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Abstract

We consider a quantum system of non-interacting fermions at temperature
T, in the framework of linear response theory. We show that semiclassical
theory is an appropriate framework to describe some of their thermodynamic
properties, in particular through asymptotic expansions in & (Planck con-
stant) of the dynamical susceptibilities. We show how the closed orbits of the
classical motion in phase space manifest themselves in these expansions, in
the regime where T is of the order of A.



1 Introduction

Consider a system of non-interacting fermions confined by an external poten-
tial and in contact with an exterior reservoir at temperature 7. Assume that a
time-varying external perturbation drives the system out to, but near of, its equi-
librium state. The response of this quantum system to an external time-dependent
perturbation is a subject of high physical interest, which can be investigated experi-
mentally, in particular the so-called “dynamical susceptibility”. A complete rigorous
analysis of this problem is still lacking, although recent progress is being made in
the understanding of non-equilibrium statistical mechanism, and its link with the
underlying chaotic dynamics [11, 12, 18].

A semi-empirical route which has been proposed (see classical textbooks [14, 15])
consists, for small perturbation, of investigating the response function “to first order
of the perturbation”, i.e. the so-called “linear response theory”. This semi-empirical
route has been given a firmer foundation (see the book by Bratelli and Robinson
[5]) where a link with the KMS condition is established. (See also recent progress
in [18]).

In this paper we rederive the first order response function for the quantum
fermionic system under study, i.e. the so-called “generalized Kubo formula” (see
also [2]) and investigate semiclassical expansions of it, assuming suitable “chaoticity
assumptions” on the one-body underlying classical dynamics. These semiclassical
expansions are developed in a similar spirit as previous studies on the “semiclassi-
cal magnetic response for non-interacting electrons” [1, 6, 8, 10, 13, 16, 17| i.e. we
exhibit a low temperature regime where the closed classical orbits of one-particle
motion manifest themselves as oscillating corrections to the response function.

Section 2 contains , for pedagogical purposes the basic framework of so-called
“second quantization” in which the physical system under consideration can be
studied and its thermodynamical properties mathematically investigated. Section
3 presents the so-called “linear-response theory”, and the dynamical susceptibility
that will be studied in the semiclassical framework. Section 4 presents and derives
the main results of this paper: a rigorous semiclassical expansion of the dynamical

susceptibility under suitable assumptions on the physical system.



2 The physical model

Consider a system of non-interacting fermions, living in IR", subject to a one-
body Hamiltonian H which is the Weyl quantization of a classical Hamiltonian
H(q,p) of the form

2

H(q,p) = 2% +V(q) (2.1)

with V' € C*(IR") such that the following confining assumption holds:
Assumption 1:

V(g) > co(1+ qZ)S/2 s,c0>0

Under these assumptions, H is self-adjoint in L?(IR") = H and its spectrum is

pure point, and contained in |0, 00).

Assume that the system of non-interacting fermions is infinite and in contact
with a reservoir at temperature 7. The study of thermodynamical properties of
this system is performed within the framework of statistical mechanics which is well
known, and that we recall here for completeness (see [6]). We introduce the so-called

Fock space:

Fa = @n:(] <®aH> (22)
where ®’H is the antisymmetric tensor product of H, which physically represents

the space of n-fermions states. The Hamiltonian of the infinite system is governed

by the second quantization of H:

—
—

dl(H) = H (2.3)
acting in F,. Similarly the number N of particles is a second quantized operator in
Fu:

H = dr (1) (2.4)

Note that if {¢;},., denotes an orthonormal basis of eigenfunctions of H, with

eigenvalue Ej:



Hy; = By (2.5)
then:

{j, ANbjy Ao A wjn}j1<jg<...<jn (2.6)

is an orthonormal basis of ®!H consisting of eigenvectors of H with eigenvalue
E,+..+E;,.
According to the Pauli principle, the occupation number n; of any state ¢; in F,

equals 0 or 1. Thus the spectrum of H can be rewritten as:

> ik

where n; is the eigenvalue of N;,,:

Nin(Wjy Ay A o A3, ) = (W, Aty A A (2.7)

(N;,, “tells” whether or not the state 1, is occupied in a given state of ®"H). We
define:

Obviously we have:

Note that: [H,N] =0

In the grand-canonical formalism (see [6]), the Gibbs partition function is:

Zo=Tr (aﬁf’“ﬁ ) (2.9)

where xk and ( are Lagrange multipliers:

B=1/kT (2.10)
k=B



i being the chemical potential, and the Trace (which we denote with capital T)

being taken in F,. Then it can easily be shown (see [6]) that Zg factorizes as:

Za =11, (14 7P (2.11)

The mean value F} of the occupation number of 1); is then:

Fy = Zg 'Tr (ﬁjeﬂ(ﬁm) (2.12)
= (14 esmmm)

Denoting by f the Fermi-Dirac function:

fl)=(10+e")! (2.13)

the mean value of the number of particles in the grand-canonical ensemble is then:

<N>=)  F=tr {r(BH-m)} (2.14)
where now the trace (which we here denote with small t) is taken in H. The operator
in H:

Peg = [ (B(H = ) (2.15)

is called the Fermi-Dirac equilibrium one-body operator.

We now assume that the one-body Hamiltonian is slightly perturbed in a time-

dependent way:

Hy(t) = H + MAF (1) (2.16)

where ) is a small real parameter, and F' of the form, with a > 0 :

ot t<0
Fit)y=1° 2.17
m={" 1y (2.17)
Starting at time ¢ = —oo from the Fermi-Dirac one-body equilibrium state pe,,

and switching on the pertubation , we get a time-dependent “density matrix” py(t)

(namely a trace one operator) obeying:



P _ 1, | (2.18)

ihﬁ = {HA(t)aﬁA

Jim px(t) = Peg

The PROBLEM is the following: to which extend does py(t) wander from the equi-

librium state p., as the perturbation is switched on?

3 The linear response theory

Physically, we aim to answer the above PROBLEM “to the first order in A7, whence
the name “linear response theory”. In this section we give a rigorous framework to
this program. Thus our first step is to set a convenient set of assumptions on the

Hamiltonians under which mathematical results can be obtained.

Assumption 2
A(q) is a multiplicative function dominated by C(1 + ¢?) in absolute value.

Under this assumption we know ([19]) that the unitary evolution operator gen-

erated by H. A(t), namely solving:

m% = Hy(t) Va(t, 1)) (3.1)
to = ]l

Vi(to, to)

exists. Moreover it obeys the Duhamel’s formula:

t ~
Vit to) = U(t — to) + Z)}‘,L dt" Vi(t,t') F(t') AUt — t) (3.2)
t

0

where we have denoted:

U(t) := e~/ (3.3)
We define:

ﬁ)\(ta tO) = V(t> to)ﬁeq V(t07 t) (34)

It is clearly a solution of (2.18) with px(ty) = pPeq-

We shall now justify the “linear response theory” in this context.



Proposition 3.1 The mapping A — pa(t,to) given by (3.4) is differentiable near

A =0 in the trace-class operator norm sense and we have :

_ L e P UG = ) pe, AU — 1) (3.5)

1 to

A=0
Moreover py(t,to) has a limit as ty — —o0, in the trace-class operator norm sense ,

called pey(t, X) and which is also differentiable in \. Moreover we have:

d

S0 = [ ds F)lpa, A (36)

A=0

A, being, by definition, the Heisenberg observable at time t (for the quantum evolu-
tion governed by f—I\)
A =U() AU . (3.7)

Proof: Inserting 1= U(to — t)U(t — to) and commuting with p/? we obtain :
~ _ 1/2 ~1/2
pk(t7 to) - VA(t’ tO)U(tO - t)loeq Peq U(t - t0>V>\(t07 t) (38)
Each of these two factors admits a limit as t; — —oo in the norm trace sense.

Namely using Duhamel’s formula, we have :

A
e

(V)\<t, tO)U<t0 t) ]1) peq ih Ji
(and similarly for the adjoint) so the result follows since [*__ |F(s)|ds exists for any
finite ¢.

Letting ¢y tend to —oo, we then get:

SF( Wilt, s)ApH2U(s —t)ds (3.9

_ A o
PualtN) 1= Py = = [ dsF(s)VA(t)[A,pugl1A(s. ) (3.10)

A Taylor expansion near A = 0 of p.,(¢,\) can be obtained by plugging in the

Duhamel’s formula in (3.10) :

Vi(t,s) =U(t —s) zh/ o)Vi(t,0)AU (o — t)do (3.11)

This gives in the trace norm sense:

~ ~ A t ! N[~ 1
PaltX) = Py = o [ AF(#)[pegs s + o). (3.12)



By this method the second term in A (“quadratic response”) could also be explicitly

written. [

Equation (3.10) is the linear response formula in this framework. It implies that if
B is some self-adjoint operator that we want to measure in the “almost stationary”

state pey(t), the coefficient of the first order contribution in A, as A — 0 to the

result :

Ja(t) = tr {B (Peq(t, A) — ﬁeq>} (3.13)
is of the form :
t

To(t) = / dt' F(t') ot — 1) (3.14)

where
o(t) = —tr (B [5. A]) = ~tr (5., [4. B 3.15
0= (Bl i) = feGaliB])

using the cyclicity of the trace.

We now take the Fourier transform, in the distributional sense of ®(t), called

the “generalized susceptiblity” :

+oo .
Yan(w) = / O(t) e dt (3.16)
which is the quantity that we shall study now. Given any function g whose Fourier

Transform g is assumed to belong to C°(R) :

/XA,B(w)g(w)dw = %/_:)O trf(B(H — p))[A, B_Jg(—t)dt :== I(n)  (3.17)

Our aim is to obtain a semiclassical expansion of x4 p(w) as h — 0, § — oo, namely
a semiclassical expansion at low temperature.

It is useful to introduce the following parameter:

o= ph (3.18)

which has the dimension of time. We also define the function f, as follows:

folx) = (1+e")! (3.19)



so that I(u) can be rewritten formally as:

1 H—u\ .~ ~\._
1) = = [ (fo (== ) A, B ) a0yt (3.20)
th h
However this expression suffers from the singularity in 0 of f, as ¢ — 0. In order

to avoid this, we “regularize” it by using instead of f,:

fa,r] - fa *n (321)

where 71 is a function in S(R) such that its Fourier Transform 77 € C{°(R). This
amounts to study x4 p as a distribution on R? in the variables s and w in the

following way:
//XA,B(S,w)ﬁ(s)g(w)dsdw = (3.22)

1 / / o (eis(ﬁu)/h A EtD Fo(8)ii()g(t)dsdt

2imh

Let us intoduce the following test space functions on R? = R, x Ry

Definition 3.2 We say that p € Ko, a > 0, if p is C* on R? and there exist b > 0,
¢ > 0 such that o(s,w) = 0 for |s| > b, w € R, and |$P(s,t)| < ce ! for every

(s,t) € R?, where $3'?)(s,t) denotes the Fourier transform in the second argument.

4 The results

In this section we first introduce the notations of the classical objects that will
appear in the semiclassical expansions, together with the assumptions under which

these expansions can be obtained.

Let ¢' be the classical flow induced by Hamiltonian (2.1). Consider ¥, the energy

surface conserved by the flow:

X, = {(q,p) c R*: H(q,p) = ,u} (4.1)
We call d3,, the Liouville measure on X, so that the correlation of classical observ-

ables A and B on X, is defined by:

Capa(t) = /E A.B,dS, (4.2)
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where By;(z) = B[¢'(z)]. Moreover if 7 is any periodic orbit on ¥, , and ~* the

)
corresponding primitive orbit, with period 7., we introduce the correlation function

Cy(t) = /0 o As(¢:p)Bswig,p)ds  (q,p) € v* (4.3)

¢y« being T ,-periodic it admits the Fourier-series expansion:

k=+oc0
cu(t) = D Y (4.4)

k=—0o0
To each v is associated a corresponding “linearized Poincaré map” called P,, a
classical action along «y called S, and a Maslov index v, (see [7] ).
Let us assume that ¢’ on 3, satisfies the so-called Gutzwiller Assumption:

Assumption 2 The periodic orbits 7y are non-degenerate, i.e the Poincaré maps do

not have 1 as eigenvalue (which implies that they are isolated).

Moreover we shall be able to treat B obeying:

Assumption 3

070, B(a,p)| < Cap |l +]6] > 2

Our result is as follows:

Theorem 4.1 Under Assumptions 1,2,3, we have, in distributional sense in K,
(see definition 3.2) :

Xa.B(s,w) = —h""d(s) ® C’Z;yu(w) + Z hj_",uj(s,w)

J=1

Wei(s—y/h+V»y7T/2) 2k

o 10w — Wy, (s,
+7:Tzw;$0 ho sinh (7T, /o)|det(1 — P,)['/? ( 7,(5) ® Zk:cV KO(w T. )+ Wy (s,0)

i>1
_'_O(ha'nysfn)

where p; and v; ., are distributions in IC, such that Supp(p;) C {0} xR, Supp(v;.) C

{T,} xR, and vy is a non negative constant depending only on H and p (not on

a).

Proof:
As a distribution acting on (7 ® g)(s,w), xa,p is given by (3.22). We split the

integral over t into two parts: |t| < ygLog(1/h) and its complement, where vy

|
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is a constant obtained in Egorov-type estimates (see [4]) and only depending on
Hamiltonian H.

Using the exponential decrease of g(t), it is not difficult to estimate the contribution
of the integration domain [t| > vy Log(1/h) as O(h*"" "), for any ¢ > 0. The
larger is a (the exponential fall-off rate of §) the smaller is this “error term”.

In order to estimate the contribution of the integration domain |¢| < vy Log(1/h)
we shall use truncations in the spectral variable of Hamiltonian H in order to apply
known results and usual methods.

In all that follows, the integration support in t¢ variable is supposed to be |t| <
vuLog(1/h), and we call I, (1) the resulting contribution to (3.22). Fix § positive

and small enough and let us introduce a C*> partition of unity as follows :

1=C +G+G (4.5)

where

Golt) = {(1) |t|‘ f; 2 (4.6)

and Supp(_ C| — 0o, —d/2], Supp(; C [§/2, +o0.
Inserting in (3.22)

1= ((H —p) + Co(H — p) + ¢ (H — )

we obtain, with obvious notations :

Iy = 19() + I () + T, (1) (47)

Let 0 be a regular Schwartz function such that its Fourier Transform 6 be in C*(R),

and

~ {1 if |t <1

0 |l >2 (48)

For any positive number 7, we set :

0,(s) :=0(s/7) . (4.9)
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and let us denote by 6, the inverse Fourier transform of gf. Let 79 be a positive
number, small enough in a sense to be made precise later. We shall now decompose

0, i :
I)(pt) in two parts:

0 _ 70
In (lu) - ]77,70 (lu) +

o [ / / dsdt fo(s)i(s) (1 8(s/70)) T/ [ A, B) Go(H — w)g(t)| (4.10)

2imh

Thus equ. (4.7) now becomes:

Ly(p) = I, (1) + Lo (i) + I () + I (1) (4.11)

where each term can be estimated separately.

Estimate of I, (u) :
Denote by :

Ps(E) = f(B(E — p))¢-(E — )
We remark that ¢, = (_(E — ), and

¢5(H) = ¢o(H)x(H) (4.12)

for some y € C¢°(R) because the spectrum of H is bounded from below.
But £ — ¢3(E)x(F) is a bounded family of functions in C§°(IR) for 3 in |0, +o0].
Therefore the h -semiclassical functional calculus can be applied, yielding an asymp-

totic expansion of the following form :

I () ~ By eh? (4.13)

320

uniformly in o €]0, +o0], where :

co=(2m)" [ f(8(H(a,p) = 1) C(Ha,p) = 1) {A, B} (@,p)dadp  (4.14)

and analogous formulae for j > 1, where we have used the known result that the

principal symbol of:

A, B (4.15)
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is {A, B}, using Egorov’s theorem in the form given in [4] for |t| < ygLog(1/h),

and semiclassical calculus.

Estimate of I, (u) :

11y (W] < C Y If(B(E; — 1)) (Ej — p) (4.16)

i>1
where C depends on ¢g and A, B, and where {Ej}j>1 is the increasing sequence of

the eigenvalues of H

1Lyl <C Y If(B(E; — p)l (4.17)

E;j>6/2

We introduce the counting function :

N(E):=t{j: E, < E}
Using a “Lieb-Thirring-like” estimate, we get :

N(E)<~h™"(1+ E)™
We therefore deduce the existence of a positive constant ¢ (depending on d) such
that :

I | < Che (4.18)

for any h €]0,1] and any positive o.

Estimate of I°_(u)

7,70

Recall that :

o~

B =1/in [ (f (%) G — )[4, ét}) gde (4.19)

where we have defined:

fa,n,m = fo * 1) % 97'0 (420)
We want to estimate

—

Ly = %tr ( Fomrro (%) Go(H = )[4, étD (4.21)
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Since :
fomm(v) — 0as v — 400

we have :

fommo (H;“> = _1/h/_; (fl xn*0y) (HT_A> d\ (4.22)

using equ. (4.11) we can write :

-1 I , H—\ — —
Lyy=—-tr / (foxnxbr) | —— | Co(H — p)CidA (4.23)
h n—20 h
—25 H— e e
—h~ M /“ (frxnx06,) <TA> Co(H — 11)Crd)
We have thus: L,, = L, + L, ,, with
E
gl son [ o) B Nt - 0fan @)
7j>1

where C' is uniform with respect to ¢t € Suppg and to h.

By playing with localization and decay properties, one easily obtains that Li,t =
O(h) uniformly with respect to ¢ € Suppg, and with respect to o €]0, +o0.

The term L}, can be dealt with as in [8], using the fact that for § small enough, A

is non critical for H for every \ € [t — 26, p]. Thus L}m can be rewritten as:

Lho=—[" I1(ndA (4.25)
' n—20
where :
_smlo 5 —is(H-N/hq (7T _ /\}
=i / *sinh s7r/a 0(s/70)ii(s)tx {6 Co(H — p)C (4.26)

Then using a coherent states decomposition of the trace as in [7], we see, using
the support property of 9~TO that the dominant contribution in the stationary phase
theorem comes from s = 0. Thus, provided that 27, is smaller than the smallest
period of closed orbits on X, equ. (4.26) provides an asymptotic expansion in &, of

the form:
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I(A) = ™(Co(A) + hC1(A) +....)  mod O(h™) (4.27)

which is uniform in o €]0, +00[, and which can be further integrated with respect

to A on the interval [u, u + 26], yielding the result.

We shall now give the explicit form of the dominant O(2™") contribution to I, (1)
(equ. (4.6)) which comes from the sum of the contributions of I, (u) and I} (u);

7,70

we obtain:

1) = h7i(0) [ 5tt) [

[H<p

{4, Bi} (¢, p)dpdqdi + O(h'™™) (4.28)

We have introduced the correlation in time of A and B on the energy surface
Y = [H(g,p) = p] (see (4.2))

do
Cupa(t) = / AB,-2n
apult):=f_ AB: |V H]|

Let ¢ be a C* function with compact support contained in | — 0o,  + ¢]. We have :

(4.29)

/{A, Bi}o(H (q,p))dpdq = /{Aw(H),Bt}dqdp—/A{so(H),Bt}dqdp (4.30)

where the integration is over the full phase space R*". Byp(H) being a C3°(IR*")
function of (g, p), we get by integration by part that :

J{Ae(H), Bi}dadp = 0

Moreover

JTAG(), Bidadp = [{I, B! (1) Adudp = 5 [ ABug! (1) dadp

We now let ¢ tend to 1j_, ,, and find :

d do
A, BVdgdp = & / A.B,- 2k
/[HSM]{ tJdacp dt( [H=p] t!VH\>

Therefore the dominant term of I, () is given by :

Ly() = h"5(0) [ Capt)3 ' (8)dt + O(H'")
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This completes the proof for the first term of the asymptotic expansion in The-
orem (4.1).

Estimate of 12 ()

g,T,T0
We have :

Yi>yxea — L5 —~
15 () = b [ dig( / Lys_Tslo ng7To(s)tr{Co(H— u)e“wm/hot} (4.31)

sinh7s/o

where we have used the following notation :

Moo (5) = 71(s) (1 = O (5))
Again we proceed as in [7] by a “Gutzwiller type” estimate for the integral over s
since the support of 7y ,,(s) doesn’t contain s = 0, but will only contribute by a
finite number of closed classical orbits which we denote by . Furthermore due to

the support properties of 6, it is clear that g ., (T,) = n(T)

Using the Gutzwiller assumption, and the compact integration support in
variable ¢, we obtain the following asymptotic expansion of 7% (1), which is uniform

in the parameter o €0, +o0:

iS.y/h+iV77r/2

m
[OSC h /dt 4.32
o gt eE osinh 7T, /o |det(1 — P,)|/? 8 (432)

X(ZU(T’Y)CW* Pt T Wyt )
k

7>1

This yields the following contribution of oscillating terms to x4 5(s,w), in the dis-

tribution sense, uniformly in o €]0, +00[ :

Wei(s’y/h‘f""ﬂr/m

XA,B,0sc = W;TZA;&O ho sinh (7T7/0)|d€t<1 - P7)|1/2

X

X (5@(3) @Y Copd(w — 2;#) + Y Wy, (s, w)) (4.33)

v* j>1

where v; (s, w) are distributions supported in {7,} x R ]
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5 Concluding remarks

Theorem 4.1 is an extension of the well known Gutzwiller trace formulae for the
spectral density of energy levels. The main difference is that here there are two real
variables instead of one because in the “dynamical susceptibility” time and energy
variables are mixed up in an intricated way. So we can put in a mathematical
rigorous shape the main result of the paper [13].
As in the Gutzwiller trace formulae our formulae in Theorem 4.1 gives a semiclassical
expansion with three different terms: the first line gives a regular expansion in h,
which is the contribution of the period 0 of the classical flow; the second line is an
oscillating part coming from the contributions of the non zero periods of the classical
flow; the third line is the error term depending on the test functions considered.
So far we have shown that a semiclassical expansion, in the linear response the-
ory, can be obtained for a regularized version of the “dynamical susceptibility”, i.e
in a suitable distributional sense. The same is obviously true for the linear response
function Ji(t) defined by (3.15), as we shall establish now.

Formally, if ¢ is a C§°(R) function, we have, in distributional sense:

< Jp,p>= /E(W>XA,B(W)dW

where k1 (u) = O(u)k(u),

(O being the Heavyside function)

and k(u) := [@(s + u)F(s)ds

However x 4 p is only well defined mathematically as a semiclassical expansion in a

“regularized” form:

XA,Bn ‘= /ﬁ(S)XA,B(&W)dS
where 77 is in C°(RR).

Similarly, a “regularized form” of Jp can be defined as:

Jp(t) = / ()0 (t, 5)ds

in the following sense:

< JL,mSO >= /E(W>XA,B,U<87w)dw
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So we have
< e >= [ s ()xa5(s,w)dsd

It is not hard to see, using the definition of k; that ﬁ(s)ifvl(w) € Ko for any € > 0,

so that our theorem applies. For example we can compute the leading term :

+oo
< Jp i >= —20h~"5(0) /0 duC’y (u) /R dsp(s + u)F(s) + O(h™)
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