@'))_ 2( ( 2a—{—2N) )
1
Thus sup PJ(V")(x, x +¢) and sup |P](V") (7,2 +¢€) — 5| converge
2€Cy, ee{t;5}"NES 2€Cy, ee{t55}"NEx 2
to 0 as IV tends to +oc. O

3.1.3 Lipschitz property of the resolvents and the semigroups associated with
the Beta flow

Lemma 13 Let (P( . )t denote the n-point Markovian semigroup of the Beta flow on
N(Z/N 7).
If f: T](Vn) — R s a Lipschitz function then

]S}?(f) is a Lipschitz function with a Lipschitz coefficient bounded by || f||Lip-

° V]\(,n(l(f) s a Lipschitz function with a Lipschitz coefficient bounded by é||f||L1p

Proof. We use a coupling argument borrowed from [{]. Let x = (1,...,%,41) be a point
of T](V"H) such that x; # x5. Let X, = (Xt(l), . ,Xt(nﬂ)) be a Markov chain on T("H)
with transition matrix P](V"H) and with initial point z. Set 7 = inf{s > 0, x = X§2 }.
Since (Xt(l), Xt(2)) is a positive recurrent Markov chain on T’ J(Vz ), 7 is almost surely finite.
Let us define two processes (Y;); and (Z;); on T](Vn):

° Yt(l) = Xt(l) and Yt(i) = Xt(iﬂ) for i € {2,...,n},
o 7MW = X1, + XMy and 2 = X for i € {2,...,n}.

As {( Nt)t, n € N*} defines a consistent family of Markovian semigroups, (¥;); and
(Xt(2), Xt(3) .,Xt("H))t are both Markov processes with semigroup (P](Vz )i The strong

Markov property implies that (Z;); is also a Markov process with semigroup ( ) As
Y, =27, ift >,

PSP (@0, 23, Tagn) — PN (@, 3, - @)

= |E(f(Yins) = F(Zune))| < I f1inE(d(X 0 X000)).

and
V)@, s, xnm—v]$7;<f><x2,x3,...,xm>\

+oo +oo
= | / FYine) = F(Zine))e™dt] < |1£]| i / e M E(d(X{), X3t
0
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Let us show that for every ¢ > 0, E(d(Xt(,\)T, Xt(/\)T)) < d(zq, ). Without loss of generality,

one may assume that w = z; — x5 € {0,.. —1}. Let (X( ) X ) be a Markov chain on

(55Z)? starting from (21, 25) whose tran51t10n matrix P is deﬁned by: P(z+ 5 S Yt o) =

PP (x,y) for all (z,y) € T and (k,1) € Z2. Set W, = XV — X, Since w is even,
for every t > 0, Wjs, remains nonnegative, whence E(d()A(,f/l\)T,)A(t(i)T)) < E(Winr). As
(W,) is a martingale, for every ¢t > 0, E(W;r,) = w. Therefore E(d(X\\., X\2))) =
E(d(X), X2 ) < w = d(a, 2) for every t > 0.

We have obtained the following inequalities: for every ¢ > 0,

(P (@123, nin) — PN (@22, - @osn)| < || F|pipd @, 22).

and
1
|VOE”)(f)(ZU1,$3> ey Tpy1) — Vogn)(f)@?afl??n o Tpg)] < a”f“Lipd(xbx?)'

As the semigroup (PJ(Vnz)t is invariant by the action of a permutation, Vx,y € T](Vn),
PYHD@) = PO W) < I 1eip Y (i),
i=1

1 n
V(@) = VN < ~ 1l Y dlwis o).
1=1

3.1.4 Proof of proposition [d.

A densfcy argument reduces the problem to showmg that for all C* functions f and g on
fVNa gdmN converges to fVa (f)gdm™ as N tends to +oo.

Let us introduce an extension of V]\(,?a( f) to (St)™:
Lemma 14 A Lipschitz function g on T](\,") can be extended to a function § such that:

119 llec=ll g lloo

o || G Lip< Cy || g ||Lip where C,, is a constant only depending on n.

e § is differentiable on (S*)™ — R where R is the subset of points having at least
one coordinate in 5:(Z/2NZ) and ||0;g(x)|| < Cyllgl|Lip for all i € {1,...,n} and
ze (SH"-R.

Proof. Firstly, a function g on Tz(v " is extended to a functlon g on the lattice (55 (Z/2NZ))"
as follows: for z € (5% (Z/2NZ))" T](Vn), set g(z) = |Vz| > yev, 9(y) where V, is the
set of the nearest points of 2 in (55 (Z/2NZ))" in the sense of the distance d,(x,y) =

> v d(z;,y;). This extension has the following properties:

* [[gllec = [19lloc;
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e there is a constant C, > 0 such that for every Lipschitz function g : T](V") — R,
9l ip < Cullgl|Lip-

Lastly, a function f defined on (5% (Z/2NZ))" is extended to a function fon (81" as

follows. A point = = (z1,...,2,) in an elementary cube []}",]2%, &L [ is the barycentre
of the vertices of this cube %, n € {0,1}"} with the weights
- ki, ki1
n(k = (2N)" Z.__Zm ? _il—m
ol +n,2) = N T (s — gy (L )

=1

respectively. Then we set f (x) as the convex combination of the points f (%) with the

weights an(k + 7,2) for every 51 € {0, 1" : f(@) = ¥, 0y On(k + 1, 2) F(552). Let us
list some properties of this extension:

e ||fllo = ||f]loc and f is differentiable in ($*)" — R.
e If f is a Lipschitz function then ||f||zp < ||f]|ip and for every i € {1,...,n},
10:f ()] < [Ifllip if 2 € (ST)" =R,

|

By lemma [[3, Vjs,nc)y( f) is Lipschitz with Lipschitz coefficient bounded by a constant irre-

P

spective of IV, hence it is also the case for VJS,"C)M( f). Thus on applying lemma [[1], we obtain

—_—

that the difference between [ Vjs,no)[( f) gdmg\?) and [ V]\([n;( f)gdm™ converges to zero as N
tends to +00. The remainder of the proof is the subject of the following key lemma:

Lemma 15 Let o > 0. If f is a C* function on (Sl)n then for every g € Lz(m(”))7
ng]\(,tg(f)dm(”) converges to ngogn)(f)dm(").

Proof. For a positive real a, set E( -, -) = a( -, Yo +E™( -, -) and H™ the closure
of C1((S1)™) for the metric E™. As (u,v),,m = ES (VA" (u),v) for every u € L2(m™)
and v € H"™, the weak convergence in the Dirichlet space (H("),Eén)) implies the weak
convergence in (L2(m™), { - - ),.).Thus, it suffices to prove that for all g € H™,

LNV (f), g) tends to E8 (VA (1), 9).

It follows from lemmas [[3 and [4 that VOET}\),( f) is bounded by % and differentiable on

(S1)" — R with partial derivatives bounded by ||f||ip- Thus expression (f) of £ enables
us to establish the following inequality

EM VI < Cralll 12+ 1£11%)

where C,,, is a constant irrespective of N and f. As the set of C® functions is dense in

H™ | this reduces the problem to proving the convergence of Eo(én)(Vofz\),( f),g) for any C3
function g.
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Let g be a C? function. The difference Iy = 5&")(1/]&2(]0), g) — ESVVIM(F), g) is the sum
of two terms:

—_—

1Y = EPW9) — SV 9)
19 = / f(@)g(z)dm () — / F(2)g(x)dm™ ()
By lemma [[T], I](\?) goes to zero as N tends to +oo.

Let us split up I](Vl):

—~—

Iy = / Vo () (e = A™)(g)dm™ — / Vva(f)(a = A™)(g)dm}y’

T / V) (F)(AL — AM)(g)dm )

It follows from expression () of the generator A™ that A™(g) is a sum of Lipschitz

functions on E, that vanish out of E;. Thus lemma [[T] can be applied to ij,"o)é( fla—AM).
Finally, the last integral is bounded by

[1/1loo n n
sup | (43 = A™)(9)(x) |
a weT(">
N
Thus it converges to 0 as N tends to +o0o, by lemma [[J. O

3.2 Proof of proposition [0J.

Let f be a continuous function on (S')". As the two n-point processes are reversible
Markov processes, their generators Ag\?) and A™ are self-adjoint operators on the Hilbert
spaces L2(m\?) and L2(m(™) with nonpositive spectra. Let 4, and v/ denote the spectral
measures of Ag\?) and A" respectively associated with the function f :

(. A o = | iy and (f, (A f) o = [ !

R_ R_

for every continuous function ¢ on R_.
The relation between the resolvent and the generator, given by Vjsfnc)y = (a — Ag\?))_l

in the discrete case, and the convergence of the resolvents imply that for every ¢t > 0,
1 1
/ ; dvi () converges to / ; dv! (x). By the Stone-Weierstrass theorem, the alge-

- -
bra A of polynomial functions in (1—x)~" defined on R_ is dense in the set C,(R_) of con-
tinuous functions on R_ vanishing at —oo. Let C be the vector space spanned by the fol-

lowing set of functions defined on R_, {x — i, t > 0}. As Ais in the closure of C for the
0

uniform norm, A is dense in Co(R_). Thus /f(x)P](\,"t)(f)(x)dmg\?) (x) = / e dvl (z)
0

converges to /f(x)Pt(")(f)(x)dm(”)(x) —/ e'®dy! (z) for all t > 0. The polarization

identity lets us recover the announced convergence.
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3.3 Proof of theorem

First, let us notice that the convergence result stated in proposition also holds if

the invariant measures mg\?) and m(™ of the n-point processes are replaced by uniform

measures:

Proposition 16 Let n € N* and t > 0. Let Ano, An1 and X denote the uniform prob-
ability measures on +(Z/NZ), 55((2Z + 1)/2NZ) and S* respectively. If f and g are
continuous functions on (S*)" then

/ 9() P () (@) ATy () and / 9(2) Py () (@)dAT (2)
converges to /g(x)ﬂ(")(f)(x)d)\m(x) as N tends to +oo.

Proof. As ||P](\7t( lloo < |Ifl|ls & density argument reduces the problem to showing the
convergence results for C* functlons fand g. Let g and f be C' functions on (S')".
First, let us show that [ g(x) (f)( )AAE™ () converges to [ g(x) P (f)(z)dAE"(x)

as N tends to +oo, where )\g\, denotes the uniform measure on T](V"). For € > 0, set

={z e (SHY", 3i+#j, |v;— x| < e} and consider a continuous function g. on (S*)"
such that g. = 0 on Vp, g. = g outside V. and ||g:||s0 < ||g||C>o
Outside Vj, the measures mg\? and m™ coincide with X ]\7 and A®™ respectively. It follows
from proposition [L0 that fgaP](\;Lt f)d)\gv converges to fga " (F)dA®. As A2(QVL) =

AE\T,L)(V;) converges to A*"(V;). Thus, the upper limit as N tend to +oo of

[Py = [ar i < [lg - g PRI
1 [ 0Py - [arOan+ [lg- g ln e

is bounded by 4||g]|oo || f|]ccA®™(VZ). As A®"(VL) converges to A¥"(Vy) = 0 as € tends to 0,
ng](\;Lt ()N — [ gP™(f)dA®"| converges to 0 as N tends to +oo.
To conclude, let us remark that for every Lipschitz function ¢ on (S')", the difference

between f¢dA§3) and [ ¢dAF or [ ¢dAS is bounded by

N
1 Ul Unp, 2u1—|—1 2un+1

As PI(\;? 2( f) is Lipschitz with Lipschitz coefficient bounded by || f||Lip, this ends the proof
of proposition [[G. O

3.3.1 Proof of assertion (i)

Let ¢ be a fixed positive real. We shall prove that for every 5 € N* if yuy for N € N*
is a probability measure defined on (5(Z/NZ))’ such that (puy)n converges weakly to
a probability measure g on (S')7 and if g is a continuous function on (S')7 then the
random variables uNKﬁfb’t(g) converge in law towards ,uKS?tJ (g9) as N tends to +oo. This
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convergence result applied to uy = vy" and j = Ir where r € N*, will show that the
measures F ((I/NKJQ\?ZO +)®") converge weakly to F ((VKS?f)®T). Thus the convergence in law
of vy K, will follow.

Let j € N*, (un)n be a sequence of probability measures defined on the sets (+(Z/NZ))’
that converges weakly to a probability measure p on (S')?. As the C* functions on (S')7
are dense in C'((S')7), it suffices to prove that for every g € C'((S')7), the sequence
of random variables (MNKNOt(g))N converges in law to puKo.(g). Indeed, let (gx) be a
sequence of C'! functions that converges to g € C((S')?). For every u € R,

U ®Jj iu ®J . .
‘E(e /’LNKN,O,t(g)) — E(e nKq Y (g))’ < |“’E(|MNKﬁfo7t(gk) B MNK]%?OJ(Q)D
u ®j , m ®J . .
+ ‘E(e “NKNTO,t(gk)> — E(e NKo,g(gk)” + ‘U|E(|/'LK(%,5J (gk) . MK[%(Q)D
<2|ull|lg — gkl + \E(ei““NKz%,jo,t(gk)) _ E(e’iuqu?z(gk))‘

Let ¢ > 0. If we take the upper limit of the two parts of the previous inequality as N
tends to 400 with an integer k satisfying ||g — gx||o < €, then

EN|E(eiUMNK%70,t(9)) — E(ew'qu%g(g))‘ < 2Jule

provided that py Ky ,(h) converges in law to pKg7 (h) for any h € C1((S1)7).
Let g be a C! function on (S')7. In order to prove that Xy = MNK%@(Q) converges in

law to X = ,qu?tj (g), let us introduce a sequence of probability measures with Lebesgue
density that approaches u: Let ¢ be a C*™ density function defined on (S')7. For k € N*,
set ¢, : © — k?¢(kz). Then any probability measure 1 on (S1)/ can be approximated by
the probability measures (¢, *n)(2)A\®?(dz): more precisely, there is a constant C 4 such
that for every Lipschitz function f on (S')? and every probability measure n on (S')7

[ soesmaxt - [ ganl < 2017 @

Indeed,

| [ ronsmarsi— [ gan
“| [ [ sontn—xesante /f ([ ortu=v)ir*i(w)ante)
< HfHup; /(] |u@-—virm(u—mdA@f(u))dn(v)

To obtain bound ([]), it remains to note that [ [u;—v;|¢r(u—v)dA (u) = ¢ [ |zi|d(2)dA¥7(z).

Let us introduce auxiliary variables: for k € N*, set X*) = [ (1) K, () (g * p1)dA®
X](\f) fo\%t( )(pr * p)d /\®JO and Y(k) fKﬁJOt( )(Pr * [LN)d/\%j’O. It follows from
proposition | that for every k € N*, the moments of any order of (Xy (k) )N converges to
the moments of X*). As the random variables X ) and X®) are bounded by 19|00 || Pk |00,

(X](\f)) ~ converges in law to X, In order to deduce that (Xy)y converges in law to X,
we shall prove the following results:
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o B((X® — X)?) converges to 0 as k tends to +oo,

(k)

o supyspire E((Yy — Xn)?) converges to 0 as k tends to +oo,

o for every k € N¥, E((X](\’f) - Y]E,k))Q) converges to 0 as NV tends to 4o00.

These three convergence results are sufficient to deduce that the characteristic functions
of Xy converge pointwise to the characteristic function of X. Indeed, for every u € R
and k € N*, |E(exp(iuXy)) — F(exp(iuX))| is bounded by

|E(exp(iuXy)) — E(exp(iuX))| < [ulE(|Xx — Y"|)
+ul BV — X)) + | Eexp(iuX () — Elexp(iuX ®)] + [ul B(X® — X]).
Thus for every € > 0, there exists an integer k. such that for every N > k2,
| E(exp(iuXy)) — E(exp(iuX))| < [Jule + |ul E(YA — X))
+ |E(exp(iuX ) — E(exp(iuXx®)))|.

By taking the upper limit, as N tends to 400, of the two terms in this inequality, we
obtain that |E(exp(iuXy)) — E(exp(iuX))| converges to 0.

o Study of E(X® — X)?): First,
B P-X0x) = [ ([ PP (gm9)0,0) @) ()00 () ) ) (0)X 0
- [ ([ 2208 9w 0) 60w @)ar® @) duco)
As the map P (g®g) is Lipschitz, the map v — [ P ( g®g)(u ) (xp) (W) AN ()

is also Lipschitz with Lipschitz coePﬁment bounded by ||P*” (9@¢)||Lip- Thus, bound
(@ gives |B((X®W)? = XOX)| < G227 (9 @ g)|1sp- Simnilarly,

BOX = x| = | [ ([ P98 9w v)du)) 60 o) 0

_/(/Pt( ”(g@g)(u,v)du(U))du( )| <

Therefore E((X® — X)?) converges to 0 as k tends to +oc.

NHP (g 9)||Lip-

e Study of E((Y]\(,k) — Xn)?): the same splitting as before yields that

BV —Xy)?) = / (o) = F2 (0)) (x1ior) (0)dAZ () — / (Fh(0)— F2(0))dpx(v)

where

P (g ® g)(u, 0)dp (u).

) = [ P59 0) 60 i) T )
i) = |
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Let us bound more generally,
Ani(f) = /f(¢k*/~bN)d)\%{0 — /fd,uN
for a Lipschitz function f on (S')7. Ay x(f) is the sum of two following terms:
A%)k(f) = /f(¢k *MN)d)\}%{O - /f(¢k e [y ) AN
A0 = [ s mar - [ s,

It follows from bound ([]) that \Aﬁ)k( )] jf’H fllzip- By developing the convolu-

tion term ¢y * piy, the expression of A ( f) becomes

Ag\lf)k / /f )on( u—v)d/\%o /f Yo (u — v)dA® (u ))d,uN( ).
Since for every v € (S}, u — f(u)¢r(u — v) is a Lipschitz function with Lipschitz

coefficient bounded by || f]|Lipk? |6l + [|f]|cck? T ||@]|Lip, We obtain

kJ Jj+1
A < Dy~ Gl gl + 1111l 1122

where D; is a constant irrespective of f and ¢. In conclusion, there is a constant
D, » such that for every lipschitz function f on (S') and k € N*,

sup [Awi(f)] < 222
N>ki+2

(oo + 1£1]ip)-

Since the map P](VQ’ {)(g ® g) is a Lipschitz function verifying

27 27
1P (9 ® 9)lloe < 119 @ glloo and [|PSY (9 9)|1ip < |19 ® gllLip:

(k)

Fy and F} have the same properties. Thus supysgi+2 E((Yy — Xn)?) converges

to 0 as k tends to +o0.
Study of E(Y — X)) fix an integer k € N*.
[E((YA")? =Y X))
< [ [ 1PE(6/© 9]0 1) @) (015 ) 0) = (0% W)@ AT )T )
< W gl ol [ 16005 ) 0) = (005 W) DIAT 0

The term |E((X](\];))2 - Y(k)X )| has the same bound.

The weak convergence of (,uN)N to u implies that for every u € (S')7, ¢p * pun(u)
converges to ¢ * p1(u). As for every N, the map ¢y + puy is Lipschitz with Lipschitz
coefficient bounded by k%™!||¢||Lip, (dx * un)n converges uniformly to ¢ * p. It

follows that for every k € N*¥, E((Ylsfk) — XJ(\];))Q) converges to 0 as NV tends to 4o00.
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3.3.2 Proof of assertion (i7)

By (i), vnKyo,(g) converges in law to vK§f(g) as N tends to +00. These random
variables are bounded by ||g]|. Thus E(vnKyo,(9)) = [ PNOt Ydvy converges to
E(v Kg@f fPOt )dv.

By sphttmg f into its p081t1ve and 1ts negative part, it suffices to deal with a nonnegative

function f. If [ fdv = 0 then |fPNt )fdvn| < |9l | fdvn tends to 0. Assume now

that [ fdv > 0. Then for N large enough, [ fdvy is positive. Let us apply the previous

_ f@)dvn(z)
J fdvn

f NOt g)fdvxn converges to

: (ﬁN) weakly converges
i Pm Vfdv. As

result with the sequence of probablhty measures vy =

to v(dx) = f(f);ld”(x whence ¢

[ fdvy tends to [ fdv, fP]\f)Ot deN converges to fPOt ) fdv.

ffdzz

3.3.3 Proof of assertion (iii)

Set un: = nnKnpo+ and py = nKo, for every t € R. Let us prove by iteration that for
every r € N*, the r-dimensional distributions of yy converge weakly to the r-dimensional
distributions of p, that is for every 0 =t; < ... < t,, the distribution of (pn¢,, ..., tns,)
converges to the distribution of (g, ..., f,.)-

First, this convergence result holds for » = 1. Let » € N*. Assume that the r-dimensional
distributions of py converge weakly to those of p. Let 0 =¢; < ... < t,1. To prove that
the distribution of (fing,, ..., fing,.,) converges to the distribution of (..., ., ), it
suffices to show that for every ky,..., k.41 € N, g; € C’((Sl)kl), ooy Gry1 € C((SY)kr+1),

k., r
E(ut (1) -+ ting (grr1)) converges to E(ui‘?’“(gl) e (Grat))-

First, let us note that for every N € N, uny, ., = ping, Kny,t,,,, the random matrix

Kyt t,,, has the same law as Ky gy, ., -+ and is independent of (piny,, ..., vy, ). Thus,

r+1 h
E(uh (1) - st (gran)) = /(51)h Py . (G)Fduy

where h = S k;, F and G are the maps defined on (S*)" by

F(r,y) = (1 ® - ® g,)(x) and G(z,y) = gr41(y) Vo € (SHZi=Fi| Wy € (Sh)krn

and vy is the probability measure FE (,u%ktl1 ®--® M%k[ ' ® MN(f:ijr“)).
By the iterative assumption, the distribution of (,LLNﬂgl, ..., [N, ) converges to the distri-
bution of (4, ..., ). Thus in particular, (vy)y weakly converges to v = E(uf™ ®

r+1

Bk g ?(kTJrkT*l)) It follows from assertion (i7) that E(,u%ktl1 (g1) - us 1tTH(gTH))

®’utr 1
converges to E(ui™ () - - ,utrgfl(grﬂ)), ending the proof of (ii7).
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