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Removability of singularities of harmonic maps
into pseudo-Riemannian manifolds

Frédéric Hélein

May 14, 2003

Abstract — We consider harmonic maps into pseudo-Riemannian man-
ifolds.  We show the removability of isolated singularities for continuous
maps, i.e. that any continuous map from an open subset of R™ into a pseudo-
Riemannian manifold which is two times continuously differentiable and har-
monic everywhere outside an isolated point is actually smooth harmonic ev-
erywhere.

Introduction

Given n € N* and two nonnegative integers p and ¢ such that p+ ¢ =n, a
pseudo-Riemannian manifold (A, h) of dimension n and of signature (p, q)
is a smooth n-dimensional manifold N equipped with a pseudo-Riemannian
metric h, i.e.a section of T*N @ T*N (where ® is the symmetrised tensor
product), such that VM € N, hy, is a non degenerate bilinear form of sig-
nature (p,q). Any local chart ¢ : N D U — V C R™ allows us to use local
We say that (N, h) is of class C* if and only if h;; is C*. We define the
Christoffel symbol by

coordinates (y',---,y") € V: we then denote by hy;(y) := hy-1y) <

i ooy Lyag o (O Ohji v Ohjk
Li(y) = 51" (y) ( oy (y) + o () oy (y)),



where, as a matrix, (h%) is the inverse of (h;;). Then for any open subset €
of R™ and for any C? map u from € to N, if we note

1 1
U Ly

U~ pou= and L'y, = :
n n

and if we set Au = 3" 2 and T(u)(Vu® Vi) = 327 Tjp(u) 22 ouk

a=1 (9z%)2 Oz 9z’
we say that u is harmonic into (N, h) if and only if

Au+T'(u)(Vu ® Vu) = 0. (1)
Equivalentely we may say that w is a critical point of

moon o
ou' o |

Rl codr™.
p o0x® 0z v

A= | hisfu(o)

The purpose of this paper is to prove the following result.

Theorem 1 Let (N, h) be a pseudo-Riemannian manifold of class C*, 2 an
open subset of R™, where m > 2, a € Q and u a map from Q to N such that

® U 1S continuous
e u is C* and harmonic on Q\ {a}
Then u is C* and harmonic on ).

Such a result would be a consequence of standard results if the map u had
a finite energy and if (N, h) was Riemannian: indeed one could prove then
that u is weakly harmonic (because the capacity of a point vanishes) and
obtain the same conclusion by using the continuity of u, thanks to results
in [§] and [[] (with present form due to S. Hildebrandt). In dimension 2
the same finite energy and Riemannian target hypotheses lead to the same
conclusion but without using the fact that u is continuous as proved in [g].
However the difficulty here comes from the fact that the target manifold is
pseudo-Riemannian. In particular even if we would assume that the map u
had a finite energy, it would not help much.



This result answers a question posed by F. Pedit. It is related to the con-
struction of spectral curves associated to any torus in the sphere S*, a work
in progress by F. Burstall, D. Ferus, K. Leschke, F. Pedit and U. Pinkall (see
[B] for an exposition of these ideas). Using Theorem [[ these authors are able
to prove various results about Willmore surfaces (recall that the right notion
of Gauss maps for Willmore surfaces is the conformal Gauss map which takes
values into a pseudo-Riemannian homogeneous manifold, see e.g. [fl], [H or

BD)-

Comments on the proof: our proof is based on applications of the maximum
principle. The strategy consists roughly on the following: on the one hand
we construct a smooth harmonic map which agrees with the initial one on
the boundary of a small ball centered at the singularity, on the other hand
we prove a uniqueness theorem for harmonic maps which takes values in a
neighbourhood of a point. The uniqueness result follows from the maximum
principle Theorem [ which is inspired by [d] (see also [H]). This reduces
the uniqueness problem to an estimate on solutions of elliptic linear PDE’s
on a punctured domain, given in Lemma [, the result where we exploit the
fact that the capacity of a point vanishes. The existence result is obtained
through a fixed point argument in Holder spaces in Theorem . However in
this result we need a uniform estimate in the Holder topology of the inital
harmonic map. This is the subject of our key result, Theorem J, where the
uniform Holder continuity is established by using the maximum principle. In
the course of this paper we give the proof of more or less standard results for
the convenience of the reader: Lemmal [[ is classical in Riemannian geometry,
Lemmas f] and [ are certainly well-known to specialists but I did not find
proofs of them in the litterature.

1 Preliminaries

1.1 An adaptated coordinates system

Lemma 1 Let (N, h) be a pseudo-Riemannian manifold of class C*. Let M
be a point in N, U be an open subset of N' which contains My and ¢ : U —
W C R" a local C? chart. Then there exists an open neighbourhood Uy C U
of My with the following property (denoting by Wy := (Uy) ): YM € Uy there
exists a smooth diffeomorphism @y, : Wy — Vi C R™ such that in the local



coordinates y ~ ¢ := ®p 01 € Vi,

$(M) =0, (2)
hlj(O) :771']' = dmg(l,-~~,1,—1,-~-,—1), (3)
I5:(0) =0, (4)
and there exists constants Cy, Cr > 0 independent of M € Uy such that
VM € U, ([0l + 14037 1) < o (5)
and
||dF||LOC(VZ\/I) <Cr. (6)

Proof — We denote by z = (2!, -+, 2") € W the coordinates in the local chart
Y : U — W and by h;(2) = hy-1(2) (%, %) the expression of the metric.

We look at a neighbourhood Wy of ¥ (M) such that for all M € ~1(W,)
there exists a map ®j; : Wy — R™ such that, denoting by 2y := (M),

n i i i,i o Lpi
Vy e R Vz e Wy, y=Dp(z) = z—wM:Aﬂ%+§jw@ﬂ
for some invertible matrix A = (A4%) € GL(n,R) and real coefficients B,
satisfying B, = Bj;. This map is well-defined if we choose Wy to be a
sufficiently small neighbourhood of z),. Let us compute the expression h;;(y)
of the metric in the coordinates y* ~ T}, o ¢ in terms of h;;(z):

~ 0200z ~ : : ; ;
hi(y) = hij(z(y))ayk o hij(2(y)) (Ay + Biy®) (Al + Bly?) -

lg

In order to achieve (f) it suffices to choose Aj: such that Tzij(zM)A};A{ = N
(requiring also that A is symmetric and positive definite ensures uniqueness).
Next we compute that:

Ohw ., Oh
oyP (0) = 0

Y (en) AL ALAT + hij(zar) (B, Al + ALB]) Yk, Lp.

z

;o : i il ok Ohj Oy
And we deduce I'j; in function of I'}, := Thit (%’% + o — Wﬂ’“) at 0:

034(0) = 1" (Fon(a T, (oa) ALAT AL+ Ty AT
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Since A} and %pq(zM) are of rank m and thanks to the relation f{fs = f{:,, we
deduce that there exist unique coefficients B;E satisfying Bi;’f = Bj,; such that
(B) holds. Since ®); depends analytically on hy;(za) and I (2)), Condition
(B) is obtained by choosing Wy sufficiently small. Then (f]) is a consequence

of (F). |

1.2 Notations

In the next two sections we will use spaces of Holder continuous functions
and of functions with higher derivatives which are Holder continuous. We
first recall some notations and results from [J]. For any point x € R™ or

y € R™ we note |z := (/> " (a#)? and |y| := /> 1, (¥")%

p=1 =

For any a € (0,1) and for all open subset  C R™, we define C%*(Q) to be
the set of functions f on €2 which are a-Holder continuous on €2, i.e.such

that
|f(z) = f(y)]

for all compact K C €, sup = < 0.
z,yeK,x#y |'T - y|

For k € N, we let C**(Q) to be the set of C* functions f on 2 such that
DFf € CO(Q). Here Vi = (1, -+, i) € N™ we write |u| := pg + -+ + fim
and o
DFf .= < - / — ) .
(al‘ )Ml . e (83’/‘ )Nm “1,~~~7um€N,|#|:k}

We also will use the notation

DAfl= )

w1y um €N, |pul=k

For z,y € Q, we denote by d, := dist(x,09) and d,, := min(d,,d,) and if
€(0,1), BeR, k€N, we set

oF f
(@) -~ (D yim |

zeN
k
B8 B
[ulf = el =D [l
j=1
k k
) B+k+a|D u(z) — D"u(y)|
Uy b = sup dy
[ ]k, Q o cQ) Y |$_y|o¢



We also define
C) o = {u e Q) /|ul{’) 4 < oo}.

For all a € R™, r € (0, 00) we note:
B™(a,r) :={zx € R"/|z —a| < r}.

We denote by wy, the measure of the unit ball B™(0,1). We will use the
following, which is a consequence of Lemma 6.20, Lemma 6.21 and Theorem
6.22 in [{]:

Lemma 2 Let o, 3 € (0,1) and Q be a smooth C* open domain of R™. Then
there exists a constant C' > O whzch depends only onn,  and a such that for
all f € C%*(Q) such that ]f]o " Q < 00, there exists a unique map u € C>*(£2)

which is solution of

Au = [ onQ

u = 0 ondf.
Moreover 36 > 0 such that u satifies the estimate

|u|2a§2 S 5‘f|0aﬂ

We also recall that the interpolation result Lemma 6.35 in [B] implies the
following: if j,k € N, o, 3 € (0,1), v € R then

jta<k+pf = |uy <C’|u|kﬂ9, (7)

7,058

where C is a positive constant which depends only on «, (3, 7, k, n.

2 Holder continuity of the map around «

In this section we prove that any map satisfying the hypotheses of Theorem
[ is uniformly Holder continuous in a neighbourhood of a.

Theorem 2 Let (N, h) be a pseudo-Riemannian manifold of class C*, 2 an
open subset of R™, a a point in Q and w a continuous map from Q to N
which is C* and harmonic on Q \ {a}. Then there exists o € (0,1) and an
open ball B™(a, Ry) C Q such that u is in C**(B™(a, Ry)) and |u|oa:pm(0,R)
15 bounded.



Proof — We apply Lemma [[| with My = u(a). Let Uy be the open neigh-
bourhood of u(a) and ¢ : Uy — Wy be the local chart as in Lemma []. We

can assume w.l.g. that Q is the ball B™(a,2R), where, since u is continuous,
R € (0,00) can been chosen in such a way that u(B™(a,2R)) C U.

For any o € B™(a,2R), let @y 09 @ Uy — Vi) be the local chart
centered at u(zg) given by Lemma [ll. Tt follows from ({) and (f) that in the
coordinate system given by @, o ¥,

vy € vu(xo)aV§ € Rm? ’F]k‘<y>§]§k‘ < CF|y||§|27 (8)

where CT is the same constant as in (f]). We observe that, by replacing R by
a smaller number if necessary and because of the continuity of v and of ([),
we can suppose that

m . 1 1
VZL',JT() €B (a, 2R), }q)u(xo) o) ’l/) e} U(ZL‘)‘ S inf (ﬁ’ Z) . (9)

We now fix some zy € B™(a, R) and set
U= Dy 0P ou.
We also let, for r € (0, R],

[ullrao = [|ullLoeBm@ory) == sup  [u(z)],
x€B™(xzq,r)

and

A:=2Cr sup |u(x)].

x€B™(a,2R)

Note that, because of the inclusion B™(x, R) C B™(a,2R) and of (),
2CFHuHR,JL“0 < A < 1. (10)

For any v € S" ! C R" we consider the following functions on Vu(zo) C R"
(which contains u(B™(zo, R))):

e = e+ A p ) = ) -2



Using ([) and (§) we find that on B™(xq, R) \ {a},

—A(fi(u) = —(v,Au) —IA <M>

2
= (1, D(u)(Vu ® V) — N Vul? + Mu, D(u)(Vu ® Vu))
< —AVul? + Cr ([Vul? + Aul [Vul?) Jul.

Since ||ul|lrw, < § by (@) and because of ([d) we have Au(z)| < §, Vo €

B™(zg, R). So

5)
- A00) = (Frlullng < 3) 962 <0, on Ba R\ () (1)
Similarly
—A(f-(uw) =20, on B™(x, R) \ {a} (12)
Now fix r € (0, R] such that r # |z¢| and define D, as follows
o if |zg| < r, for any € € [0,r — |xo|), D- := B™(a,&) C B"™(xo,7)
e if |zg| > r, we assume that e = 0 and set D. = Dy := 0.

And we let uS and u be the maps from B™(zg,7) \ D. to Vi) which are
the solutions of respectively

u 2

L )\HH% on 0D,

ui = [+ (u) on OB™(xo,1)
—Aug = 0 on B™(xo,r) \ D.,

. ull% .
ut = —||ul|re, —A—5" on dD,
us = f-(u) on OB™(xo,7)

—Aus = 0 on B™(xg,r) \ De.

Since —
u, > fi(u) on 9 (B™ (o, r)_\Da)
—Aus =0 > —Afi(u) on B"™(zy,r)\ D,

the maximum principle implies that
ui > fi(u)  on B™(zg,r)\ D..

Now we fix an arbitrary compact K C B™(xg, )\ {a}. Then for ¢ sufficiently
small we have
ul > fy(u) on K.

8



We let € goes to 0: since {a} has a vanishing capacity, the restriction of u5
to K converges in L'(K) to us := uf (apply Lemma [ to ¢. := v — uy).

Hence
uy > fi(u) on K.

Since u and u, are continuous on B™(xg,r) and since K is arbitrary we

deduce that

fi(u) <uy on B™(xg,r).
Similarly we get

u- < f_(u) on B™(xg,r).
We deduce from ([J) and ([4) that for any v € S™

|ul?
<
P WA o B™(xo, 1)
(vou) + A% < uy
and thus
ul* _ Juf? m
u- < u_ + A —— 5 <V,U>SU+—)\7SU+, on B™(xg, 7).

Hence if we let v : B™(x0,7) — Vi) be the solution of

v = u ondB™(xg,r)
—Av = 0 on B"(xg,7),
and @ : B™(xg,r) — R be the solution of
Q = g on OB™(xq,r)
—AQ = 0 on B™(xg,7),

Then, since actually ux = (v,v) + A\Q, ([[3) implies that
Vv e St |(vu) — (v,v)] < AQ,  on B™(zg,7).

(13)

(14)

Hence since v is arbitrary and using the maximum principle for ) we obtain

lu — v <)\Q<)\|| HWO on B™(xg, ).

This implies in particular that, since u(xo) =0,

g < Al

(16)

(17)



Moreover since v is harmonic, for all € B™(x¢, 5) we have (observing that
B™(x, %) C B™(x0,7))

ov 2m ov 2m
—(z) = —~ — = —~ v, ds,
8[)’)“ wWmT Bm(‘r’%) aI’M wWmT 8Bm(x,%)

where v is the exterior normal vector to the boundary. Hence Vo € B™ (z, 5),

»

oz

()| < 2

2 2
< — sup Jof <= sup [v] < —|[ullra,
T oBm(z,5) T Bm(z0,r) r

where we used the maximum principle for v. Hence we deduce that

|z — 20|

Va € B™(xo, g), lv(z) — v(zo)| < 2|[ul]rq (18)
And from ([[]) and ([[§) we get
YV € B™ (2o, g), ()] < 2]y E= 20l )\Hulf’””“. (19)
Using this inequality together with ([[d) we obtain that
Vo € B0, D), fu(a)] < 2Alullo il £ Al (20)

2

We now choose any p € (0, 5] and take the supremum of the left hand side
of (RQ) over B™(xq, p). It gives
7,20 "

r p
vr € (0, R],p € (0,5],  lullpzo < 2lullrao~ + Allull; (21)

For k € N let rj, := R4~ and apply (1)) for r = r, and p = ryq1:

[lullr,
[l 20 < T35+ Mull7, -
This implies, denoting by ay := A||u||r, 2, that
a
a1 < 3’“ + a2 (22)

We observe that, because of its definition, a; is a positive decreasing sequence
and, as a consequence of () and ([[T),

1
ax < Nlullay < 7. (23)

10



We now let f : R — R be the function defined by f(¢) = ¢°—% and consider
the smooth function ¢ : [0,00) — R which is a solution of

{¢(§<;05) = Qo
E = f(¢):¢2—§

on [0,00).

Lemma 3 Let (ai),cy be a decreasing sequence in [0, 1] which satifies (£3)

1
and ¢ be defined as above. Then Vk € N,

ar < ¢(k). (24)

Proof of the Lemma — We show (B4) by induction. This inequality is obvi-

ously true for k£ = 0. Let us assume that (B4) is true for some value k € N.

We first observe that, since f(0) =0 and f <0 on [0, 3], 0 < ag < § implies
that

Vi€ [0,00), 0<o(t)<

A~ =

Hence

e the fact that f < 0 on (0, ;] implies that ¢ is decreasing on [0, c0)

e the fact that f is decreasing on [0, 1] implies that f o ¢ is increasing on

0, 00).
Thus
Vt € [k 00), fod(t) = foo(k).
And hence
K+l
¢k +1) - (k) = ¢(t) di
Tk
_ / Foo(t)dt
o
> [ reotkar=roolk)
Thus I
S(k+1) 2 6(k) + F(o(k) = 22 4 (a2
Now since (B4) is true for k, i.e.ar < ¢(k), we deduce that
an =% a2 < MW g2 < ok 4 1),

11



Back to the proof of Theorem [} — An easy quadrature shows that ¢(t) =

a s
e T T Ty Hence Lemma [ implies

a
ar < o(k) < 1_—02%6_’“/2

. —k/2 .
and since 0 < q¢ < i, we deduce that a; < %, ie.

1
lullpieay < o€ Yk €N, (25)

We now choose any r € (0, R]. Then 3!k € N such that ;& < r < 4. Then

on the one hand r < 4% implies
[
[ellrao < [[llgaba < 5ye
R
by (BH). On the other hand = < r < k > llc;ggl — 1 implies
RIS (1>@
2\ 20 \R '

Hence we deduce that
el/2 ( r ) TTosd
22 \R '

We conclude that, since A is independent of xg, u is uniformly Holder con-
tinuous on B™(a, R). |

\V/T‘ & (O, R], ||u||7“,:c() S

3 Existence of a smooth solution around a

We start with the following (classical) preliminary.

Lemma 4 Let Q be an open subset of R™ whose boundary is C?>. Let ¢ €
Co(9Q) and f be the solution of

—-Af = 0, onQ
f ¢, on 0S.

Then f is C** on Q) and
Mot + Uit + st < Cilloasons (26)

where C is a positive constant which depends only on ).

12



Remark — We do not have an estimate on | f|é_aag2 Indeed this quantity is

in general infinite because | f] (()Ba& = Sup,cq d,“|f(z)| cannot be finite unless
the trace of f on 0 vanishes. However the maximum principle and (@)
imply the following:

diam® *
1< (1 ¢ (2) ) olnnon @)

Proof — First step : §2 is a half space — We assume that Q = R} = {x =
(7,t)/Z € R™1 ¢t € (0,00)}. We use Proposition 7 and Lemma 4 in Chapter
V of [[0]: there exists a constant Cjj > 0 such that

sup |Df(Z,t)| < Cot ¥ @lo.amm—1, V(T t) € R (28)

FeRm—1

Moreover using the fact that D f is harmonic, Vo € R} we have if p :=t/2,

oD Ff 1 / oD f 1 /
€T) = d — D 14 ds 9
it ) Ryl A (y)dy S f(W)v.ds(y)

) Oz Wy ™

which implies by (28)
oDf
(z)

oz

1

W P

—1+a
m t —« —24a
< ;C(I)W‘O,a;ﬂw‘l (5) = 2? mC(/)|¢’0,a;Rm‘lt e

/ Df(y)lds(y)
OB™(z,p)

Hence we obtain that there exists a constant Cf such that

sup [D2F(7,1)] < Clloloamn it 2%, W@t €RT.  (29)

FeRm—1
A similar reasonning starting from (£9) leads to
sup |D3f<f7 t)| S O(/)//|¢|O,Q;R”L*1t_3+a7 \V/(f, t) € RT7 (3O>
FeRm—1
for some constant C{’ > 0.
Now using (R§) and (B9) we can estimate [f]g_aan)w as follows: if x = (&,t)
and y = (v, s) are in R let d := inf(¢,s). Then if |z — y| < 2d we have by
(228))
Df T)— Df Y —a
DI PIWL < up|p2(e. ) o = o

‘Z’ _y‘a T>d

Cy|Blo.amm-1d 2T (2d)~* = 2'CY | 0. arm—1d "

IN

IN

13



On the other hand if |z — y| > 2d we have by (Pg)
[Df(x) =Dfw)l _ [Df(@)|+[Df(y)|

’Q? - y’a QCld—H-(ia
< 0 dloib‘o,a;Rm—l 9—a _ 21*0406|¢|0’a;Rm_1 dt.

Thus taking into account both cases we find that [f] gjaO;%T < 2% sup(CY, CF)|Plo.amm-1-
An analog work with (P9) and (BQ) instead of () and (R9) leads to [ f]g_aaﬁT <
2172 sup(Cy, C)|blo.amm—1.-

The estimate for | f]éjaojﬂ)w follows from a slightly different argument. Again
let © = (Z,t) and y = (¥, s) be in R} and let d := inf(t,s). If | —y| < 2d
the same reasoning as above works using (2§) and gives

|f(x) = fy)]

|z —yl*

However if |z —y| > 2d, then we write |f(Z,t)— f(y,s)| < |f(Z,t)— f(Z,0)]+
|f(Z,0)—f(7,0)|+]|f(7,0)— f (7, s)| and estimate separately each term. Using
again (P§):

|f(fat) - f(fv O>|

< 2'7C5|Blo.amm—1- (31)

IN

[ 1ns@ i

0

t C/
/ C{)|¢|O,Q;Rm717_1+ad7 = —0|¢|0,Q;Rm71ta.
0 [0

IN

Similarly one gets

» - oy < Ca .
[£(G:8) = @.0)] < Mo agmm-15%

Lastly using |f(Z,0) — f(¥,0)| < |¢]o.a:zm-1|Z — ¥]|*, one concludes that
~ . Coa Cb o o _a
180~ FE < oz (L + Do )

!

C — -
< |Plo,a:rm-1 SUp <1, EO) (t“ 4+ s*+ |7 —9]Y) .

Assume for instance that s < t, so that d = s. Then by the Minkowski
inequality t* +s* =d*+ ((t —s)+d)* < d*+ (t — $)* +d* = 2d* + (t — 5)*.
Hence

tYp s | T— 7] < 2d%+(t—3) " +H|T—7]* < 2d°+2|z—y|* < (27 +2)|z—y|*.

14



And we thus get

/

1.0 = F7.8)) < @4 Dlolaazeswn (1D ) o=yt (32

So (BI) and (B3) implies the result on | f]é_aa%{il

Step 2 — estimate on an arbitrary domain — If ) is a domain with a smooth
C? boundary, then using local chart and a partition of unity one can construct
an extension g € C%*(Q) of ¢ € C>*(9Q) which satisfies
(—a) (—a) <
[9]0a9+ [9l1 ,a,Q+ [9]2a§2 119lo.a:00-
Then the harmonic extension of ¢ is f = g + h, where h is a function which
vanishes on 02 and which satisfies —Ah = Ag on ). Because of the previous

estimate on g, [Ag]((f;g) < C1]blo.a:00. Now Lemma P implies that |h|g_a

) \Ag|0 o Q Hence the estimate on f follows by summing the estimates on g
and h. [

Theorem 3 Let (N, h) be a pseudo-Riemannian manifold of class C*, Q2 an

open subset of R™, a € Q and u a continuous map from Q to N which is

C? and harmonic on Q\ {a}. Then there exists a € (0,1) and an open ball

B™(a, Ry) such that ¥r € (0, Ry), there exists a map u € C**(B™(a,r),N)N
C*>*(B™(a,r),N) which is a solution of

{ Au+T(u)(Vu®Vu) = 0 on B™(a,r) (33)

u = u ondB"(a,r).

Le.u is a harmonic map with values in N' which agrees with v on the bound-
ary of B™(a,r).

Proof — Again we start by applying Lemma [Il with My = u(a): it provides
us with a local chart ®,(,) o ¢ on N around u(a). We denote by y, h;; and
F;k respectively the coordinates, the metric and the Christoffel symbols in
this chart. In the following we make the identification u ~ ®,,) 0 ¥ o u, so
that we view u as a map from B™(a, R) to R" such that u(a) = 0 and the
majorations (f]) and (f]) hold.
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For every r € (0, R] we let v : B™(a,7) — R" be the harmonic extension of
u inside B™(a,r), i.e.

{Av = 0 on B™(a,r)

v = u ondB™(a,r). (34)

We first apply Theorem B which ensures us that the C>® norm of u in a neigh-
bourhood of u is bounded: 3a € (0,1), 3Ry € (0, R] such that |ulo.apm(a,r))
is finite. This allows us to use Lemma { in order to estimate v: we will use
the notations

[olcatt = 1olapriary YhEN, and |[ellar = [oli, + (1L + (o]t
and then (B6) and (R7) imply

Vre (0, R, [[v]lar < Coltfo.asn, (35)
where Co =C1 + 1 + C’lﬁa. We will denote by

A= sup |[[v]|as- (36)

TG(O,Rl]
Our purpose is to construct the extension u satisfying (BJ). By writing
U =v+uw,

it clearly relies on finding a map w € C**(B™(a,r),R") such that

—Aw = T'v+w)(Viv+w)®@V(v+w)) on B™(a,r) (37)
wo = 0 on 0B™(a,r).
Let us denote by Ck = Ck aBm(ar)- We Will construct w in 02 o by using

a fixed point argument We first observe that Lemma B can be rephrased
(and specialized by choosing = «) by saying that there exists a continuous

operator, denoted in the following by (—=A)~!, from C$% ) to C$.*) which to

Oar 2,a,r
eacthC(2

0.0 associates the unique solutlon NS el of

2ar

—A¢ = f on B™(a,r)
¢ = 0 ondB™(a,r).

16



We will denote by d the norm of (—A)~!. Hence w € ci is a solution of

(B7) if and only if

2a'r’

w=(=A)" (Cw+w)(V(+w) @ V(v +w))).

Note that v does not belong to C2 o (because in particular the trace of v on
0B™(a,r) does not vanish). However estimates (BH) holds. This leads us to
introduce the set

Eair = {f € C**(B™(0,7). R")/|[flar < 00} D Ca7,
where the inclusion here is a continuous embedding. We then have:

Lemma 5 Letr € (0, Ry] and wo,wl,wg and ws be in Ey,r. Then I'(wy)(Vw,®
Vws) and T(w)(Vws @ Vws) € C2 and

0,051

(D (w1) =T (w0) ) (Vws @ Vws) o < Cyr®|[w1 —wo)]lage | [w2] [agr  [w3] |z (38)

0,051

I () (Vs @ Vaws)| St < Cor®|[wi] e | [wa] lacr | [w03] ey (39)

0,05r

where C3 is a positive constant.

Proof of Lemma [] — It follows from the interpolation inequality ([]) that
]Dwa\glaf < O|[wa)la:r, Ya = 0,1,2,3. Moreover, for r € (0, R;] C (0, R],

estimate ({J) implies that

(T (wr) — T(wo)) |0y < Crlwr — wol$ s, < COp|fwr — wo)|asr-

Hence, using also the inequality |f\éﬁ;rg < |f]0a9|g|0a9, V6,7 € R such

that 34 v > 0 (see 6.11 in [J]), we obtain that

(D (w;) — T(wo))(Viwp ® Vws) |2

0,a;7

< |D(wn) = T(wo) oy | Dualay” | Ducsl
< C°Crl[wy — wollage| [wa] lasr [[ws] -

Thus (BY) follows from the preceding inequality and from

() =T (w0) (Vo Vawg) g < 12| (T (1) =T (o)) (Vien ® Veog) |5

0,a;7

And (B9) is a straightforward consequence of (B§) and of (). |

17



Back to the proof of Theorem [} — Lemma [ allows us to define the operator

T: CQ e r - C(*O‘)

2,a,r

w o (AT + w)(V(v +w) @ V(o + w)))

and (BY) implies
—a -« 3
T(w)[5) < 6Csr™ ([)lasr + ol )

In particular, letting By := {w € CQar/]wa < A} (we recall that A
was defined in (Bg)), we observe that for all » € (0, Ry] N (0, R}] where
R} = (86C3A%)~1/2 i.e.such that in particular 6Csr®(2A)% < A,

Vw e By, |Tw)|S2) <A,

PN

which means that T maps the closed ball B, into itself.

Let us now prove that, for r small enough, the restriction of 7" on By is also
contracting: writing that, Vw,w € By,

T(w)—T(w) = ( )1[( (v+w)—Tw+w)) (Vv +w) @ V(v+ w)]
+ () T+ @) (Vv +w) @ V(v —w))
+ (=A)" N (T (v+w)(V(w—w) @ V(v+w))

and using (B8) we obtain, assuming that r» < Ry,

IT(w) = T(@)5) < 6Cyre|w — b5, (|v+w12 ?
+ 6C3rw — wlm;r\v + wlm;r\v + @]é;a,),
+ 6Cyrfw — ]S Qv vaf)
< 36C5r (20)? |w — @

2,51

Hence T is contracting if we further assume that r < RY, where R} :=
(126C5A%)~1/* | because it implies that 36Csr® (2A)> < 1. In conclusion
(observing that actually R} < R}) if we let Ry := inf (Ry, RY), then for all
r € (0, Ry), T maps the closed ball B, into itself and is contracting. Hence
it admits a unique fixed point w € By which is a solution of (B7). |

18



4 A maximum principle

Theorem 4 Let (N, h) be a pseudo-Riemannian manifold of class C* and
My be a point in N'. There exists an open neighbourhood Uy, of My, a local
chart ¢ : Uy, — R™ and constant o > 0 such that for any open subset €2 of
R™ and for any pair of harmonic mappings u,v : Q — (Up,, hij) (i-e. which
satisfy ([A)), then the function f : Q@ — R defined (using u ~ ¢ o u and
v~pouv) by

F@) 1= (02 + @Bt + o B MO v eq o)

satisfies the inequality
— div(pV f) <0, onQ, (41)

where ] .
= \v/ 0.
)= PR+ h@p " C

Remark — Note that here || is an Euclidean norm on Uy, which has nothing
to do with the metric  on N. More precisely, assuming that ¢(M) = 0, for
any points M, M € Uy, we set (M, M) := (¢(M) — ¢(Mo), o(M) — ¢(Mp)) =
(G(M), §(ND)), [M]? = |G(M)[? = ($(M), §(M)) and |M — M := (M) —

S(M)[*.

Proof of Theorem | — Again we first apply Lemma [l| around Mj: it provides
us with a local chart ¢ : Uy, — R" such that ¢(Mj) = 0 and estimates (f)
and (f) on the Christoffel symbols I'%; hold. We fix some o € (0, 00) which
is temporarily arbitrary and whose value will be chosen later. Then given a
pair of harmonic maps u,v : Q — (U, hi;) we compute div(pV f), where
f is given by (H(). We first find that

pVf={u—vV(u—u))+u—ov ( {u, Vu) + (v, Vo) )

a?+ul2 o+ |vf?
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Hence (by using the notations (-, -) for the scalar product in R™ and - for the
scalar product in R™)

div(pVf) = |V(u—v)|2+(u—v,A(u_vv)> .
+ 2(u—v,V(u—v)) - (u, Vu) (v, Vv)

a?+ul2 o+ |vf?

4 |’LL . U|2 ‘VUP ’vU‘Q <U, Au> <U7AU>
a?+ul2 a2+ 2 a2+ u2 a4 |u?
[(w, V)| (v, Vo) ?

(@ +u[?)? (a?+ [v]?)?
= G1+ Gy + By + By + B3 + By,

where the “good” terms are

2 2
Gy = |V(u— )% G2;=|u—v|2< [Vl Vol )

a?+ul? a4+ |vf?
and the “bad” terms are

By = (u—v,A(u—v))

By = 2{(u—v,V(u—v))- {u, Vu) + (v, Vo) )

a?+ul2 a4+ |vf?
‘ o [ (u, Au) (v, Av)
By o= ol (G o
(o | LG TPy

o7+ PP T {07+ PP

By = —2u—of? (<

We now need to estimate the bad terms in terms of the good ones. We let
R € (0,00) such that ¢(Uj, ) C B"(0, R). We shall assume in the following
that

lu| <r and |v| <r for some r € (0, R), (42)

where r has not yet been fixed. In the following we will first choose « in

function of Cr and R, and second we will choose 7 in function of «, Ct and
R.

Estimation of B;
We have
—A(u—v) = 'u)(Vu® Vu) —T'(v)(Vv® V)
= INuw)(Vue V(u—2v))+T'(u)(V(u—v)® Vo)
+ (F'(u) = T'(v)) (Vv @ Vo).
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And because of (f]) and () which implies |I'(y)| < Crly| and |T'(y) —T'(¢/)| <
Crly —y'| on Uy, we deduce that

[Alu—v)[ < Crful (|Vul [V(u =v)[ +[Vo] [V(u - v)])
+ Crlu —v| [V

Using (fJ) and a symmetrisation in u and v one is led to
C
[Au = v)] < CrRIV (u—0)| (|Vul + [Vo]) + - u = o] (|Vul + [Vo]).
Hence we deduce using Young’s inequality that

C
[Bi| < CrRJu— ||V (u =) (IVul + [Vo]) + - = o (IVul® + | Vol?)
[V(u—v)? 2 2 2 2 2
< T%—QC}R lu —v]* ([Vul* + |Vo]?)

C
+ 7F|u — o2 (|Vul]? + |[Vo]?) .

We choose a € (0,00) sufficiently small so that 515 > 4 (202R? + <) and
we impose also that 7 < . Then by (E32)

1 1 1 Cr
<r<a = > >4 (2CER* + —
ful, ol =< a @+ [ul2’ @+ u]2 T 2a% T ( r +2)
and thus
G1 |u—v|2 |V’LL|2 |VU|2 G1 G2
Bl < — = — 4+ —. 43
| 1|_4+ 4 oz2—1—|u|2—i_042+|v|2 4+4 (43)
Estimation of B,
Using again Young’s inequality we obtain
u[ [Vul o[Vl
Byl < 2u—v||V(u—
Bl < 2ol V- o] (G4 SR
2
B YA TR
2 a?+ul?  a?+|vf?
o Gl g (AWEITGR APV
T2 (0% +[ul?)? (a2 + [v]?)* )
We further impose that r < §. Then by ({3)
4|ul? 4|v|? 42 1
< — < - 44
a?+ul a2+ vz T a2 T 4 (44)
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and

Gl 9 1 ‘VU‘Q 1 ’V'UP G1 G2
1B < 2 =l <4a2+]u|2+4a2+\v|2 2 * 4 (45)

Estimation of B,
We first write

|B4| < 2|u _ ?J|2 ‘UP ’VUP ’U|2 ’VUP
- @+ |ul2a? + [ul2 a2+ a2+ vf2)’
and using the fact that #@P’ #‘IQW < %6 because of (f4), we deduce that
lu—v|? [ |Vul? |Vol? Gy
Bl < = —. 46
Bl = 8 a2+ ul2 a2+ |vf? 8 (46)

Estimation of B3
We use that
Au] = [T(u)(Va © V)| < Crlu] [Vul
and thus |(u, Au)| < |u| |Au| < Cr|ul?|Vu|* and similarly |(v, Av)| < Cplv[*| Vo2
Hence by ({3)

By < Crlu—of (|u|2

’VU’Z |U|2 ’VU|2 )

a? +2|u|2 a22 + |v|?
Vul |Vl
< Crrju—vl (a2 TlaE T @ P
We further require on r that Crr? < i. Then
G
|Bal < . (47)

Conclusion
By choosing

a < 1 ;
2/2C2R? + Cr
we obtain using (£3), (£9), (£d) and (£7) that
le(pr) = Gl + G2 + Bl + B2 + B3 + B4

I

|
+

|
V
@)
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Hence ({)) follows by choosing Uy, = {M € Uy, /|o(M)| < r} where r
satisfies (). |

5 A result related to capacity

We prove here the following result.

Lemma 6 Let 2 be an open subset of R™, for m > 2. Let p € C1(Q,R) be
a function satisfying 0 < A < p < B < 00. Leta € §, g9 > 0 such that

Bm™(a,e0) CQ and, for all € € (0,&), Q. :=Q\ B™(a,e).
Let (¢c).c(o,) be a family of functions ¢- € C3(Q.) NCY(K.) such that

b = M ondB™(a,c)
be = 0 ond2 (49)
—div(pVeo:) = 0 on Q.

where M > 0 is a constant independant of €. Then for all compact K C
Q\ {a} and for ¢ € (0,e9) such that K C Q., the restriction of ¢. on K
converges to 0 in L*(K) when e tends to 0.

Proof — A first step consists in proving that the energy of ¢.,

E. = A.¢.] ::/ p|Vo.|? dx
converges to 0 when ¢ tends to 0. This is a very standard result which can
be checked as follows: we know that ¢. is energy minimizing and hence that
E. < A.[f], for all f € C%Q.) NC°(Q.) such that f = M on 0B™(a,¢)
and f = 0 on 092. One can choose for f v.(z) := Mx(x)G.(z — a), where
X € C?(Q.) satisfies 0 < x < 1, suppx C B™(a, &), x = 1 on B™(a,&/2)
and |Vx| < 4/ and where G. is the Green function on R™ (G.(z) := &l

loge

if m =2 and G.(x) := é‘m% if m > 3). Then a straightforward computation
shows that lim. .o .A.[v.] = 0. Hence

lim E. = 0. (50)

e—0

Second we consider, for all s € [0, M], the level sets

Q:={z € Q. /o (x) > s}.
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Note that the maximum principle implies that ¢. takes values in [0, M].
Sard’s Theorem implies that the set V.. := {s € [0, M]/3x € Q. such that ¢.(z) =
s and V¢.(z) = 0} (critical values) is negligeable (moreover it is also closed[]).
And Vs € [0, M]\ V., 0922 = {z € Q./¢-(x) = s} is a smooth submanifold.
We let I'* be the exterior part of 92 so that we have the splitting

00 =T UIB™(a,e).
Using the equation (£9) we observe that, Vs, s’ € [0, M]\ V. such that s < ¢,
0 = / —div (pV¢.) dx
Qs\Qf'
- / —p{V e, v)dH™ + / p(Vo., vydH™

Is rs’

_ /p‘V¢6]de1—/,p’V¢5‘del,
I's I's

where dH™ ! is the (m — 1)-dimensional Hausdorff measure. Here we have
used in the last line the fact that, on I'* and T'*', V¢, is parallel (and of
opposite orientation) to the normal vector v. This implies that the function

[0, M]\ V.2 s+— / p|Vé.|dH™ " is constant. (51)
FS

We now use the coarea formula to obtain

M dH™ !
Vo |*de = / ds / V.|
/ oIV6.| s [ ovop

c M
_ / ds/ PV ol dHmL.
0 S

Thus we deduce that, using (F1),

1 E
m—1 2 €
Vs € [0, M]\ V,, /r plo-|dH = o, pIVo.|*dx = a (52)

We now let I : [0, M] — [0, 00) be the function defined by

F.(s) :=|Q2U B™(a,e)|, the Lebesgue measure of Q2 U B™(a,¢).

tand V. C (0, M) because of the Hopf maximum principle
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Obviously F. is a decreasing function and so F! is a nonpositive measure.
We can decompose this measure as F! = (F!), + (F.)s, where (F!), is the
absolutely continuous part of F! and (FY); is the singular part of F. Moreover
F. is differentiable on [0, M|\ V. with

defl
Vs e [0,M]\V,, Fl(s)=-—
s e [0, M)\ (s) Asww

and supp(F’); C V.. We deduce from this identity and from (§Z), by using
the Cauchy—Schwarz inequality, that Vs € [0, M] \ V,

m—1
Ts| = /del /\/ V.| —— dH
FG s

VIVl
de 1
< Vo |dHm1 /
\/ e [V ¢ Vel
1
< \/— pIV G| dHm=1\/~FI(s)
A FS
E.
< —F7 .
<\ VR
Hence E
FS2 /
Vs € [0, M\ V., [P°P <~ Fl(s) (5)

We observe that this inequality extends on the whole interval [0, M] in the
sense of measure: V, is Lebesgue negligeable and if s is a singular point of
F! then the above inequality holds since the left hand side is a function. We
next exploit (bJ) together with the isoperimetric inequality for the subset
Q2 U B™(a,e) C R™ and its boundary I'*:

m™ o, F(s)" 7 = m"™  w,| Q5 U Bm(a, )| < 0™ (54)
Then (B3) and (54) imply

AM (mmlw,,)™
E. ’

Fl 4 k F2m=D/m <0, with k. = (55)

in the sense of measure on [0, M].
The case m =2
Equation (p3) then implies

Vs € [0, M], F.(s) < F.(0)e " = |Q|e .
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Hence for any compact K C 2\ {a} and for ¢ small enough, by using the
coarea formula, we have

" v 2
H¢5HL1(K) = / |[K NQds < / F.(s)ds < . (1 _ e—kEM) .
0

0 €

which implies that ||¢c||z1(x) tends to 0 when € — 0 because k. tends to oo,
because of (b(). Hence the Lemma is proved in this case.

The case m > 2
Let us denote by (§ := ZmT_l —1 € (0,1). We deduce analogously to the
preceding case that

2]
(1+ B2 kes)!/0

Vs € [0,M], F.(s)<

and thus

e 1
Moo < g =g (1 |
el (k) (11— Bk (1+ B|QPkM)P!

which leads to the same conclusion. [ |

6 The proof of the Main theorem

We conclude this paper by proving Theorem [ Let u be a continuous map
from ©Q to A and assume that u is C* and harmonic with values in (N, h;;)
on Q\ {a}. Using Theorem [l with My = u(a) we deduce that there exists a
neighbourhood Uy, of u(a) in A such (f]) holds for any pair of harmonic
maps into (Ug(a), hij). We hence can restrict u to a ball B™(a, R), where R
is chosen so that u(B™(a, R)) C Uyw). Then we use the existence result j:
we deduce that there exists some Ry € (0, R) such that, for any r € (0, R»)
there exists a map u € C*>*(B™(a,r))NC%*(B™(a,r)) which is harmonic into
(Uu(a), hij) and which coincides with u on dB™(a,r). Then we choose some
r € (0, Ry) and we identify u ~ ¢ o u and u ~ ¢ o u as in Theorem f. Note
that it is clear that there exists some A € (0,00) such that |u|, |u| < A on
B™(a,r). Now let

f(x) = (a® + |u(x) ) (® + ]y(:zc)ﬂw, Vo € B™(a,r).
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where « has been chosen as in Theorem [l For any € > 0 such that B™(a,¢) C

B™(a,r), we consider the map ¢. € C*(B™(a,r) \ B™(a,e)) NC°(B™(a,r)\
B™(a, e)) which is the solution to

b = M on dB™(a,¢)
Ge = 0 ondB™(a,r)
—div (pVe.) = 0 on B™(a,r)\ B™(a,¢),
where
1 1 -
p(x) = T o T W) Ve € B™(a,r)
and

M :=2A4%(a* + A%)(a® + A4%).

Clearly we have f < ¢. on 9(B™(a,r)\ B™(a,)) and Theorem [] implies that

—div (pV f) < 0= —div (pV¢.) on B™(a,r)\ B™(a,c). Hence the maximum
principle implies that f < ¢. on B™(a,r)\ B™(a,¢). Now if we fix a compact
subset K C B™(a,r) \ {a} and suppose that ¢ is sufficiently small so that

K c B"™(a,r)\ B™(a,¢), the inequality f < ¢. on K implies

1y < N @ell Ly

Letting € tend to 0 and using Lemma [ we deduce that || f||11(x) = 0. Since K
is arbitrary and f is continuous on B™(a, ), we conclude f = 0 on B™(a,r).
Hence u coincides with u on B™(a, ). Thus u is C** on B™(a,r). |
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