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COMPUTATIONS OF BOTT-CHERN CLASSES ON P(FE)

CHRISTOPHE MOUROUGANE

Abstract. We compute the Bott-Chern classes of the metric Fuler sequence
describing the relative tangent bundle of the variety P(E) of hyperplans of a holo-
morphic hermitian vector bundle (E,h) on a complex manifold. We give applica-
tions to the construction of the arithmetic characteristic classes of an arithmetic
vector bundle E and to the computation of the height of P(E) with respect to the
tautological quotient bundle O%(1). ]

INTRODUCTION

In the whole work, X will be a smooth complex analytic manifold of dimension n.
For a vector bundle F' — X on X we denote by AP9(X, F) the space of smooth
F-valued differential forms on X of type (p,q). On a holomorphic vector bundle
E — X endowed with a hermitian metric h, there exists a unique connection
V = Vg, compatible with both the holomorphic and the hermitian structures. It
is called the Chern connection of (E, h). Its curvature iw is multiplication by an
endomorphism-valued 2-form that we will denote by ©(E, h) € AYY(X, Herm(E)).
The associated Chern forms are defined by

—+o0
det(I +tA) =Y t'deta(A) and cq(E, h) = deta(O(E, h)) € Aga(X,C).
d=0
The form cq(E, h) is closed and represents the Chern class c4(E) of E in H??(X,R)
through De Rham isomorphism. The Chern class polynomial ¢;(E) := jﬁg tdcq(E)
is multiplicative on exact sequences. Bott-Chern secondary classes are classes in

— Ad7d(X7 C)
ALI(X) = Imd + Imd"

which functorially represent the default of multiplicativity of the Chern form poly-

nomial ¢ (E,h) := ;28 tcq(E, h) on short exact sequences of hermitian vector
bundles (see [Bi-G-J] theorem 1.29 and [G-S-J] theorem 1.2.2) :

e For any short exact sequence (§) = (0 — S — E — @ — 0), and any choice
of metrics h = (hg, hs, hg), cat1(S,h) € AL4(X),

14 .
(B, hg) — ci(S, hs)e(Q, hg) = —;—Wd’d”ct(s, h)

where &(S,h) = 31520 tca1 (S, h).

e If (S, h) is metrically split, then ¢ (S, h) = 0.

e For any holomorphic map f : X — Y of complex analytic manifolds and any
metric short exact sequence (S, h) over Y, ¢;(f*S, f*h) = f*¢c:(S, h).

They were introduced by Bott and Chern in their study of the distribution of
the values of holomorphic sections of hermitian vector bundles [B-d]. They were
used by Donaldson for defining a functional on the space of hermitian metrics on

1Key words : Bott-Chern secondary classes, metric relative Euler sequence, arithmetic char-
acteristic classes.
MSC : 32L10, 14G40
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a given holomorphic vector bundle in order to find Hermite-Einstein metrics [Dd].
They were given an axiomatic definition and served as one kind of secondary objects
(together with Green currents and analytic torsion forms) in the study by Bismut
Gillet and Soulé of holomorphic determinant bundle [Bi-G-9|. They enter the very
definition of arithmetic characteristic classes set by Gillet and Soulé [[G-S-9].

Bott-Chern classes were computed in few cases, mainly when (E, h) is assumed to
be flat. See the work of Gillet and Soulé in the the case of projective spaces ]
of Maillot in the case of Grassmanians [@] and of Tamvakis in the case of other
flag manifolds [[Td]. In most of computed cases, Bott-Chern classes are made of
closed forms.

We deal with a relative situation. Let £ — X be a holomorphic vector bundle
of rank r over X . Consider 7 : P(E) — X, the variety of hyperplans of E. The
differential of the quotient map E* — X x {0} — P(E) over X gives rise to the
relative Euler sequence (X) on P(E) :

0—0Op(—-1)—>7"E*—>T—0

where T denotes the twisted relative tangent bundle Tp(g),x ® Op(—1). The choice
of a hermitian metric h on E enables to endow all the bundles in the sequence with
a natural hermitian metric. Our aim is to compute Bott-Chern forms (i.e. repre-
sentatives of Bott-Chern secondary classes) for this metric relative Euler sequence
(3, h) in terms of the curvature form of (E, h). The case where X is a point is dealt
with by Gillet and Soulé in [G-S-7.

We denote by a the curvature form O(Og(1),h) of (Og(1),h). For ¢ € N, we
consider the forms ©%* on P(E) given at the point (z, [a*]) of P(E), (a* € E}) by
(m*O(E*, h)%a*,a*)

a*[?
The product is taken with respect to the wedge product in the form part and the
composition in the endomorphism part. The generating function ©; for those forms
is Z;ﬁg(ft)d(@da*). We will also need the Harmonic numbers H, = 37 % and
their generating function H(X) := E;‘;’ H,XP. We prove

Olg* =

Main theorem. The Bott-Chern secondary class polynomial ¢; (2, h) for (X, h)
is represented by the form

—H (ta@t +1-0,+ t@t%d’d” In @t> Ot ci(E*, h).

This form is in general not closed. The first part of the proof consists in finding
an expression in coordinates for ¢411(3, h). Computations are simplified by the
choice of a normal frame at a given point (zg, [a§]) of P(E). The combinatorial
analysis is rather intricate. The second part is devoted to identify the previously
found expressions in terms of globally defined forms. Finally, the computation
of the Bott-Chern forms generating polynomial enables to express the result in a
concise way, for Bott-Chern forms follow a recursion formula.

Our second aim is to give some applications in the setting of Arakelov geometry.
Let X be an arithmetic variety built on a scheme y defined on the ring of integers
of some number field. Let E be an arithmetic vector bundle on X. We will write X
for the smooth variety xc(C) and (E, h) for the induced hermitian vector bundle on
X. We give in section E an application of our computations to the construction of
arithmetic Chern classes from arithmetic Segre classes. At algebraic level, the total
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Chern class of E* is the inverse of the total Segre class of F. This is also true at the
level of forms (see section ﬂ) But at the arithmetic level, some secondary purely
complex analytic objects have to enter the definition of Segre classes in order to keep
this inverse relation true in the arithmetic Chow group of the base scheme. This is
due to the fact that " ®O%(1) having a nowhere vanishing section has nevertheless
a non-zero top Chern form. Evaluating some fiber integrals of previously studied
Bott-Chern forms, we give explicit expressions for the secondary classes involved.
This answers a question raised by Bost and Soulé ] This in turn enables to
compute the height of P(E) with respect to Oz(1) in term of the top arithmetic
Segre class and a secondary term from complex cohomology. The qualitative output
is that complex characteristic classes of E are the only complex datas of (E, h) that
accounts for the measure of the complexity of P(E) given by its height.

No wonder that such computations at least in the full relative case (see proposi-
tion ) can be done for other characteristic classes than the Chern classes on other
flag varieties of F to get expressions for their height.

I thank Vincent Maillot for his interest in my work and for his suggestion to
study the arithmetic applications.
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1. BoTT-CHERN FORMS

General formulas for computing ¢é(S, h) with induced and quotient metrics were
given by Bott and Chern [@] For sake of completeness, we outline their method.

The commutator of End(E)-valued forms « and ( is defined to be [o, 3] :=
aﬁ _ (_1)degadegﬁﬁa.

Consider the sequence 0 — S - E % Q — O endowed with metric constructed
from a hermitian metric h on E. Denote by V (resp. Vg, V) the Chern connection
of (E,h) (resp. (S, h|s), (Q,h|q)). Consider the family of connections on F

Vu =V + (U - I)PQVPS

where Pg = w* (resp. Py = p*p) denotes the orthogonal projection of E onto
t(S) (vesp. ¢(S)*). The choice of a local holomorphic frame for E enables to
express locally the connection V, as d + A, for some matrix valued (1,0)-form
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Ay. The curvature O(V,) of V,, is then given by the matrix valued (1, 1)-form
5= (dAy+ Ay ANAy). Recall that the connection V,, extends to End(E)-valued forms
by V(@) := [V, a]. The formula for é(3, h) relies on the following identities

Vu(O(VL) = [Vu,0(Vy)] = [Vu, V2] = 0 Bianchi formula
= d(O(Vy)) + [Ay, 0(Vy)]

d
Vu(Ps) = [V, Ps]= U£VU got from Psvpo = PQVNPS =0
= d'Ps+ [Au, Ps].
That is
d'O(V,)=do(V,) = —[A.,0(V.)]
d/PS = —[Au, Ps] + uivu.

du
Consider the polarization Dety, of dety, that is the symmetric k-linear form on
M, (C) whose restriction on the small diagonal is dety. Note by Dety(A; B) =
kDeti(A,A,--- , A, B). The differential version of the Gi(r, C)-invariance of dety,
shows that the contribution of the commutators —[A,,, ] vanishes. This leads to

d' (Det(©(V,); Ps)) = uDety, (@(Vu); ivu) )

du
Now,
i d i d i d d i
i d d
The Gi(r,C)-invariance of det; leads to
g py) = - 4
271_dd Det,(©(Vy); Ps) = 271_d <uDetk (G(Vu)7 dum))
d
(1.1) = u@detk(G(VU)).

One then checks in a frame adapted to the C* splitting £ ~ S ® Q) given by
t* @ p, that

(1 -u)Os+u*Ope L*Opp*
G(VU) =
upOpe (1—-u)Bg + upOgp*

Hence integrating equation ([L.) between 0 and 1, we get

. 1 ¢ . @
(1.2) ex(Eh) —cx(S®Q, Vs ®Vq) = —id’d”/ ule) = 2ul0),
2 0 u
where
®p(u) = Dety(0(V,); Ps) = coeffrdety(O(V.,) + APs).

If moreover, the sub-bundle S is of rank 1, then

(1.3) <I>d+1(u) = dety ((1 — u) Oqg + upOpp*).
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2. CURVATURE COMPUTATIONS

We will compute the curvature of T and of Og(1) at a point (xg, [aF]) of P(E)
(af € E*)in a well-chosen frame.

We now recall the formula for the curvature of a quotient bundle. Consider the
sequence 0 — S = E 2 @@ — O endowed with metrics constructed from a her-
mitian metric on E. All the bundles we will consider, including the endomorphism
bundles inherit a metric and a Chern connection from those of E. We will denote
with a star the adjoint maps with respect to the given metric. Notice first that
since pp* = Idg and Vg is compatible with the metric, p(V gom(q,m)p*) = 0. Let
s be a local smooth section of (). We get first

Ve®*S) = (Viom@,m)P")s +p*Vqs =t (VHom(@,5)P*)s + p Vs
and then

pV2(p*s) = P(VHom(s,5)t) N (V Hom(Q,E)P")S + V?Qs.
That is, taking the type into account, (V" gom(s,g)t = 0)

. 1
Oq =pOpp” — %p(VIHom(S,E) )N (Viom@.m)P")-

We choose local coordinates 1, - - - , x,, around zg, and a frame e7, - - - , ey for E*

around zo, normal at zo (Le. (ef,ej) = d0;; —2m 32, , eaujitAT, +O(|z]?)) and such

that af = ej(xo). Notice that in this frame at zo, cauij = Curzi, the connection
V- is equal to d and the curvature ©(E*, h) to i), iy Cxujrdra A dTp(ef)* @ €.
Recall the Euler sequence :

0— Op(-1) > E~ 2T 0.

On an appropriate open set around (x,ad), the map ¢ : E* — X x {0} — P(F) is
given in coordinates by

(@Y ael) = (@ far - ap]) = (2, 2,20,

Hence the map p is given by
b; b
( Zaz ije]> = Zai ;ala%laﬁ Za’

where for 2 < j <7, z; := Z—Jl Here and in the sequel we will also write z; := 2L =1

and dz; = 0 for convenience. The adjoint of the map p is given by
i a’L
p (L grael) _ (G udle
3ZJ ay ! H > aieg ||2
So, at the point (zo, [a§]), the normality of the frame gives
* v// * Zal — *v// * Zal ok *v// _ Za‘l
a p)azk aq ‘ ak a1 Ly (‘3;.C a1
v < SO ) — dm e =2
8 k ax

ai

Now,

p(V't) <Z%€;) = pV' <LM) Zdzja Z;:

a1
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Summing up the previous computations we infer the formula for the curvature of
T =Tppy/x ® Op(—1) at (2o, [af])

21)  emm =3 (en+ %dzj A dzy) (aaz’k)* ® (;Z/j)

2<j,k<r

where ©(E*, h) = 371 v<, Cik(er)” @ €], cji =135, expjrdra A dTy (cji = CThy)
9\ a > aze}
and (8_21) 1S (a) X o

For later use, we give the formula for the curvature of (Og(1),h). Denote by
the positive form defined on the whole fiber of 7 over z( as the Fubini-Study metric
of (P(E,,),h) : in coordinates
7 (1 + |Z|2) ZjZQ de A dEj — Zi,jZQ EiZdei A dij

o (1 +]2P)?

Then,
(m*O(E*, h)a*, a*)
a*[?

a:=0(0p(1),h) = %d’d” loglef + > zjes|? =Q -

j>2
This equality is valid on the whole m~!(zg). At the point (xg,[ag]), it reduces to
o = ﬁ ZjZQ de A dzj —C11-

3. COMPUTATIONS IN COORDINATES

We will compute the Bott-Chern forms of the metric Euler sequence at a point
(20, [ag]) of P(E). The results will be given in terms of locally defined forms.

By the previous results ([.9), ([.3) and (2.1),

)
D gp1(u) = detg(|cjr + (1 — u)%dzj A dzy, )

2<g,k<r

and

1

__ o )

Cd+1 :/ a+1(v) ” d+1(0)du.
0

Our aim is to give an explicit coordinate free expression for the Bott-Chern forms

Cd+1-

For d =0, ®;(u) =1 and ¢; = 0.
Ford=1,

Oo(u) = Trace(|cjr + (1 — u)idzj A dZ )

2 2<4,k<r

= c(m"E*)—ci1 + (1 —u)Q

and ¢y = —Q.

We need some notations to go along the next computations. The set of positive
integers will be denoted by N,. For any positive integer r, we denote by N, :=
{1,2,---,r} and X, the group of permutations of N,.. The notation (a1, as,- - ,ap)
will be used for the cycle of length p, a1 — az — - — ap — as.

For a finite sequence B in NiN*) of positive integers, we set [(B) = ¢ such that
B belongs to N¢ (its length) and |B| = >_7_, b; (its weight).

A finite sequence P in NgN*) of positive integers will be called a partition if it is

non-decreasing. Its elements will then be called the parts. If [1+E;:1 hj, 23111 h;l,
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(0<i<q—1,|hP)|=3j_, hj =1(P)) are the biggest intervals where the parts
are constant i.e.p1 = pa = -+ =Py, < Phy+1 = = Phithy < Phithatl " " Dhy+hot-hg1
< Phythotehg 141 = = ° = Dhy+hot--hy_1+h, = Pi(p) then the sequence h(P) = (h)1<i<q
will be called the height of the partition B. The symbol h(B)! will denote [[{_, h;!.

(Ny)

For a partition P in N; */ of positive integers, a permutation ¢ in ¥, will be
said to be of type P if r = |P| and o can be written as the product of I(P) cycles
C; (with disjoint support) where C; is of length p;.

We define
c(E*) = det;(|cjklye; par)-
For a cycle of length p, we will need (p € N,,s € N,,s <p, Q CN,)
1 . A I
Qp,s =~ Z Qp.@ with Q;, g = Z /\ Ca:¢?+1
P 4com, 2<iy ig, e yip<r a=1
Q=2
INe _ i = :

where Colay1 = (3&) dzi, NdZi,,, ifa€Q

= Ciqiay, Otherwise

where we have set 4,41 := 1. The set @) denotes the locations of the dz A dz terms.
Hence, s is the total number of dz A dZ terms occurring in the cycle. Note that

{ _
Qp’l = % E CiyisCisgisg " cipflipdzip N dZil.

2<in i, ip ST

We begin by computing the leading coefficient of our coming formula for ®.

Lemma 1. For fized d € Ny,

>

s,pen(N+)
S<P,|P|<d,|S|=d

(—1)lPHP) 1)
I(P) s

i=1

=4

Proof. First notice that Q,, , = %Q@NP = %(—1)1“_1(2”. Now,
UP)

P) P|+1(P)
(—1)IPIHUP) B (-1)l
Z W /\ mesi - Z W Qpiypi
p,seni™) i=1 p,senit™*) =1
S<P,|P|<d,|S|=d S=P,|P|=d

104 :
pen(i®) Z(P)!Hi(:1) b
|P|=d

The last equality is proven noticing that the map
Xy — by

P
e = (e(1),0(2), 1)) (o1 +1),0(p1 +2), - 0(p2)) -+

is surjective on the set of permutations of type P and is Hi(:Pl) pi-to one. Each

permutation of type P is obtained by I(P)! maps of this kind. |

We can now compute the function ® involved in the expression for Bott-Chern
forms. The first part of the proof of our main theorem will be done in three
steps. In the following proposition, we first separate fiber differentials dz and base
differentials arising in the curvature of E*
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Proposition 1.

- . (-piPHe e
Dypr(u) = ch(B)+ Y (1—u) > ch_uo\ /\ Qs
1<s<d P sen(ie)
1(P)=1(5),P>S
[P|<d,|S|=s,(L(P)<s)

Proof. First remark that

d .
1 1 _
Pyt1(u) = a Z Z e(o) /\ (Cimio(m) +(1- u)%dzlm A dzia(m))'
: m=1

2<i1,i2, ,ia<r 0EX,

We first invert the summation over ¢ € ¥; and the summation resulting from the
development of the above wedge product. We then have to specify which dz A dz
terms we consider in the development. The part ¢/;(E*) is got when no dz A dz
terms are chosen. According to these, we write o as product of cycles with disjoint
supports, neglecting the precise expression of those cycles containing no dz A dz
terms. If for example we seek for the terms containing only dz;, and dz;, among the
dz, we will only write explicitly the cycles in ¢ containing 1 and 2. The permutation
o is given by P € N with |P| < dand ¢ : Hifli)l N,(D?Z) — Ny injective and o’
permutation of Ny — imey by

oc=o' (cp(l(m)), @(Q(m)), - ‘P(p%n)» .

Notice that each o is obtained [(P)! Hir(li)l Pm times. Hence,

2 = TP l(p) 2.

cEeEX mlmgo o’

Each Q = ]_[57(1121 Q™ Q™ C N, gives the summand (¢(0) = g(o”)(—1)/FI+1P)

d UP) pm ()
_1)IPIH+UP) Le. Q™
( 1) Clrl o/ (1) Ct(m) J(t+1) (m)
T=1 m=1t=1
TEim(p)

U(P)
After commuting with 5p > >, rewrite Z as Z Z Z

DL iy e iy < 2<ir<r m=1 2<i <r
S11,12,000,2d ST Tgi;’r'z’(‘p) 2<i¢(1(m))<r
= k;,(2(771))—
2<i <r
o)

We get the expression for ®q41(u) as c;(E*) plus

)IPHHE) , e m)
dl ZZZ T (d —[P[)leq_p| (E7) /\ (1 -0, qom.
P v Q m 1Pm m=1

The summand now does not depend on ¢. Hence the summation over all injective

d!
o T2 NO™ — Ny gives the factor ————. We infer

(d— P
Car1(u) = cu(E")+
1)PI+(P) 1P)

. (m)
(3.1) ZZ ™ oo (B) N (L= w70, qom.
P Q

m 1Pm m=1
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U(P)

¢y p|(E) /\ (1 =W P, 50m

Summing now over all @ with same size S gives
'H —1 Pm m=1

Bgii(u) = cy(EY) +ZZ
1)1PI+U(P) 1P

= (B +ZZ e (BN (= w) A @

m=1

1)IP1+P)

O

We now simplify the expression of fiber differentials. Remark that when two
dz A dZ terms are neighbors (gr+1 = ¢+ + 1),

Q ) =—00

This remark will be improved in the following proposition.

p,{q1,92, ,qt,qt+1,qt 42, ,qs p—1,{q1,92, ,qt—1,q¢,qt+2—1,-- ,qs—1}

Proposition 2. For all (p,s) € N? with s < p,

s s -1
> (SR LY T

& h(B)! >

p,s —
1<by <by<:--<bs<p
|Bl=p

Proof. Recall that Q, s := %E?QCEP D 0<issinr iy <r - Ci,’(%l. Gathering terms

in the sum in the following way

(dzirn +1Ci<11 +1iq1+2 U Ciqz—litxz dziqz) e (dziqsfl-%-lCiq571+1iq571+2 T Ciqb»—liqs dziqS)
( — AZig 1 Cigyprigera " CipovipCiyia Cinia " Ciqlfliqldziql)
we infer that each @ contributes to (—Qg,—q:,1) (—Qgs—g2,1) (e —qe_1.1) (+ Vp—gtar,1)-
Set b := gj41 —g; for 1 < j <s—1and by :=p—qs + q1, we get a map (Ps(Np)
denotes the set of subsets of N, of cardinal s)
Ps(N,) = (Ny)? LA { partitions of weight p and length s}
Q — (/1)/a"' b/) = bleQSSbs

The fiber a~1(B’) has V, elements and the fiber 371 (B) h(sé)!. But

1 p s!
o / ! - ——
Y b= Y byt = S BT

Bep(B)  ° Bles\(B)
. p(s —1)!
Hence the composed map is of degree TB)' over B. O
We are now about the final step
Proposition 3. For all d € N,
/ * s (_1)p+58! / *
Dy (u) = (B )+ Y > (-uw) ch—p(E ), 12,1+ Q1

1<S<p<d 1<by <‘b2‘ <bs<p
=P

Proof. Fix s < p in N,. The map which assigns to the product Q of QU™ €

UPp)
m) pm( Sm — 1)
P, (N, ) the associated product of partitions B\™ is H B

map which assigns to the latter product of partitions a partltlon B of weight p and of
Z TN, h(B™)!
Se ) (Nx) ( !Hmzls

Is|=s

to 1. The

to 1. Hence,

length s by concatenation and reordering is
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1 TTHS)
the composed map is Z D VY to 1. Back to the formula (B.1]), we

s
SeNy)Nx) h’(B)HTSl )1 Sm
|S|=s

obtain a new expression for ®,41(u).
1)1PI+UP) HF) -
;le(E*) N\ Q=w) @, o

Capr(u) = cy(EY) +ZZ ,HI(P
cy(E*) + Z Z Z Cyp(E*)(1 = u)*

1<s<p<d 1<bj<by---<bs<p SG(N*)<N*)
|Bl=p |S|=

ST pr (—1)PH)
h(BI T, s USITTED, o

(1) Q1o Q1

1
We recall once more the identity g ——————— =1 to end the proof. O
SeNy)Nx) ( )'H —1 Sm
|S|=s

Hence, we get the Bott-Chern forms by integrating.

Theorem 1.

__ —1)Ptsgl N
Cd+1 = — Z Z HS%C&;;(E ), 12,1+ o, 1
1<s<p<d 1Sbli‘lg‘:§bs§p ’
. . °\ 1 T1-(1-we .
Here H; is the harmonic number Z - = This formula re-
) U
1

duces in the case of flat vector bundle to that of Gillet and Soulé (proposition
5.3 of [G-S-2|). Coordinates free expressions for ¢, (E*) and €1 will be given in
proposition {4 and E Notice that the relative degree of each summand is 2s and the
degree in base variables is 2(d —p + |B| — s) = 2(d — s). We can therefore restrict
the range of s to max(d — dimX,1) < s < min(r — 1, d).

4. COORDINATES FREE EXPRESSIONS

We now give coordinates free expressions of ¢;(E*) and of the Q,1. We will
express the results in terms of the following forms in A%4(P(E),C) : for ¢ € N, at
the point (z, [a*]) € P(E),

(m*©(E*, h)la*, a*)
o]
Recall that ©(E*, k) is in AL1(X, End(E)). The g-th power is taken with the wedge

product in the form part and the composition in the endomorphism part. We will
also need the form a = ©(Og(1), h).

Olg* =

Proposition 4.

where we have set (0%a*) = w*co(E*) = 1.
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Proof. The expression for ©%a* in coordinates is

q . . * * a
ZJE{Lm ,ryat2 /\7n=1 CJm,Jm+1a]q+1 < ejl’ejq+2 > a]q+2

. * ok .,
2oGanet -y 45 < € €5 > T

and i8 Y seqi, e+t [[0oq Ciujuss At the center zo of the normal frame for (E, h).
J1=dg+1=1
Hence,

(E*) = m*ci(E*,h) - (0'a*)

Cé(E*) W*CQ(E*, h) — cncll(E*) — ZCUle

i>2
= w*co(E*, h) — (0'a*)m*ci (B*, h) + (©%a¥).

In the same spirit of the proof of proposition , we write the permutations according
to one of the positions of 1 (if any) : o = (¢(1),¢(2), -+ ,@(p))o’ if iyn) = 1.

ca(E*,h) = cj(E)

1 d
- _1)PHe e /\ o
a Do D 2 Y i i Gt N\ G-

1<iy ig, - ,ig<r p=1 ¢Np—=Ng o/'€Xg_, TEimp
1€{iq,ig, ,ig} injective
Yo =t
Rewriting > as > >, then replacing the sum >
1<iq ig, - ig<r 1<i i <p 1<ir<r :Np —Nginjective,
1€{iq,ig, - f'f-d} =@ (@) T€ime piw(l):l
by product by factor ———— we infer
d—p)!
d
* _ / * +1 *\ K *
ca(E*,h) = ) (E*)+ E (=1)PTH(OPa*)m cq—p(E™, h).
p=1

Before computing the ), 1, we need a lemma which relies on special properties
of the normal frame.

Lemma 2. In the center of a normal frame for an holomorphic Hermitian vector

bundle (E,h), d®g =0 and id'd"Og = 0.

Proof. Call H the metric matrix and A the connection 1-form for the Chern con-
nection of (F,h) in a frame normal at 2. By the compatibility of the connection
with the metric and the holomorphic structure, we infer that d H = AH. Then
A(zg) = 0. On the whole chart, O = 5= (dA+ANA). So,dOp = O ANA—ANOg
(Bianchi identity). Hence, dOg(z¢) = 0. Now, at xg

d/d/I@E(xo):d/d@E($0) = d/@E/\A+@EAd/A—dIAA@E+AAd/@E
= OgANdA-dANOg

From, d'H = AH and A(zg) = 0 we get d’A(z) = 0 (Notice that Og(x¢) = dA(xo)
is of type (1,1)). O
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Proposition 5. For d > 1, at the point (xo, [af]),

Qd-{-l,l — éd’d”(@da*) + (@dJrla*) + a(@da*)
d
+ Z Z (_1)m(d//@b1a*)(®b2a*)(@bg,a*) . (@bm’la*)(d/@bma*)

m=2 Ben, (Nx)
1(B)=m,|B|=d

2

Proof. From the definition of the normal frame we get at x¢, d|a*|?> = 0. Hence,
at (xOv [aé]),

id’d”(@da*) = id’d”(w*@(E*, h)ia*,a*) — (0%a*)a.
From lemma [] and the relation d'd"(ef, er) = —cji we infer using the expression

of (m*©(E*, h)%a*,a*) in coordinates

%d/d”@T*@(E*, h)da*, a*>

i < d
= o Z /\ ijjm+1dzjd+1 N dzZj; + E : /\ ij,j'm+1(7cjd+2jl)
Je{1, r}dttm=1 Je{l, - ,r}d+2 m=1
Ja41=da42=1
i d
. . > __ d+1 *
2 E : /\ CJm]m+1dZJd+1 /\dZ.]l (9 a )

Je{1,-- r}d+i m=1

Now, to recover 2441,1 we have to remove the value 1 for the j’s in the first sum.
Gathering the terms according to the fact that they contain at least [ j’s achieving
the value 1 (jay1 # 1,71 # 1), we get (notice that we will interchange dz;,,,
and dzj;)

i d
% : /\ ijjnb+1 dzjd+1 /\ dzjil
Je{l,--- ,r}d+1 \m=1
. d—1

i _
= Q11+ o Z(fl)l Z Z (dZ,Cj1ja Clags * Cjtn—ll)

=1 1<q1<ag< J_ s pYd+1—1
I <hs J-QE{Lr}

(Cligy 41 Clgy11)(Clgyin * Chgy11) * (Cligy 11" Cigy 1) (Clig 1 " Clagasa B2ty )

. d—1
1 1 —
= Qd-i—l,l + % Z(_l) ( Z dzj1cj1jzcj2j3 e qulfll)
=1 1<j1,92, " ,Jqy —1<T
(9(12_(11 a*)(@q:;—qQa*) T (GQl_QZ—la*)( Z Cljg41 7" 'cjdjd+1dzjd+1)

1<jq+1, sJat1 <7

Using once more the normality of the frame, we compute at the point (z, [ao])

E S e Co i Cori e O — "(Qq1—1 ,*
dZchJuzCJzB Ciq—11 = d (@ a )
1<j1,j2, gy —1ST
E . o ) — r(@d+l—q x
Cljg 41 """ C]d]d+1dzjd+1 = d (@ a )

1<jq, 41, s Ja+1<r

Now, the proof will be complete if we set by := ¢ —1 € N, b; := g; — qj—1 for j
between 2 and [ and bj41 :=d+1—¢q¢ €N, and m =1+ 1. (|
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5. ON THE BOTT-CHERN FORMS GENERATING POLYNOMIAL

Bott-Chern forms fulfill a recursion formula which is easily expressed in terms
of their generating polynomial. The latter has a concise expression.
Set

400 +o0 o0
h) o= tlca(B* ) 5 G(5,h) =Y tea(S,h) 5 Oy = > (—t)(©%a).
d=0 d=0 d=0
We will also need as auxiliary notations
400 +00 +o00
H(E*) =D ty(E) ; Q=Y ()" 5 H(X) =) H.X".
d=0 d=1 s=1

T heoremﬂl can be rewritten as

fem=— 3 3 HU DB 0y () ().

1<s<d BeN4)*
ey byj=d

Summing over d, we infer
G(Z,h) ==Y Hi(- E*)(Qy)® = —H(—)c,(E*).
1<s

Proposition [] can be rewritten as ¢,(E*) = ©;m*c;(E*,h). As for proposition
notice that

Z d+1i Z (_1)m(d//®b1a*)(@bza*)(ebga*) . (@bm_la*)(d/@bma*)
2
d=0 m=2 BeN, (Nx)
I(B)=m,|B|=d
’i —+o0 —+o0 +o0
_ by g1t b1 x bm 7 Qbm . * m—2
fft%(Z(ft) "0 a*) (Y (—t)'md'@'mar) > (1-6y)
b1=1 by=1 m=2
_ i d"0ud'e;
o 2 ®t
so that
I I T | i d"0,d'0,
Qtt<2ﬂdd (CH +a®t+2W7®t .

We are led to our main theorem

Theorem 2. Bott-Chern forms for the metric Euler sequence can be chosen to be

— 0,

é}(E, h) =-H (ta("')t + tl + t@t dld/, In® > (")t’]T*Ct(E*, h)

6. SOME SPECIAL CASES

6.1. On first parts of Bott-Chern forms. The high relative degree part of Bott-
Chern forms is easy to compute with our formulas. Half of the relative degree will
be indicated by an extra indices. Theorem [l reads

(Ciy1)a = —HaQ?
(Car1)a—1 = —Hao1 (QENQT! = (d—1)0,097?)
(Ci)a—s = —Haa(ch(E)Q = (d = 2)c) (B)020, 0"

+(d — 2)Q3,9%73 + W(9271)2Qd—4>.
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6.2. On first Bott-Chern forms. The propositions E andE give theorem EI an
intrinsic form. Alternatively, we may use theorem E Explicitly, we get up to
d’-exact and d”-exact forms,

a =0
& = —[Mia] - (0'a")

~ 2 * * * * 1 _x* 1 1 _%\2 2 %

G3 = —[Heo® + 7 c1(E* h)a] — [a+ 7 ci(E*, h)] (©'a*) — (5(@ a*)® — (0% ))

The terms in bracket are d’d”-closed.

6.3. For curves and surfaces. We now assume that the manifold X is a curve or
a surface. Only the high relative degree part will occur in theorem El Now, make
use of

Q = a+ (0%
Oy = ZLd'd"(ela*) +(0%*) + a(0'a*)
s
O3, = QLd’d"(@Qa*)+(@3a*)+a(®2a*)—|—%d”(@la*)d'(e)la*).
T Y3

Hence we proved that up to d’-exact and d”-exact forms Bott-Chern forms are
given on curves by

Camn = — [Hdad + Hd,lw*cl(E*,h)ad_l] — [ad_l] (©'a*)
and on surfaces by

Cay1 = — [Hdad + Hy_1m* e (E*, h)a?™ ! + Hy_om* o (B, h)ad_Q]

_ |:ad—1 + 7T*01(E*, h)ad_2 _ (d _ 2)ad—3 2Ld/d//(__)la* (®1a*)
v

- [a?72] (%(@%z*)z - (@2a*>) .

7. ON CHARACTERISTIC FORMS

7.1. From Segre forms to Chern forms. The geometric Segre forms are defined
fori € N by
si(E,h) := m (") € AY(X,C).
Consider the metric Euler exact sequence (X, h) twisted by Og(1)
0— O]P’(E) — T E* ® OE(1> — TIP(E)/X — 0

and its top Bott-Chern form ¢, (3(1), h). Notice that c;(Op(g)) = 1 for the induced
metric on Op(g) is the flat one. Degree considerations lead to the relation

(T E* @ Op(1),h) = —%d’d” (E.(2(1), ).

which in cohomology reduces to Grothendieck defining relation for Chern classes
of E. Now, for m € N set Sp41(E,h) := 7 (@™ (3(1), k) € Am™™(X). Define
the class Rp+1(E, h) € Am™(X) by

+o0 +o00 -1 +o00
Z tmRerl(Ev h) = (Z (_t>mcm(E7 h)) (Z therl(E’ h)) .

m=0 m=0 m=0
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For m > 1, using the projection formula, we infer

Z cp(E*, h)s,(E, h)

ptg=m
p,qgEN

= m Z cp(T*E* h)a" | =7, Z cp(T*E* h)a" 1t

pt+g=m p+qg=m
p,q€N p,q€L

= m (o™ D (@B h)at | =m (0" e (nE* @ Op(1),h))

pts=r
p,sEL

_ —2Ld’d”7r* (@™ 16.(3(1), h)) -
™

From the previous equation, we infer that the Chern forms of (F, h) are related to
the geometric Segre forms s’ by

(Jrf( ) Cp E h ) (Z tq > =1- dld” +§ thm+1(E h)

p=0 m=0
that is
(7.1)
“+o0 - “+oo i
_\m — m ’ v g g
<mz_o( t) cm(E,h)> 1+mZ:1t (sm(E,h)+27rdd Rm(ﬂh)).

The striking fact is that despite the appearance of the non-closed forms ©9%a* in
the expression of ¢,.(X(1), k) the forms R are d'd”-closed.

Proposition 6. The forms R are d'd”-closed or equivalently the Chern forms are
related to the geometric Segre forms s’ by

Cﬁ)cmE* )(Ztm’ Eh)

Proof. We first compute the Segre forms.

e A ENC RSP

- <T—in+m>(_) /Qr 1%

Pr—

_ r—1+m (—1)™ i Q’l‘flajlailajZG‘iQ C Gy, Qi

- m Ciyj1 Ciaga Cirmim |a|2m
I,Je(Ny)™ pr-1

For parity reasons, the integral of non real terms vanishes. We may hence restrict
to I = J as sets with multiplicities. That is there exists a permutation o € ¥,, such
that for each A, jx = is(n). One term may be gotten from different permutations
if some 4\ equals some i, for A # p. As in the case of partitions, we define
the height h(I) of a sequence of numbers I to be the sequence of cardinals of
subsets of identical entries. The term aj,@;, 04,0, - - - a;,.@;, can be written as
iy 1y Ty Wiy ) Wiy *+* Wiy, @,y TOr A(T)!-different permutations. We will make use of
the formula

/ |a1|2m1|a2|2’m2 . |ar|2'ﬂw QT'—I _ (T _ 1)'Hmz'
pro1 |a|2m™ (r—1+m)!
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where m; € N are such that Y m; = m. Back to our computations, we get

B = (T‘}jm) SDVDY

IE(N,)™ €S,

SRS Qs A
1185 (1) “i200(2) tmio(m) h,( ) ‘Cl|2m
pr—1
= Z Z C’leo(l)cz2lo(2) Ci?nio-(m)'
ml IE(N,)™ 0€S,,

For a finite sequence N in N(N+) of non negative integers, a permutation ¢ in %,,
will be said to be of shape 1712”2 ... m™ (3" pn, = m) if it can be written as the
product of n, cycles of length p with disjoint support. There are W permu-
tations of shape 1™"12"2 ... m™m in 3, and each will give the same contribution in
the sum after having computed ), N,y For p € N, consider the closed forms on
X given by

9;0 = TT’aCe(@(E h)®p Z CiriaCigiz " " Cipiy -
Ie(N,)r

We now consider the total Segre form.

dimX
D t"s(B ) = Zt’” C > I %rgs
meN NendimX  p=1 p-P

3 pnp=m
_ Z d'ﬁX< ) dﬁXeXp <tp9 )
NeNdimX p=1

Noticing that the signature of a permutation of shape 112"2 .. . m™m ig (—1)ZP ”P(pﬂ),
we also get

Sotmen (B ) =Y dﬁx ( >n % = dﬁx exp (%) :

meN NeNdimX p=1 p p=1

7.2. Computation of the class S. We now aim at finding expressions for the
class S in terms of the geometric Segre forms s’

sm(B,h) = me(a771HT) = (T o m) . ((-0'a") ).

We will need as auxiliary tools the forms on X defined by
SIC)(E, h) _ 71_*((_1)17(@ba*)oérfbkc) _ ( > 7T*((—l)b(@ba*)(—@la*)cﬁrfl),

Integral computations of m, similar to the previous one lead to

( 1)b+c

r—1+c
r—1

b _
sc(B,h) = E: § : Cirig(r) Cizig(a) """ Cicio(e) Cletiha Chaks "7 Chpig(eta)
(r+c¢)e! ~
1enett o€Xct
Ker 1

The number of permutations in ¥.41 of shape 1"12"2 ... (¢4 1)™+1 for which ¢+ 1

is in a cycle of length ¢ is PR *1)0'.1_[ T . The contribution of such a cycle
P#q »!
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is (—=1)970=19,,4_; for we plug in ©%a* instead of ©'a*. Forward,

elBoh) = (ric) 2.2 9”1(_q>nq n—l'H< ) nip'

NendimX g/n,>1 P#q
anp_:,+1

Changing the order of the summations over ¢ and N and then summing over c,
dimX dimX

Z tq+b 19 b1 H exp (tpe >
dimX
(Z t"s! (B, h)) R

meN q=b

Z t'¢(r 4 ¢)s2(E, h)
ceN

which shows in particular that the forms s%(E, h) are explicitly computable from
the geometric Segre forms only and that they are closed.

b - ray byt
Define H,, to be ;Hz(z)(z) .
Theorem 3. The secondary form S is given by
Sme1(E,h) = — > HIT{TCca(E*, h)sh(E, h)
a+b+t+c=m

Proof. For degree reason, S,, = 0 for m > dimX + 1. It follows from the relation

.
cp(E®@ L hp®hr) = Z < j> (L, h)'ej (B, hg)
ivg=p P 7 J
for every holomorphic hermitian vector bundle (E, hg) and every holomorphic her-
mitian line bundle (L, hz) and from the transgression techniques of [G-S-g] (The-
orem 1.2.2) that ¢.(X(1),h) is equal to > a’ci(B,h) = 32, -, a'¢j. Recall
that for j > r, ¢; = 0.
Smi1(E.h) = m (a6 (B(1),h) = > m(a')

i+j=r+m

> (ifgc) 7 ((6)r-1-i2(=0'a"))

i+ct+j=r+m

i+j=r

where we used the relation o =  — ©'a* valid on the whole fiber 7= (x).

Terms of full relative degree are simpler to compute than the whole Bott-Chern
forms. The proposition below is a weak form of theorem m whose full strength is
hence not needed for arithmetic applications.

Proposition 7. On the fiber of m over xy,
. ~1\ ' (r-1-d
(o) f 0 = —H, <T ) (T + f) Z o (E*)(—1)(0Pa*)r 1.
f f o
Proof. Starting from

d .
(I)dJrl(U) = Z Z /\ (szz,,(m 1 - u)%dzim A dzig(m)>
1

2<i1<ip<-<ig<r c€34 m=
and
r—1—f i
—1— 3
Q- = (r—1- f) Z /\ %dzaj NdZg,

A=(a1<a2<-<ar_1_yf) J=1
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we infer (with I = JU A€ and o = 0’0”)
(a1 (u)) s
= (lfu)f(rfl—f)! Z /\ dzaJAdza

[Al=r—1—f
t i
’ " —
E E e(a’) /\ Clmiorm E0) /\ %dzbk Ndz,,,
2<J1<i2<-<ig—f<r o'e€T4_y 1<m<d—f k=1
JCA ”EEf AC=(by <bg<- <bf)
Qr— 1
/
= w1 N Y > >, @) N o
A 2<11<12< <Jd fSro'€Xa—y 1<m<d—f

— (- (7'_(1_ Mot S S dere)

|J|=d—f I4l=r=1-7
_ (1_U)f(r_(rl__1'§'!)!f!QT1 (r—l}d—i—f) ().
This leads to

-1
o () (15

at the point (zg, [a§]). To get an expression valid on the whole fiber, we refer to
proposition @ OJ

Back to the computation of Sp,41, witha+b=(j—-1)—(r—1—4)=i+j—r,
S’m-‘rl(E:h)

r—1\"/r—1—a—b t+c * byb . x 1, x\cor—1
0<;1HT—1_i< i ) ( r—1—i )( c )Ca(Evh)W*((l)@a(@a)Q )

atbte=m
r—1l—a—b .
= r_l_a_b) (T_1—2+C) * by 1 _x\cor—1
B Z Hs (r—D!r—1—i—a-b)! ca(E* )m, ((-1)"6%a" (-©'a") Q™)
a+b+c=m i=1
r—l—a—

b
Z Z H, (r=1—a-=-bl(r—14+c—1)! ca(E*, 0)$2(E, B)

o = r—l—a—b—z)(r—l—i—c)

a+b+c=m =1

ending the proof of theorem E O

8. SOME ARITHMETIC APPLICATIONS

8.1. On arithmetic characteristic classes. We complete the scheme proposed
by Elkik ([[E, see also [G-S-]) for the construction of the arithmetic characteristic
classes assuming known the construction of the arithmetic first Chern class and the
push forward operation in arithmetic Chow groups.

Let K be a number field, Ok its ring of integers and S := spec(O). Consider
an arithmetic variety X on S (i.e. a flat regular projective scheme y over S together
with the collection of schemes xc = [[,.;c..c Xo) and an arithmetic vector bundle E
of rank r on it (i.e. an locally free sheaf of O,-modules together with the collection
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of corresponding vector bundles on x¢(C) endowed with a hermitian metric). Write
X for the smooth variety xc(C) and (E, h) for the induced hermitian vector bundle
on X. All the objects we will consider on X are required to be invariant under the
conjugaison given by the real structure of X. The notation AP?(X) is now used for
the subspace of conjugaison invariant forms. We will denote by D(X) the space of
(conjugaison invariant) currents on X and by 25(X ) its quotient by Imd' + I'md".

We collect some basic facts we will need on arithmetic intersection theory (see [[G-S-1]
for properties of the arithmetic Chow groups and [G-S-J] for the construction of
the arithmetic Chern classes). The arithmetic Chow groups are defined to be the
quotient by the subgroup generated by arithmetic principal cycles and pairs of the
form (0,0u + dv) of the free Abelian group on pairs (Z, gz) of an algebraic cycle
Z C x and a Green current gz € D(X) for Z(C) defined by the requirement that
dz(c) +dd°gz be the current associated with a smooth form in A(X). The notation
dz(c) is used for the current of integration along Z(C). There are natural maps

a : APLPTUX) = CH (X) w : CH(X) —  APP(X)
n = [(0,n)] [(Z,92)] + Oz +ddgz
The push-forward map on arithmetic Chow groups is defined component-wise.

Hence, am, = 7,a. The product in C/‘E*(X) is defined by the formula : [(Y,gy)] -
[(Z,92)] = (Y N Z, gy * gz)] where the star product is given by

gy *9z = gv Aoz +w(((Y,9v)]) A gz € D(X).
Hence, for r € C/‘E*(X), r-a(n) = a(w(r) An).
As for the arithmetic Chern classes, they have the following properties :
e For every arithmetic vector bundle E on X, w(&(E)) = ¢i(E, h).
e For every exact sequence (S) = (0 - S — E — Q — 0) of arithmetic vector
bundles on X,
(8.1) a(E) - a(9)a(Q) = —a(te(S(C), h))

e For every arithmetic line bundle L and every arithmetic vector bundle £ of
rank r on X,

(8.2) GE0D =Y GEGT)N.

‘We now explain the construction of the arithmetic characteristic classes. Use first
the usual hermitian theory on X to define in A%¢(X) the following characteristic
forms

e the Segre forms s)(E,h) := 7, (0(Op(1),h)"~114),

e the Chern forms cq(E, h) := trace(AO(E, h))

e and the forms 0, := trace(0(E, h)®?).

Define the generalized Segre forms s%(FE, h) € AbTeb+e(X) by

too dimX
D+ )sU(E, ) = sy (B, k) Y 196,
c=0 q=b

Consider the (secondary) characteristic forms Sy, +1(F, h) and Ry, 41 (E, h) in A™™(X)
given by the relations

Smri(B,h) = — 3 HITHC o (E*,h)sY(E,h)
a+b+c=m
Rt(Eah) = 82<Eah)5t(Evh)
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where S;(E,h) = S #™S,, 11 (E,h) and Ry(E, h) = S5, " Ryp1(E, h). Our
previous computations ensure that the class of Sy, +1(E,h) in A™™(X) is
(8.3) Smt1(E, h) = (¢ (5(1), h)O(0Op(1), h)™).
Define the m-th geometric Segre class of E to be
siu(B) 1= 7 (GL(O5(1) ™)

m

in the arithmetic Chow group CH (X) of X. Its m-th arithmetic Segre class

Sm(E,h) is defined as the class in CH (X) obtained by adding in the definition
of the m-th geometric Segre class an extra term computed precisely thanks to the
previous top Bott-Chern form :

Sm(E) = s (E) + a(Rm(E, h)).

Comparing with the arithmetic Chern class polynomial of E* as defined in ]
we get

Theorem 4. In the arithmetic Chow group of X
G(E%) - 5(E) =L
Proof. This is in fact a precise form of formula (1) in the arithmetic setting. For
the twisted arithmetic Euler sequence (1),
0— OP(E) — T E*® 05(1) — pE)x — 0
formulas (B.2) and (B-1]) read

Y G ENE05(1) = & E ©O0g(1))
pt+q=r
= (01 (Tom x) — alE(S(1), h))

= 70’(57'(2(1)7 h))

By push-forward 7, to the Chow group of X, using the previously recalled facts
and formula (8.3), this leads to

G(E) - si(E) = 1 — a(tSy(E, h))

that is
G(E*) - 51(E) =1 — a(tSy (B, h)) + &(E*) - a(tRy(E, h)).
But
G(E*) - a(Ry(E, b)) = a(w(G(E*))Re(E, h)) = a(c(B*, h)Ry(E, h)) = a(S(E, h))
thanks to proposition E O

This provides an alternative definition of the arithmetic Chern classes and hence of
all the arithmetic characteristic classes without using the splitting principle. This
point of view is closer to that of Fulton [F].

8.2. On the height of P(E). For any vector bundle F of rank r on a smooth
complex compact analytic manifold X of dimension n, we define the analytic height
of P(E) & X by

hoE(l)(]P’(E)):/ c1(Op(1))"
P(E)
It follows from Fubini theorem that

how ) (B(E)) = /X 7 (e1(Op(1)™ 1) = / S ().

X
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According to Hartshorne, the ampleness of E — X is defined to be the ampleness
of Op(1) — P(F) hence implies the positivity of the analytic height of P(E) from
its very definition.

In the arithmetic setting, for an arithmetic vector bundle E of rank r over an

arithmetic variety X 4, § of relative dimension n over S , we define the arithmetic
T

height of P(E) > X with respect to Oz(1) by
E(DE(I)(P(E)) = degfﬁr\* (a(oﬁ(l))dimﬂv(ﬁ))

— 1 1
where deg : CH (S) — CH (Z) — R the last map sending (0, \) to A/2 ( see [Bo-G-9]).
From the definition of the arithmetic Segre class, we infer

~ — —— — 1
hOE(l)(P(E)> =degfi8'n+1 = degfisnt1 — B /X Ry

The complex cohomological term —% / + ny1 is computed thanks to theorem E
For example,

r—1 r—1
R1 = Sl = —ZHZSG(E,h) = —ZHz
i=1 =1

r—1
1
Ry = &S So=—(1+- i | SY(E,h
2 §101 + 02 <+T><;H>31(7)
I k 2 S (E,h) = 1 ’(E h)
n rank 2, m+1 (L, —m+15m )
1
Rpi1(Eh) == Y qHs;,(E,h)s;(E,h)
pt+g=m
1 3m+5
I k me1(E,h) = — E* h)s Eh)— ——5 (E,h
1 ran 37 S +1( ) ) m—|—101( ’ )Sm—l( ) ) (m+1)(m+2)5771( ) )
2m + 3

= L (B B)s i (B h) — s (B, B)) —

!/
E h).
—— (B, 1)

(m+1)(m+2) ™

According to Zhang, a line bundle L — X is said to be ample if L —  is ample,
(L,h) — X is semi-positive and for every large enough n there exists a Z-basis of
I'(x, L®™) made of sections of sup norm less than 1 on X. This implies that the
leading coefficient of the Hilbert function of L is positive ([ZH], lemma 5.3) which
in turn implies the positivity of the arithmetic dimX-fold intersection of ¢; (L) is
positive ([G-S-3]). Hence, the ampleness of E that we define to be the ampleness of

the associated line bundle Oz(1) — P(F) implies the positivity of the arithmetic
height of P(E).

Note however that it does not imply the positivity of the secondary term —% / < Rns1
as it can be checked with Fulton-Lazarsfeld characterization of numerically positive
polynomials on ample vector bundles [] : the numerically positive polynomials
in Chern classes are non-zero polynomials having non-negative coefficients in the
basis of Schur polynomials in Chern polynomials. By Jacobi-Trudi formula, this
basis is also the basis of Schur polynomials in Segre classes. For r = 3, n = 3 the
third coefficient of f%R4 in the degree 3 part of the basis of Schur polynomials in

ene (o o o ;o3 ’ ot Y oie 1
Segre classes (s3, 5155 — 83,53 — 28155 + 83) is —5.
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