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Abstract. Structures are subject to extensive vibrations that can reduce their life and contribute to

failure. Piezoelectric transducers in conjunction with appropriate electric networks, can be used as

a mechanical energy dissipation device. Most of the previous work has focused on active control in

which electric power is supplied to the actuators that exert actions on the host structure to suppress

its vibrations. Alternatively, undesired mechanical energy of a host structure could be converted into

electrical energy that can be dissipated through a set of resistor. This does not require an external power

unit and is a more economical means of controlling vibrations of a structure, but an effective transduc-

tion of mechanical energy into electric energy has to be guaranteed. Therefore, in the present work a

completely passive distributed electric controller is found to achieve simultaneous beam multimodal vi-

bration suppression. The optimal electric network (interconnecting the piezoelectric transducers) may

be synthesized as a finite differences approximation of the derived distributed (infinite dimensional)

optimal controller.

1. INTRODUCTION

In [1] the possibility of damping beam vibrations by means of a piezoelectric transducer positioned on

the structure and shunted with an (LR) impedance is investigated. The passive impedance combined

with the inherent capacitance of the piezoelectric transducer creates a damped electromechanical beat-

ing. The method proposed in [1] allows for an efficient single-mode control of structural vibrations,

whenever the resonant circuit is tuned to the mechanical mode to be suppressed; nevertheless the ef-

ficiency of the electromechanical coupling strongly depends on the position of the transducer over the

host structure. Moreover, the technical feasibility of the passive piezoelectric controller proposed in [1]

is limited, since too large inductors are required to produce low-frequency electrical resonance with the

small inherent capacitance of the piezoelectric transducer. A generalization of the “piezoelectric shunt

damping” technique proposed in [1] to the multimodal control of vibrations is presented in [2] and [3],

where complicated impedances are placed across the terminals of the piezoelectric transducer. Such a

control methodology seems to present severe inconveniences, indeed the used inductances are still very

high and the damping efficiency, even for few modes, is drastically reduced.

In order to cure these drawbacks, without forsaking the advantages featured by passive control,

in [4] it is proposed to position an array of piezoelectric elements on the beam and interconnect their

electric terminals via a circuit “analog” to the beam (i.e. governed by the same evolution equations)

completed with proper resistors. The electric analogs synthesized in [4] show several inconveniences,
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e.g. the presences of negative inductors and multiport transformers. In order to overcome these technical

problems, in [5] an electric analog exploiting only inductors and single port transformers is derived.

In both [4] and [5], it is a priori assumed that, in order to achieve effective damping of several modes,

the electric interconnection should be the beam electric analog. The aim of this paper is to substantiate

this assumption by proving that the electric analog represents the optimal passive controller. Indeed,

we will consider a rather wide class of passive electric controllers and we will formulate and solve the

problem of finding the optimal controller evolution equations in order to maximize the time decay rates

of every mechanical mode.

Section 2 is devoted to the derivation of the equations of motion of a Piezo-ElectroMechanical

(PEM for brevity) beam, i.e. a beam coupled to a passive electric network via distributed piezoelectric

transduction. The beam is modelled as a continuous system, while the electric circuit is regarded as

a lumped system. From the mechanical point of view, the piezoelectric elements introduce additional

stiffness and mass, and exert electrically driven couples at their ends; while, from the electric point of

view they are treated as capacitors in parallel connection with current sources driven by average beam

strain rates. Therefore, the resulting system state is ruled by the beam deflection field and the discrete set

of circuit independent flux linkages. In previous works, e.g. [6], no investigations were made towards

unstructured passive electric networks, i.e. circuits with not prescribed topology (in [6] several electric

interconnections constituted solely by two terminal impedances are analyzed). The resulting governing

equations cannot be easily handled without exploiting numerical techniques.

In order to achieve a more maniable model of the overall system, in Section 3 a homogenized model

of a PEM beam is deduced from the previously introduced refined model. The state of the homogenized

system is determined by the beam deflection field and the electric flux linkage field, and its motion

is governed by two gyroscopically coupled partial differential equations. In order to avoid spillover

phenomena in between different mechanical modes, the electric operators appearing in the governing

equations are assumed to share the mechanical eigenfunctions; namely, their eigenfunctions are assumed

to be equal to the mechanical ones and only their eigenvalues are left as unknowns.

Considering the simply supported case, the modal analysis of the PEM beam can be easily per-

formed as it is done in Section 4. In particular, a simple expression for the eigenvalues of the PEM

beam is derived.

In Section 5 the optimization problem is formulated and completely solved, by the use of the afore-

mentioned modal analysis. Indeed, the hypothesis made on the eigenfunctions of the electric operators,

i.e. to be coincident with the mechanical modal shapes, together with the modal expansion worked in

Section 4 lead to the simpler problem of optimizing a sequence of decoupled finite dimensional con-

trollers. The solution of these standard problems enables the determination and spectral representation

of the optimal electric operators. In particular it is proven that the optimal interconnection is the “ana-

log” one, completed with resistors represented by a second order spatial derivative.

2. REFINED MODEL FOR PEM BEAMS

We consider a host beam of length l, width w and thickness h on which an array of Nuniformly dis-

tributed piezoelectric transducers is positioned as shown in Figure 1 (covering both the beam faces).

The length of the transducers is assumed to be equal to lp, while the width is assumed to be equal to that

of the beam; d denotes the distance between the adjacent patches.

The piezotransducers are placed along the beam axis and polarized in the transverse direction, in the

so called bender configuration (see e.g. [5]). These transducers will be interconnected by an electrical

network which will be synthesized in order to accomplish given optimality conditions on the mechanical

vibration decay.
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Figure 1. Geometry of the problem.

Introducing a set of nodes {xi}i=1,...,N representing the geometrical centers of the transducers,

defined by:

xi = (lp + d)i i = 1, . . . N, (1)

and also including the boundary nodes x0 = 0 and xN+1 = l, the contact couple M at the section

labelled by the abscissa x, over the beam span, can be expressed as the sum of mechanical and piezo-

electric contributions as follows:

M(x, t) =

[

EbIb + kmm

N
∑

i=1

(RECTlp(x− xi))

]

u′′(x, t) + kme

N
∑

i=1

(

RECTlp(x− xi)ψ̇(l)
)

, (2)

where RECTlp(x − xi) is a unit step function centered at xi of width lp, ψi is the flux linkage of the

i-th transducer measured with respect to a common reference ground for every transducer, u is the beam

deflection field, Eb is the Young modulus of the material of the beam, Ib is the beam section moment

of inertia, kmm is the transducers bending stiffness, kme is the piezoelectric coupling coefficient, t
denotes the time variable and superposed dot and prime respectively mean time and space derivative.

The distributed inertia can be accounted for by introducing the following constitutive equation for the

applied load (external mechanical forcing is excluded):

bT (x, t) = −
(

ρb +
N
∑

i=1

(RECTlp(x− xi))ρp

)

ü(x, t). (3)

where ρb and ρp are respectively the mass density per unit length of the beam and the transducer layers.

The balance equations for the considered electrically excited vibrating beam yield:

M(x, t)′′ − bT (x, t) = 0 (4)

when M(x, t) and bT (x, t) are given by Equations (2) and (3) respectively.

From a purely electrical point of view the i-th piezoelectric bender transducer can be described as a

capacitor kee in parallel connection with a “mechanically driven” current source, which injects into the

electrical circuit the current Ji driven by its mechanical time rate of deformation:

Ji = kme(u̇
′(xi + lp/2, t) − u̇′(xi − lp/2, t)).

The electrical system interconnecting the electrical terminals of the bender transducers is assumed

to be a linear, time invariant, reciprocal, passive N terminals network (see e.g. [7]) constituted only of
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resistors, inductors and transformers. Thus by Kirchhoff balance of currents at node i, the evolution

equations for the variables ψj are given by the following second order system of ODEs:

keeψ̈i +
N
∑

j=1

Kijψj +
N
∑

j=1

Dijψ̇j − kme(u̇
′(xi + lp/2, t) − u̇′(xi − lp/2, t)) = 0, i = 1, . . . N. (5)

[Kij ] being the electric stiffness and [Dij ] the electric dissipation.

3. A CLASS OF HOMOGENIZED MODELS FOR PEM BEAMS

When it can be assumed that the number of piezoelectric transducers is sufficiently large, a continu-

ous flux linkage field ψ(x, t) can be introduced and the governing equation expressed in terms of the

deflection u is seen to be (for more details on the needed homogenization techniques see e.g. [8]):

kMuIV + ρü+ cfKmeψ̇
′′ = 0,

{

kM = EbIb + cfkmm

ρ = ρb+ cfρp

where the covering factor is defined as:

cf =
1

1 + d/lp
.

Thus the dimensionless form of the mechanical evolution equation becomes:

ü+ α4uIV + β2
emψ̇

′′ = 0,











α4 =
KM

lAρω2
0

β2
em =

cfkmeψ0

l2ρω0u0

, (6)

where a characteristic frequency ω0, a characteristic length equal to the beam length l, a characteristic

deflection u0 and a characteristic flux linkage ψ0 have been introduced. As this cannot cause misunder-

standing, we have adopted the same letters to denote both dimensional and dimensionless differential

operators and kinematical descriptors.

Furthermore, when the number of transducers can be assumed to be sufficiently large, the electrical

system can be described by a sole PDE which, expressed in terms of the dimensionless flux-linkage ψ,

reads:

ψ̈ + K[ψ] + D
[

ψ̇
]

− β2
meu̇

′′ = 0, β2
me =

kmeu0

l2
(

kee

lp

)

ω0ψ0

,

where K and D are linear operators. In the following we will restrict our investigation to simply sup-

ported beams PEM beams, i.e. we will assume simply supporting boundary conditions for both the

mechanical and electrical systems. Furthermore, in order to avoid undesired spillover phenomena in be-

tween different vibration modes, we will look for a dissipative electric network which does not modify

the electrical and mechanical modal shapes. Therefore, in the present paper the following restrictive

assumption on K and D are made:

K [·] = k
(

(·)IV
)

, D [·] = d
(

(1)IV
)

(7)

k and d being analytic functions which take positive values on the real positive axisa , see e.g. [9].

aThe positiveness of k(λ) and d(λ) , when λ is positive assures the passivity of the electric network.
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This hypothesis on the structure of the electrical stiffness and damping, respectively K and D, seems

to be general enough for our design aims and leads to a simple solution of the synthesis problem of deter-

mining an optimal lumped electrical circuit to be piezoelectrically coupled to the given flexible structure

(see e.g. [4] and [5]). Thus the dimensionless form of the evolution electromechanical equations is:

{

ü+ α4uIV + β2ψ̇′′ = 0

ψ̈ + K[ψ] + D
[

ψ̇
]

− β2u̇′′ = 0
;











α4 = KM

l4ω2

0

β2 =
kme

l2ω0

√

cf lp
keeρ

(8)

where, in order to preserve the form of a gyroscopic coupling,the characteristic flux linkage and dis-

placement are chosen to satisfy the following relation:

√

cfKee

lpρ
=
u0

ψ0
.

The eigenfunctions of the both the mechanical and electrical operators are easily found to be:

vm(x) =
√

2 sin(mπx), m = 1, 2, . . . ; (9)

The eigenvalues of the elastica operator are

(mπ)4, m = 1, 2, . . . ;

while those of the electric stiffness and dissipation operators are respectively k(m) and d(m).

4. MODAL ANALYSIS OF HOMOGENIZED PEM BEAMS

In this subsection a modal analysis for a simply-supported PEM beam, based upon the Galerkin method,

is performed.

The set of basis functions chosen to represent the deflection u(x, t) and the flux linkage ρ(x, t) of

the PEM beam is constituted by the eigenfunctions vm(x) specified in (9) of the elastica differential

operator (·)IV determining the modal forms for both the uncoupled electrical and mechanical motions

(9). Consequently it is useful to consider a Fourier expansion for the solution of (8):

[

u(x, t)
ψ(x, t)

]

=

∞
∑

m=1

[

pm(t)
qm(t)

]

vm(x),

in terms of the mechanical and electrical Fourier coefficients pm(t) and qm(t) of the expansion; achiev-

ing with simple algebraic manipulations the following system of ODEs governing their time evolution,

in which unitary dimensionless modal masses are made to appear:

[

1 0
0 1

] [

p̈m(t)
q̈m(t)

]

+

[

ω2
p(m) 0
0 ω2

q (m)

] [

pm(t)
qm(t)

]

+

[

0 −
√

c(m)
√

c(m) 2ζq(m)ωq(m)

] [

ṗm(t)
q̇m(t)

]

=

[

0
0

]

(10)























ω2
p(m) = (αmπ)4

ω2
q (m) = k(m)

ζq(m) = 1
2

d(m)

2
√

k(m)

c(m) = (βmπ)4

(11)
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Let us remark that ωp(m) and ωq(m) respectively the natural angular frequency of the mechanical

and electrical m-th modes, while c(m) denotes the m-th gyroscopic coupling coefficient and ζq(m)
the damping factor of the m-th electrical mode. Let us explicitly remark that the chosen boundary

conditions and basis functions lead to a set of uncoupled evolution problems for each electromechanical

pair of Fourier coefficients, hence it is possible to easily derive an analytical solution for each m-th

pair. The poles of the system in (10) can be determined as the four zeros sm
1 , . . . s

m
4 of the following

polynomial:

Pm(s) = s4 + 2ζq(m)wq(m)s3 + (w2
q(m) + c(m) + w2

q(m))s2+

+ 2ζq(m)ωq(m)ω2
p(m)s+ ω2

p(m)ω2
q (m).

5. DESIGN OF THE PASSIVE OPTIMAL CONTROLLER

In this section we will design the optimal passive distributed controller following the pole placement

technique applied to the evolution of each pair of electrical and mechanical modes. In particular, we will

determine an optimal expression for the stiffness and dissipative functions k(m) and d(m) appearing in

the time evolution of them-th electrical mode; consequently, we will establish the forms of the operators

K and D, exploiting their spectral representation.

The chosen optimality condition requires the determination of the values of ωq(m) and ζq(m) in

order to maximize the exponential time decay rate τm of the solution of the fourth order system (10),

governing the time evolution of the m-th pair of electrical and mechanical modes, defined as:

τm = min
i=1,...4

{|Re[sm
i ]|}.

In order to maximize the exponential time decay τm, the optimal values of ωq(m) and ζq(m) by

requiring the four roots of Pm(s) to be coincident (pole placement technique, see e.g. [1]). Hence we

enforce the polynomial Pm(s) to be factorized as:

Pm(s) ≡ (s2 + 2σ(m)s+ (σ(m)2 + ω(m)2))2.

Equating the coefficients of the above mentioned polynomials the following the following matching

conditions are imposed on the electrical controller:

{

ωq(m) = ωp(m)

ζq(m) =

√
c(m)

ωp(m)

. (12)

Condition (12)1 establishes that in order to maximize the time rate decay of the m-th pair of elec-

trical and mechanical modes, the electrical m-th mode has to be resonant at the mechanical resonance

frequencyq ωq(m) .

Thus, by use of (11), the following conditions on the values of the functions k and d in correspon-

dence with the mode number m under control are stated:
{

k(m) = (αmπ)4

d(m) = 2(βmπ)2.
(13)

The values of the real and imaginary part of the coincident roots are found to be:










σ(m) =

√

c(m)

2
,

ω(m) =
√

ωp(m)2 − c(m)
4

(14)
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hence, the damping ratio (defined as the sine of the phase of the coincident roots measured from the

imaginary axis) becomes:

ζ(m) :=
σ(m)

√

ω(m)2 + σ(m)2
=

√

c(m)

2ωp(m)
.

Introducing the relations (11) into (14), we get the following expressions for the real and imaginary

parts of the placed roots:










σ(m) =
(βmπ)2

2

ω(m) = (mπ)2
√

α4 − β4

4

Taking into account the definitions (8) of the parameters α and β , we get the following relation in

terms of the properties of the piezo-electromechanical beam

ζ(m) =
cfkme

2
√
γKM

(15)

Conditions (13) establish that the optimal distributed passive circuit to be mechanically fed by the

piezotransducers has to be governed by the following PDE:

ψ̈ + K[ψ] + D[ψ̇] = 0, (16)

where the stiffness and damping operators are defined by:

{

K[ψ] = α4ψIV

D[ψ̇] = −2β2ψ̇′′
(17)

Remark that the self-adjoint operators K and D are both differential operators and satisfy the rela-

tionship

K ∝ D2. (18)

The found electrical circuit can be thought as the analog circuit of a simply supported vibrating

beam, with an internal dissipation proportional to the curvature velocity u̇′′. The synthesis of a lumped

electrical network governed by a finite difference approximation of (16) with (17) has been addressed

in [5] and [4].

6. CONCLUSIONS

In the present paper the concept of piezoelectric shunting by means of a single transducer suitably

positioned on a structural member is generalized. Indeed we consider a beam hosting an array of piezo-

electric transducers and look for a multiterminal electric network shunting them in an optimal way. In

the first two sections a maniable model for a PEM beam is found, while in the subsequent sections its

electric components are optimized to get the most efficient damping of mechanical vibrations. We have

proved that, in principles, a multishape, multifrequency (i.e. a complete multimodal) vibration suppres-

sion is possible by means of a completely passive electric controller. This is obtained by synthesizing

a distributed electric circuit governed by the same PDE governing the beam flexural vibrations, and

completed with a resistive network governed by the second order spatial derivative. Even if we have

considered only a simply supported PEM beam, the same reasonings can be successfully applied to

differently constrained PEM beams. Nevertheless, in these cases the optimal electric operators may not

be purely differential as in (17).
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