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Preface

e Many inference procedures in Statistics reduce to optimization
Example: MLE — Maximum Likelihood Estimation

Problem: Given a parametric family {pg(-) : 0 € ©} of probability
densities on R% and a random observation w drawn from some density
py, (-) from the family, estimate the parameter 0.

MLE: Given w, maximize py(w) over 8 € © and use the maximizer
6 = 0(w) as an estimate of 6,.

e In MLE, (most of the time) optimization is used for number crunching only
and has nothing to do with motivation and performance analysis of MLE.

e Most of traditional applications of Optimization in Statistics are of “number
crunching” nature. Though important, “number crunching” applications are
beyond our scope



Our scope: inference routines motivated and justified by Optimization Theory

Our “working horse” will be Convex Optimization Theory — Convex Analysis,
Optimality Conditions, Duality...

This choice is motivated by

e nice geometry of convex sets, functions, and optimization problems

e computational tractability of convex optimization implying computational effi-
ciency of statistical inferences stemming from Convex Optimization.
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FOR INTRODUCTION:

LINEAR FUNCTIONAL ESTIMATION
IN WHITE NOISE

e Donoho’s Theorem

e Estimating Linear Functionals on Unions of Convex Sets



Linear Functional Estimation in White Noise Model

We consider the model
w= Ax + o€
with
e observable w € RY;
e unknown parameter x € R"; it is known a priorithat x € X, X C R"
being convex and compact,

e sensing matrix A € R4xn:
e observation noise & ~ N (O, 1), o > 0O is known.

Our goal is to estimate the value g(x) at x of a given linear functional

g(z) =g’z
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Estimation risk: given ¢ € (0, 1), we define the risk of an estimator g(w) of
gL'z on X as the maximal width of confidence interval of level 1 — e:

Riske[g| X ] = min {p . Proby {|§(w) — gTac| > p} < eVzx € X}
We are specifically interested in the minmax risk

RiskOpt. = inf Risk¢[g|X],
g

e We say that an estimator g = g. 4 is affine if it is of the form

Gep(w) = dlw+e ¢e Rd, c € R.

We want to compare the minmax risk RiskOpt, to the maximal on X risk of
the best affine estimator:

RiskA¢ = in(z Riske[ge ¢ X].

C,
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White Noise Model : Donoho’s Theorem

Thorem [Donoho, 1995] In the white noise model

RiskA¢ < C' RiskOpt,
with C' < 1.25 when e < 0.01.

Let us prove the following version of this result:

Proposition Let ¢ € (0,1/2). There is an affine estimator g. 4(-) of g(x)
such that

gn (1 —€/2)
gn (1 —¢€)
where qn () is the a-quantile of N'(0, 1).

Riske[ge, 4| X] < RiskOpt,

: o av(1—¢/2) |
Note: the ratio (=) 1asel +0

-0.3 -



Proof. 1° Note that Vu € X,
Gep(w) —glu) = ¢dlwt+c—glu=e¢'Au—g'u+ o¢’¢
~N(0,02(|9|13)
< (AT —u+c+ qv(l —€¢/2)a|¢]2
with probability 1 — €/2.
Thus, for p = max,ex(AT¢ — g)u + c 4+ qp (1 — €/2) 0|92,

sup Prob,{g(w) — g(u) > p} < ¢/2.
ueX

For the same reasons,

sup Prob,{g(w) — g(v) < —p'} <¢/2.
veX

where p' = max,ex(g — AT ¢)v — c+ qv (1 — €/2) 0| @]|2.
Let us put

— 1 AT NT .. T,  NT
c=3 T€a§<(g AT¢) x rpezleX(A ¢—g) v].
With this choice of ¢ we have p = p’, and

p =73 max {®(¢;u,v) == [¢" (v - u) + ¢"A(u — )] + 2451 — ¢/2)0 (¢} -

is the half-length of the confidence interval of g(Y"). We conclude that

Riske[gc4| X] < Opty := mqbin [ma;é d)(qb;u,v)]
u,ve
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2° Observe that ®(¢; u,v) is convex and coercive in ¢ and concave in u,v. Thus, by the
Sion-Kakutani theorem,

min | max ®(o; u, = max |Mmin ®(¢; u,
) [u,veX (o;u v)] u,vEX[ ! (¢; u ‘U)]

Note that
m¢in S(p;u,v) = g (v—u)+ mgbin (0" A(u — v) + 2qn (1 — €/2) 0| ¢||2]

_ g (v—u), [[A(u—v)]2 <2qn(1 —€/2)o0,
—oo, otherwise,

and we conclude that

Optyx = max {%gT(v —u) uw,v € X, [[A(v—u)|l2 < 2qp(1 —€¢/2)0} . (%)

3° We need to show that
gy (1 —€/2)
gv (1 —€)
Let us assume, on the contrary, that
p« = RiskOpt.< 1 (e) 1Opty.
Observe that (x) is clearly solvable, let [u; v] be an optimal solution; we have

2p, < () tg (v —a) < g" (v — 7).

Optx <

RiskOpt, := 1 (e)RiskOpt..
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Let now [u; v] be a “contraction” of [u; v] such that
2p, = g' (v —1).
We have

JAG — )2 = =2 | A(® — @)]|2 < 2qn (1 — €)o.
Oth
N——

<y
Now let us consider the problem of deciding between hypotheses

Hi: z=w and Hy: = 7.
Let g.(-) be the (minmax) estimator of g(u) with risk p..
Now consider the rule 7 (-) deciding between Hg and Hi:

T decides H1 if g.(w) < %gT(@\ + w), and decides H» otherwise.

By construction, the probability that 7 (w) rejects H;, i = 1,2 when it is true is < e.
On the other hand,

|Av — Aul|2 < 2qn (1 — €)o.

Then, by the Neyman-Pearson lemma, there is no test for H; and H1 with the risk 2¢, and we

arrive at a contradiction.

- 0.6 -
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Interpreting the resulit

In order to find g one has to solve a conic convex problem

Opty = ma>)<( {%gT(v —u) [JA(v —u)|lo — 2qp(1 — €/2)0 < O}.
u,ve Z=f\(ru,v)
It is a “well structured” problem and can be solved efficiently if X is computa-
tionally tractable.

Note that an optimal solution (u, v) to this problem can be augmented by the
Lagrange multiplier » > 0 such that the vectors

ey = 6% BgTu—l—yf(u,v)}
(u,v)=(u,v)

ey = % [—%gTv—l—yf(u,v)]
(u,v)=(u,v)

belong to the normal cone of X x X at (u,v):
V(u,v € X): el (u—1) >0, el (v—2)>0. ()
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There are two possible cases:

e v = 0: in this case the constraint [|[A(v — u)||2 < 2gn (1 — €/2) is not
active, and
[u; v] € Argmax {gT(v —u): u,v € X}.
We have ¢« = 0 and ¢« = gL (7 + v);
e v > 0:inthiscase |A(v — u)l||lo = 2qn (1 — €/2)0, and we set
A(D — @)
A — )2

W) =¢lw+teci, p=v e = g7 (u+0).

One verifies straightforwardly that ®(¢«; u,v) attains its maximum over
u,v € X at the point (u,v), and the maximal value is exactly 20pt x .
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Linear Functional Estimation over Unions of Convex Sets

e GGiven

e collection X;, 5 =1, ..., J, of nonempty convex compact sets in R
e d X nmatrix A

e linear function gZ 2 on R"

e observation w = Az + &, £ ~ N (O, O'QId), o> 0,

we want to estimate g” x.
Same as before, we quantify the performance of an estimate g(-) by its e-risk:
Riske[g| X] = min {p . Proby {|§(w) — gT:r;| > ,0} <eV(j< J x€ Xj)}.

We consider estimates which are aggregates of “pairwise” estimates of the
form

gij(w) = ¢lw+c;j, 1<i,5<J
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Lete € (0,1), g(z) = ¢Tw + ¢, ¢ € R%, ¢ € R. Observe that Vz € X,
gw) —g'z (A"p—g)x+c+0¢"¢ < (A — g)z + ¢+ ol|pllagn (1 — £/2),
gr—glw) = (g-—A"P)z—c+op'¢ < (g—A'¢)z — c+ ol|pllagnv(1 — /2)
with probability 1 — /2. Therefore, forany 1 <i,j5 < J,
Vu € X;t g(w) —g'u < maxuex,(AT¢ — g)u + c + ol|pllagn (1 — £/2),
Vo € X1 glv—gw) < maxeex, (g — ATP)v — c+ o||¢|l2qa (1 — €/2).

Let

— 1 AT . T,
c=3 22?5(9 AT p)v ggg(A ¢ —glu| .

We conclude that g(w) satisfies:
sup Prob,{g(w) — ¢g'u > p} < e/2,

ueX,
sup Prob,{g"'v — g(w) > p} < e/2,
veEX;
where
p=1=% max_ {P(¢;u,v) :=[g"(v—u)+ ¢"A(u—v)] + 2qn (1 — &/2)0 B2} .

2 ’U/EXZ‘,'UEXJ'
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Building the estimate: Lete = ¢/J. For 1 < 4,5 < J, consider convex optimization problems

Opt;; = min{ max 1d(¢;u,
P J 10} uEXi,'UEXjQ (¢ u ’U)}

= min max % [(gT(v —u) + T A(u —v)) + 2qn (1 — %) qung} }

¢ UGXZ'7U€X7'

Let ¢;; be feasible solutions to these problems, and p;; be the corresponding values of the
objectives (the closer to Opt,;, the better).

e We set
— T 1 T T
gij(w) = ¢jw + cij, cij = 3 [g’é%(g — A" ¢)v — ngf(f\ ¢ — g)U] :

thus ensuring

IA

Prob, {gij(W) > gTu -+ ,Oz'j} %, u € X;

Prob, {gij(W) < gTv — ,Oz'j} < %, v E X,

- 0.11 -
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m
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Prob, {gz‘j(w) > g'u + Pz’j} S o

Prob, {gij((.U) < gfv — pij}

IN

o
e
M
e

e Given observation w, we build the matrix

E.. :: .. ]
[ 17 gzg(w) 1<ij<J’
and set
T; man Eij7 r = min;r; = mMin; man Eija

Sj min; Eij7 § = MaXx; s; = mMaX; min; Ez]

The estimate g(w) of g’ z, x € X = U; X}, is set to
g(w) = 3[r + sl.
Theorem c-Risk of the estimate g satisfies

Riske[g|X] < p := max p;;.
1

Y
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Prob, {gij(w) > gTu + pij} < Q—EJ, u € X; (a)
Prob, {gij(w) <gly— Pij} <55, VEX;

Eij = gij(w) (b)

ri = MaX; El'j, r = min; r; = Min; maxX; Ez'j, ( )

S; = min; Eij, § = MaX; s; = maX, min; Ez'j ¢

g(wi) = 3[r + 5 (d)

Proof. 1°. By (b),

ri > By > s; = 1> 8 Vi) (e)

20, Let = € X/, and let £ be the event
g (W) < g'u4py Vi < J, and gi(w) > g'v—p Vi < J,
so that by (a) and union bound,
P(E)>1—¢

Let A = [¢"x — p, gTx + p]. Note that when w € &, one hasr,c € .
Indeed, when w € £, we have

re; <glwtpyVi = r<glz4p = r<g'z+p,
same as

sie>g x—puVi = sg>g'x—p = s>g'xz—p.
Since » > s by (e), we conclude that r, s € A whenever w € £.
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Near-Optimality

Opt;; = mgbin { uer)p?)éx > [(QT(U w) + ¢" A(u — v)) + 2qx (1 - Q_J) UH¢||2} }

¢(¢J u,v)

Because ®(¢;;; u,v) is convex and coercive in ¢ and concave in u,v while
X, X; are convex compact sets, by the Sion-Kakutani theorem,

min max  P(¢;;; u, = max min ®(¢; u,
¢ [uGXi,fUEX- S U)] weX;vEX, [ ¢ (3w v)]
Same as above, we conclude that Opt IS either —oo, or
Opt;; = max{ g’ (v—u): ue X,veX;||AWw—u)|a < 2qv (1 — 2—3) } . (%)

It is immediately seen that Opt;; is a nonnegative real, so that

Opt := maxOpt;; > 0.
t,]
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Note that we can make the bound p on e-risk of our estimate arbitrarily close
to Opt by properly selecting corresponding feasible solutions.

We are to show that Opt is nearly the optimal e-risk in our estimation problem
RiskOpt, = inf Riske[g| X].
g

Theorem Lete € (0,1/2). Assume that we are in the special case where for
every i, j there exists z;; € X; N X,;. Then

1 _ €
Opt < an( 2‘])RiskOptE.

gn (1 —€)

- 0.15 -



Opt;; = max {%gT(v —u): u€ X;ve X ||[A(v—u)l2 < 2qn (1 — %) a} . (%)

Proof. 1° We are to show thatforall 1 <i4,5 < J

1 — €
Opt;; < w1l = 57) piskopt, [> 0]
(1 —¢€)
=1(e)
Let us associate with (x) a parametric problem
wi;(s) = max {%QT(’U —u) u€ X;,v€E X [[A(w —u)l]2 < s}. (Ps)

Note that (Ps) is convex (in the sense that its objective is concave and the domain is convex)
and feasible Vs > 0 (with a feasible solution u = v = z;;) with w;;(0) > 0. We conclude that
wi;(s) is nonnegative, concave and bounded on R = w;;(s) is continuous for s > 0.

- 0.16 -



w;j(s) = max {%gT(v —u): u€ X,ve X [|[A(w—u)|2 < 8} . (Ps)

We claim that
wij(s+) < RiskOpt,, s« = 20qn (1 —€).

Let us assume, on the contrary, that w;;(s«) > RiskOpt,, so that for some s’ € (0O, s.),
wi;(s’) > RiskOpt.. Then there exist u € X; and v € X; which are feasible for (Py) and
such that

|A(T — D) ||2<20qn (1 — €),
and
29" (v — u) > RiskOpt..
We have already seen that this is impossible by the Neyman-Pearson lemma, thus arriving to
a contradiction.

2°. We conclude that w;;(s«) < RiskOpt.. Now, we for

5 = (e)se = 2qn (1 — %) o

we have by concavity of w;;(s) and due to w;;(0) > O:
’w@](§> < w(e)wij(sl) < ?ﬁ(é)RiSkODte. ]

- 0.17 -



Numerical lllustration

Setup: Given J = 100 points z; € R2° and stationary K-repeated observation noisy obser-
vation

WK — (wla ..,CUK), Wi NN(ACB’IQO>

of one of the points (we do not know which one!), we want to recover the first entry of the point.
e A: randomly generated matrix
ec=0.01.

Note: We are in the situation where X; = {z;} are singletons.

251

15— 1 1 N

_ — =+ =+

Opt(K) vs. o2, data over 20 randomly generated collections {z;}1°%

- 0.18 -



HYPOTHESIS TESTING, |

e Preliminaries
o Jests & Risks
e Repeated Observations
e 2-Point Lower Risk Bound
e Pairwise Tests via Euclidean Separation

e From Pairwise to Multiple Hypothesis Testing



Hypothesis Testing Problem

Given
e observation space $2 where our observations take values,
e [ families P1, P»,..., Py, of probability distributions on €2, and

e an observation w — a realization of random variable with unknown probability
L
distribution P known to belong to one of the families Py,: P € |J Py,
(=1
we want to decide to which one of the families P, the distribution P belongs.

Equivalent wording: Given the outlined data, we want to decide on L hy-
potheses H1, ..., H, with ¢-th hypothesis H, stating that P € P,.

A test is a function 7(-) on 2. The value 7 (w) of this function at a point
w € €2 is a subset of the set {1, ..., L}.

—relation £ € 7 (w) is interpreted as “given observation w, the test accepts the
hypothesis H)”

— relation ¢ ¢ T (w) is interpreted as “given observation w, the test rejects the
hypothesis H)”

-1.1 -



Simple tests
e 7 is called simple, if T (w) is a singleton for every w € <.

Risks of a simple test 7, are defined as follows:

e /-th partial risk of 7 is the (worst-case) probability to reject ¢-th hypothesis
when it is true:

Risky[T|H1,...,H;] = sup Prob,.p{¢ & T(w)}
PePy,
e total risk of 7 is the sum of all partial risks:
RiSktot[T|H1, ceey HL] = Z RiSKE[T|H1, ceey HL]-
1</<L
e risk of 7 is the maximum of all partial risks:

Risk[T|Hq, ..., Hr] = max Risk,[T|H4,..., Hy].
[TH1 L] max o[ T1H1 L]
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Remark: What was called test is in fact a deterministic test.

A randomized test is a deterministic function 7 (w, n) of observation w and in-
dependent of w random variable n ~ P, with once for ever fixed distribution
(e.g., P, = Uniform[0, 1]).

e Values 7 (w,n) of 7 are subsets of {1, ..., L} (singletons for a simple test).
e Given observation w, we “flip a coin” (draw a realization of n), accept hy-
potheses Hy, £ € T (w,n), and reject all other hypotheses.

e Partial risks of a randomized test are

Risky[T|H1,...,Hy] = ;gg Prob(wm)wpxpn{é Z T (w,n)}.
i

Exactly as above, these risks give rise to the fotal risk and risk of T.

-1.3-



Testing from repeated observations

There are situations where an inference can be based on several observations
w1, ..., Wg rather than on a single observation. Our related setup is as follows:

We are given L families Py, ¢ = 1, ..., L, of probability distributions
on observation space <2 and a collection

wK — (w].? "'7wK)7

and want to make conclusions on how the distribution of w’ “is posi-
tioned” w.r.t. the families Py, 1 < ¢ < L.

Specifically, we are interested in three situations of this type.
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A. Stationary K-repeated observations

Situation: w1, ...,wx are drawn independently of each other from the same
distribution P. Our goal is to decide, given w!, on the hypotheses P ¢ Py,
(=1,.., L.

Equivalently: Families P, of probability distributions of w € €2, 1 < ¢ < L,
give rise to the families

PR ={PR=pPx..xP:PecPy}

K

of probability distributions on QX = Q x ... x Q. Given observation w’€ ¢
K
QK we want to decide on the hypotheses

HE :ff ~ PR epl 1<i<L.

-1.5-



B. Semi-stationary K-repeated observations

Situation: “The nature” selects somehow a sequence P4y, ..., Py of distribu-
tions on 2, and then draws, independently across k, observations wj, from
these distributions:

wy ~ Py are independent across £ < K
Our goal is to decide, given wf = (w1, ...,wx ), on the hypotheses
(P, ePp,1<k<K} £=1,..,L.
Equivalently: Families P, of probability distributions of w € 2,1 < ¢ < L,
give rise to the families

K
P?’K:@ngz{Pszlx...XPK:P]CEPE,1§k§K}
k=1

of probability distributions on Q¥ = Q x ... x Q. Given observation w ¢

~

K
Q¥ we want to decide on the hypotheses

HPN oK~ PR epPh 1 <u<r.

-1.6-



C. Quasi-stationary K-repeated observations:
We observe random sequence w’* = (w1, ..., wx ) generated as follows:

There exists a random sequence (1, ..., (i of driving factors such that
forl <k< K

e wy. is a deterministic function of ¢k = (¢1, ..., ¢x)

e conditional, given ¢*—1 | distribution of w;, always belongs to P;.

Our goal is to decide, given w!*, on the underlying <.

Equivalently: Families P, of probability distributions on 2, 1 < ¢ < L, give

K
rise to the quasi-direct products ng K= & P, of families P,.
k=1

K
Family ® P, is comprised of all probability distributionson Q% = Q x ... x Q

-~

K
which can be obtained from P, via the above “driving factors” mechanism.

Given observation w# € Q¥ we want to decide on the hypotheses

HYR ol v PR e PPt 1<e<L.

-1.7 -



Important fact: 2-point lower risk bound

Consider a simple pairwise test deciding on two simple hypotheses on the
distribution P of observation w € €2:

Hy{.: P=Py, Hr: P= P>.

Let Py, P> have densities p1, po w.r.t. some reference measure 1 on 2.
Then the total risk of every test T deciding on H1, H> admits lower bound as
follows:

Riskeot[T|Hy, Ho] = [ min[py (w), p2(e)IN(dw).
Q2

As a result,

Risk[T|H, Hol > 3 [ min{pa (@), po(w)]N(dw). (+)
Q

The bound does not depend on the choice of I (for example, we can always
take N = P; + P»).

-1.8 -



RISK[T |, Ha) > - / min[p1 (), pa(w)]N(dw). ()

Proof (for deterministic test). Simple test deciding on H1, H> must accept Hq
and reject H, on some subset €21 of 2 and must reject H1 and accept H> on
the complement 2o, = 2\ 24 of this set. We have

Risk1[T|H1, Hy] = Qf p1(w)N(dw) ZQf min[p1(w), p2(w)]M(dw)
2 2
Risko[THy, Hp] = Qf pz(w)”(dw)ZQf min[p1(w), po(w)]M(dw),
1 1
thus
Riskiot[T|H1, H2] > f min[p1(w), p2(w)]MN(dw) + f min[p1(w), p2(w)]MN(dw)
= f min{py (@), pa()N(d) N

-1.9-



Remark: In the situation in question, consider the test 7x:
T« accepts Hy if p1(w) > po(w), and accepts Ho if p1(w) < po(w)
(Neyman-Pearson or Likelihood Ratio test).

Lemma [Neyman-Pearson] For any test T

Riskeot[T|Hy, Ho] > Riskeot[T2|Hy, Ho] = / min[p1 (w), po(w)]N(dw).
Q2

Example: Gaussian distributions. Let 2 = R, our observation
w =z +¢,

1 7
where z is deterministic and ¢ ~ N (0, I), i.e., has the density p(u) = (27) %2 2" “. Our
goal is to decide on two simple hypotheses: H1 : x = x1 and Hy . ©x = x5, x1, x> being two
given points.

The corresponding test 7. decides H; if

561—332

pe(w) = ¢’ [w—35(z1+22)] >0, e= ot — 22|

and decides H» otherwise. lts total risk is given by
Riskot[T|H1, Ho] P (¢«(w) < 0) + P2(¢«(w) > 0)
2Prob¢. y(0,1) {¢ > lle2 — @12} = erfc (sz—_xu) .
-1.10 -
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1_ .2
e — L =%

B Hivl—x;HQl )
d(w) =6Tw—%e [z + x°]

~~

w — 2tla = flw — 22||2} = {w : $(w) = 0}

p1(-) \

un-.'f!.o:':go' ogu 00" .S‘

b@)>0  lw)=0 b(w) < 0
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Corollary. Consider L. hypotheses Hy : P € Py, £ = 1,2,...,L, on the
distribution P of observation w € 2, let¢ 7 ¢ and let P, € Py, Py € Py.

The risk of any simple test T deciding on Hq, ..., Hy, can be lower-bounded as

Risk[T|Hq, ..., H] > %/min [Py(dw), Py(dw)],
Q2

where, by convention, the integral in the right hand side is

[ minlpy(w), pp(@)IN(dw),
Q2

with py, py being the densities of Py, Py w.r.t. Tl = Py + Pp.

Indeed, risk of 7 cannot be less than the risk of the naturally induced by 7T
simple test deciding on two simple hypotheses P = P,, P = Py, specifically,
the simple test which, given observation w accepts the hypothesis P = P,
whenever ¢ € T (w) and accepts the hypothesis P = P, otherwise.



Extension: Euclidean separation

Given observation w = = + £ with observation noise ¢ ~ N (0, I), we want to
decide on two composite hypotheses H4, and Ho:

Hy:xze Xy, Ho:xe€e Xo,

where X1, X» are nonempty nonintersecting, closed and convex sets, and
one of the sets is bounded.

Elementary fact: With X1, X> as above, consider the convex minimization
problem

Opt= _ min 1zt —z?|>.
331€X1,:C2€X2

The problem is solvable. Let (x1,x2) be an optimal solution, and let

_ T _ CL‘>|]<' —.CUE — 1. Tr..1 2
Qb(CU) — e w—C¢ € — ||$1 —ZU2||2, C — §€ [x* —I—CC*]
* *

Then the stripe {w : —Opt < ¢(w) < Opt} separates X1 and X»:
¢(al) > ¢p(x3) = Optval € X1,  ¢(a?) < ¢(2F) = —OptVz? € X
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1

p(w) = e'w —Le [zy + 2], e [y — 7]

- 20pt
where [z, 22] is an optimal solution to convex optimization problem

Opt= _ min 1zt —2z?|>
IIEXl,:CQEXQ

While optimal solution si not necessarily unique, ¢(-) is uniquely defined by
X1, Xo.



e Givend1 > 0,d> > Owithd1 4+ 5o = 20pt, ¢(-) specifies simple Euclidean
Separation Test T induced by X1, X»>, 61, 0-:

T(w) = { {1}, é(w) > 5[62 — 61]

{2}, otherwise



Observation: Let ¢ ~ N (0, I). Given observation w = x + £ the Euclidean
Separation Test T decides on the hypotheses

Hy:xze Xq, Hy:x e Xo
with risks satisfying

Riskq[T|H1, Ho]
RiSKQ [T|H1, HQ]

Prob.n(0.1y{¢ > 1} = Lerfc(d1/v2),

<

In addition, when 61 = 6> = Opt, T is the minimum risk test deciding on H1,
H». The risk of this test is

Risk[T|H1, Hp] = Probe.n(.1) {¢ > Opt} = lerfc(Opt/V2).

Note: By Neyman-Pearson lemma, this risk is the smallest attainable under
circumstances.



From Pairwise to Multiple Hypotheses Testing

Situation: We are given L families of probability distributions Py, 1 < ¢ < L,
on observation space €2, and observe a realization of random variable w ~ P
taking values in €2. Given w, we want to decide on L hypotheses

Hy:PePy, 1<e<L.

Our ideal goal would be to find a low-risk simple test deciding on these hy-
potheses.

Note: It may happen that the “ideal goal” is not achievable, for instance, when
some pairs of families P, have nonempty intersections. When P, NPy, # () for
some £ # ¢/, there is no way to decide on the hypotheses with risk < 1/2.

Fortunately, impossibility to decide reliably on all L. hypotheses ‘“individually”
does not mean that no meaningful inferences can be done.



When handling multiple hypotheses which cannot be reliably decided upon
‘as they are,” it makes sense to speak about testing the hypotheses “up to
closeness.”



w~P, Hy: PePy, 1<i<L

Closeness relation C on L hypotheses H1, ..., Hy is defined as a set of pairs

(¢,0") with1 < ¢,¢" < L; we interpret the relation (¢,¢") € C as the fact that
the hypotheses H, and H 2 are close to each other.

We always assume that

e C contains all “diagonal pairs” (£,¢), 1 < ¢ < L: (“every hypothesis is
close to itself”)

o (£,0") eCifandonlyif (¢ ¢) € C (“closeness is symmetric”)

Note: By symmetry of C, the relation (¢,¢") € T is in fact a property of un-
ordered pair {¢,¢'}.



“Up to closeness” risks
Let 7 be a test deciding on Hq, ..., Hy; given observation w, 7 accepts all
hypotheses H, with indexes ¢ € 7 (w) and rejects all other hypotheses.

We say that ¢-th partial C-risk of test T is < ¢, if whenever Hy is frue: w ~ P &
Py, the P-probability of the event
T accepts Hy: ¢ € T (w) and all hypotheses H, accepted by T are
C-close to Hy: (£,0") € CVV € T (w)
Is at least 1 — e.

¢-th partial C-risk of 7 is the smallest ¢ with the outlined property:

Riskg[ﬂHl, ....,Hr] = sup Probw,\,p{[é ZT(w)] or [3¢ eT(w): () QZC]}
PePy

C-risk of 7 is the largest of the partial C-risks of the test:

RiskC[T|Hq,..., H;] = max RiskS[T|Hq, ..., Hy].
[T H1 L] max o[ T1Hy L]
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Multiple Hypothesis Testing via Pairwise Tests

Assume that for every unordered pair {¢,¢'} with (£,¢")¢C we are given a
simple test Ty, ,n deciding on Hy vs. Hy via observation w.

Construction:
e For (¢,0") ¢ C, so that £ # ¢/, we define function T),(w) as follows:

1, T ey(w) = {4}
Typr = ’ { ’ } .
e () { —1, T (w) = {}
Since Ty oy is a simple test, T, (-) is well defined and takes values +1.
e For (¢,0") € C,we set Tyy(-) = 0.
By construction, we have T;y(w) = —Tp,(w), 1 < £,¢ < L.

e The test 7 is as follows: given observation w, we build L x L matrix
T(w) = [Tyy(w)] and accept exactly those of the hypotheses H, for which
¢-th row in T'(w) is nonnegative, that is, all tests Ty, yn with (£, ¢") & C accept
H,, observation being w.
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Example: L =4, C=1{(1,1),(2,2),(3,3),(4,4),{1,2},{2,3},{3,4}}
Suppose that given tests 7¢y 3y, T¢1 4}, T2 4) and observation w:
® Tr1 3y accepts Hy, T¢q 4y accepts Hy, Tro 4) accepts Hy, so we get

0| 0 | +1|4+1 ]

0Ol 0| 0| -1
Tw=|—3ToT0o o0

~1[+1] 0|0

— Aggregated test 7 accepts H1
e when 7yq 31 accepts Hy, Trq 4) accepts Hy, Ty 4y accepts Ho, we get

0 O |+1|+1
0 0 O | +1
—-1] O 0 0
—1]-1] O 0

— Aggregated test 7 accepts H1 and Ho

T(w) =
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Observation: When T accepts some hypothesis H,, all hypotheses accepted
by T are C-close to H,.

Indeed, if £-th row in T'(w) is nonnegative and ¢’ is not C-close to ¢, we have
ng/((d) > 0 and Téfl(w) c {—1, 1}
= Tgel(&)) =1
m— Telﬁ(&)) — —Teel(W) = —1
= ¢'-th row in T'(w) is not nonnegative = ¢’ is not accepted

Risk analysis. For (¢,¢") & C, let

Eppr  — RiSK]_['r{E g/}|Hg,H5/] = ;UD PrOwap{ﬁ 7 715 g/}(w)}
Py
= sup Prob,,p{Tyy(w) = —1} = sup Prob,.p{Tp(w) =1}
PePpy, PcPy

= Sup PFODWNP{E c 712 g/}(w)} = RISKQ['T{g 5/}|H£/ Hg]
PcPy
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Proposition. One has

RISK%[T|H1, ...,HL] < €p - — Z €pp! -
(e ecC

Indeed, let us fix ¢, and let H, be true. Let P € P, be the distribution of
observation w, andlet I = {¢/ < L : (¢,¢) ¢ C}. For ¢ € I, let &y be the

event {w : Typ(w) = —1}. We have Prob,,.p(Ep) < €y (by definition of
GEE/) = PrOwap(Uglelgg/> < €y.
E

When the event £ does not take place, we have T,y (w) = 1forall ¢/ € I
= Typ(w) > 0forall ¢/,1 < ¢ <L

=0 e T(w)

= (by Observation) {£ € T(w)} & {(£,¢") e CV¢ € T(w)}.

By definition of partial C-risk, we get

RiskG[T|Hq, ..., Hr] < Prob,, p(€) < €. O
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Testing Multiple Hypotheses via Euclidean Separation

Situation: We are given L nonempty, closed and bounded convex sets X, C
R%, 1 < ¢ < L and an observation w = = + &, so that
e x is a deterministic sequence of signals, and £ ~ N (0, I).

K

Given w™, we want to decide up to closeness C on L hypotheses H, : x € X.

Equivalently: Sets X, C R¢ specify L families of distributions
Pr={N(z,I): z € Xy}, 1<t<L
Given w, we want to decide, up to closeness C, on L hypotheses
Hy: PEPy, 1<t<L

on the distribution P¥ of observation w*.
We intend to assemble pairwise Euclidean separation tests.

Standing Assumption: Whenever ¢, ¢ are not C-close: (¢,¢")¢&C, the sets
Xy, Xy do not intersect.
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Building blocks. For (¢,¢") & C, we solve convex optimization problems

Opt,)y = min Hu — vll»s. P,
Wy ’LLEXg,’UEXe/QH 2 (Pyyr)

By Standing Assumption, Opt,» > 0. Optimal solution (ux,vs«) 10 (Pyy)
defines affine functions
Ux — Uk

T
¢€€/(W) — egg,w — ng/ €€€/ — | CM’ o %eggl[u* —|— ’U*]

Jus — vsl2”
Note: We have ¢,y(-) = —pp(-) forall (£,¢") & C.
As we know, whenever 4, > 0,6, > O satisfy

QOptM = 5@6/ -+ 55’6

it holds
Vu € Xp: Proby{¢(u+ &) < 35[0pp — dppl} < T (6pp) i= 5f v(s)ds,
ol
Vv € Xg/ . Proby {qb(v -+ f) > %[5€/£ — 5@5/]} < I_(cSM) L= 5f ’V(S)CZS
oy

where ~(-) is the standard normal density.
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0,0 (6,0)¢C = Optyy=min_ Zllu—wv|2 > 0= Opty

ueX,veXy 1
= Ui, Uk, Ppp(Ww) = €)pw — cpp= — (W) [ew = T o = Segulus + ’U*]]
dpr > 0, dpp > 0, 20ptyy = o + e (%)
Vu e Xp: Probeup {9(u+€) < 5[0 — 8wl } < T(0w) = [(s)ds
g 0

Vv € Xp: Probe.p {¢(U +&) > %[55'5 - 54@/]} < T (8e0) := [ y(s)ds

56’ 4

Assembling building blocks

e For ¢, ¢ with (¢, ¢") ¢ C we select §,, satisfying (x), thus arriving at simple
tests

(€}, bpr(w) > 5600 — 540)
Teyw) =4 )
{¢'}, ppp(w) < 5[0p0 — 040
e Further, we use out general construction to assemble tests {7,
(¢,¢") & C} into test T deciding on H1, ..., Hf,
Note: By (!), associated with tests 7@75/} quantities e, satisfy the relations

@)
e < T (8pp) := [ ~(s)ds, whence Riskg[ﬂHl, L Hp] < > T (6pp).
St R CNY-
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00 (60) ¢C=0pty = min_ lu—ul?
uEXg,UEXE/
= o 2> 0,000 > 0,20ptyy = o + 900

= T Risk{[T|Hy,...,H ] < Y T(6w), T(8) = [~(s)ds
R ENY-16 1)

Refining the construction.
We can try to optimize the “profile” of (upper bounds on) partial C-risks of the
test 7 over the “free parameters” §,,/, (¢, ¢") ¢ C, of the construction.

A model here may be as follows: given nonnegative weight matrix W and
nonnegative vectors « and 3, we want to minimize “scale factor” t under the

constraint
W vec[RiskG[T|Hz, ..., H]ll{ < a + 18

This problem can be safely approximated by the optimization problem

min 4+ Wvec [Ze (L,0)gC r(‘sﬁﬂ)} < a+tf (#)
{0u},t 5gg > 0 5gg -|— 555 — QODtgg, (E El) g C

Note: When ~(-) is nonincreasing on R (as is the case for Gaussian den-

@)
sity), function " (6) = | ~v(s)ds is convex on R
b

=- (#£) Is an explicit Convex Programming problem/!
-1.28 -



HYPOTHESIS TESTING, Il

Detector-Based Tests

Detectors & Detector-Based Pairwise Tests
Testing “up to Closeness”

Simple Observation Schemes

e Minimum Risk Detectors

e Near-Optimal Tests

Applications

e Recovery of Functionals

e Sequential Hypothesis Testing

e Measurement Design



Detectors & Detector-Based Pairwise Tests

Situation: Given two families P1, Po of probability distributions on a given
observation space <2 and an observation w ~ P with P known to belong to

P1 U P>, we want to decide whether

P € 1 (hypothesis Hq) or P € P> (hypothesis H»).

Detectors. A detectoris a function ¢ : €2 — R. Risks of a detector ¢ w.r.t. P;

and P> are defined as
Riskq[¢|P1, P2)]

Risko[o|P1, P2

Risky [¢|P1, P2

sup [ e W) P(dw),
PeP1Q

sup [ e?@)P(dw)
PePoQ
Risko[—¢[ P2, P1]
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Simple test 7, associated with detector ¢, given observation w,
e accepts H; when ¢p(w) > 0
e accepts H, when ¢(w) < 0.

Immediate observation:
Risky [Ty H1, Ho] Risky[¢|P1, P2]
Riska[74|H1, Ho] Riska[¢|P1, P2]
Indeed, Prob,,p {w : ¥(w) > 0} < [e¥W) P(dw).

<
<
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Riski[¢|P1,P2] = sup [e *W P(dw),
PeP.1

Riska[p|P1,P2] = sup [e?@ P(dw)
PeP,

Elementary Calculus of Detectors
e Renormalization (shift): ¢(-) = ¢4(-) = ¢(-) — a
{ Risky[¢a|P1, P2] e?Risk[¢|P1, P2]

Riska[¢a|P1, Po] e~ *Riska[¢|P1, Po]
= What matters, is the product
[Risk[¢|P1, P2]]? := Riskq [¢|P1, Pa]Risko[d| Py, Po]

of partial risks of a detector. Shifting detector by a constant, we can redistribute
this product between factors as we want, e.g., make the detector balanced:

Risk[¢|P1, P2] = Risk1[¢|P1, P2] = Riska[¢|P1, P2].
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Detectors are well-suited to passing to multiple observations.
Forl < k < K, let

e P1 1, P2 . be families of probability distributions on observation spaces €2,
e ¢;. be detectors on €2;.

Families {Pq p, Pg)k}le give rise to families of product distributions

K
P}?’K: @P’kiz{PszlX...XPKIPkEPX.k,].SkSK}.
k=1

on QF = Q1 x ... x Qg, x = 1,2. We call P direct products of P, .

Detectors ¢1, .., ¢ give rise to detector ¢X* on Q¥

K
k=1

~

wk

Observation: Forx = 1,2, we have

K

. K K )

Risky [¢ [P, PS5 ] = [ RiskylorP1 .k Parl-
k=1
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From pairwise detectors to detectors for unions. Assume that we are given
an observation space €2 along with

e R families R, r = 1, ..., R of “red” probability distributions on €2,

o B families By, b =1, ..., B of “brown” probability distributions on €2,

e pairwise detectors ¢,,(-), 1 <r < R,1 <b < B.

Let us aggregate the red and the brown families into 2 groups as follows

R B
R = U Rr, B — U Bb
r=1 b=1

and assemble detectors ¢, into a single detector
= max min :
¢(w) mnax b§B¢rb(w)
e We have

Risky [¢|R, B]

IA

max > Risky[oq|Rr, By,
r<Rp<B

Risko[o|R, B] < max 3 Risko[¢.s|Rr, Byl
b<Br<R
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Riski[¢|R,B] < max)  Riski[¢.|R:, By,
Riska[¢|R,B] < max Y Riska[¢m|Rr, B,
b<B r<R

Indeed, because — max, miny ¢,;,(w) = min, max, —¢,p(w),

[ emine maxy[—=¢up (W)l P (duw)
[emaxpl=¢rpW] pdw) < 5, [ e ?ro(w) P(dw)
Zb RiSkl [¢T*b|RT*7 Bb]

max,<r> < BRISK1 (¢ Rr, Bp).-

PeRy = [e W P(dw)

INIA |

= RiSk1[¢|R, B]

In the same way,

VAN

[ emaxe ming (6, (] p(dew) < [ eMa%r 615.(@) P(dw)
5, [ e?. @) P(dw) < 3, Risko[ér. | Ry, By, ]

P e By, = [e?@ P(dw)

IN

= Risks[¢|R, B]

IA

MaX,<gd_r< RRiSK2[dp| Ry, Bp].-
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Refinement: W.l.0.g. we may assume that the detectors ¢,.;, are balanced:
€Erp - — RiSk[¢rb|Rr,Bb] = Risk; [¢rb|RraBb] = RiSK2[¢Tb|RT,Bb].
Consider matrices

E:[ - “;B],F:[#]

€ErR1 - €R.B
Note: The maximal eigenvalue 6 of F' is the spectral norm || E||> > of E, and
the leading eigenvector [g; f] can be selected to be positive (Perron-Frobenius
theorem), and we have

bg=Ef 0f =Elg

e Let us pass from the detectors ¢, to shifted detectors ¢, = o,, — In(fp/9r)
and assemble the shifted detectors into the detector

P(w) = rpgagggigwrb(w)

By the previous observation

Riski[¢|R, B] < max;) , Riski (| R, By) = max,> e (fo/9r) = max.[(Ef):/g:] =0
Riska[¢|R, B] < max,y, Riska (| Ry, By) = max,y_ e(gr/fp) = Mmaxpy[(EYg)s/fo] =0

= Partial risks of detector +) on aggregated families R, B are < 0 = || E||2 >.
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Detector-Based Tests “Up to Closeness”

Situation: We are given
e [ families of probability distributions Py, ¢ = 1, ..., L, on observation space
€2, giving rise to L hypotheses Hy, on the distribution P of random observation
w € S2:

HK:PGP& 1<e< L,

e closeness relation C;
e system of balanced detectors

{bo <l (0,0) ¢}
along with upper bounds ¢, on the detector risks:
fQ e_¢%/(w)P(dW) < Epp! VP € Pg
fQ e¢€€’(w)P(dw) < €pp! VP € Pg/

e Qur goal is to build single-observation test deciding on hypotheses H1, ..., Hy,
up to closeness C.

V0 e <t (6, 0)E0): {
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Construction:
e We set

& ( ) . —qbg/g(w), 0> 6/, (ﬁ,f’) € C, . €pp, £ > ﬁl, (5,6/) € C,
w200, (4,0 ec, L () ec,

thus ensuring that

qbggl(') — —¢€/£(°), and Eppr — €yptyp, 1 </, 4 < L
fQ e_¢€€’(w)P(dw) S Epp! V(P c Pg, 1 S E,El S L)

e Given shifts ayy = —ay,, we specify test 7 as follows:

Given observation w, T accepts all hypotheses H, such that

¢££/(w) > Qyp! \V/(EI . (6, E,) € C)
and rejects all other hypotheses.

Proposition. The C-risk of T can be upper-bounded as

RiskC[T|H1, ..., H;] < max ST et
= g (e gC
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Optimal shifts: Consider the symmetric nonnegative matrix

L 1, (4,0)¢cC
E=lewxewlio=1 xer = { 0, Eu’% Ee

and let 0 = |[E||2 o be the spectral norm of £, or, which is the same under the
circumstances, the largest eigenvalue of E.

By the Perron-Frobenius theorem, for every 6’ > 0 there exists a positive vector
f such that

Ef <0'f;

the same holds true for ¢/ = 6, provided the leading eigenvector of E (which
always can selected to be nonnegative) is positive.

Observation: For o,y = In(fy/ fy), the risk bound from the proposition reads
RiskC[T|Hy,...,H;] < 0.

Thus, assembling the detectors ¢, appropriately, one can get a test with C-
risk arbitrarily close to || E|2 ».
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Utilizing repeated observations. We can apply the above construction to
e K -repeated observation w* = (w1, ...,wx ) in the role of w,

K
e direct products P?’K = @ Py in the role of families P,, and respective
k=1

hypotheses HEE’K in the role of hypotheses H), ¢ =1, ..., L,

e detectors qﬁ%,()(wK) = 31 1 ¢ppr(wy) in the role of detectors ¢4, which

allows to replace e, with e/},.

As a result, we get K-observation test 7% such that
RiskC[TE|HSR . HPR] < 0

where 60’ can be made arbitrarily close (under favorable circumstances, even
equal) to the quantity

In particular, in the case when ¢, < 1 whenever (¢,¢") ¢ C, we can ensure
that the C-risk of 7% converges to 0 exponentially fast as K — .

K. 1L _ )1, we)égc
FwaLyzﬂtz’xw“{o,(aﬂ)ec
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“Universality” of detector-based tests.

Proposition. Let Py, x = 1,2, be two families of probability distributions on
observation space €2, and let Hy, x = 1,2, be associate hypotheses on the
distribution of an observation.

Assume that there exists a simple deterministic or randomized test ] deciding
on Hy, H> with risk < e € (0,1/2). Then there exists a detector ¢ with

Risk[¢|P1, Po] < ey :=24/€[l —¢] < 1.
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Proof. 1°. Indeed, let 7 be deterministic, let 2, = {w € Q2 : T(w) = {x}}, x = 1,2, and
let
[1—€]

lIn( ) w € 21
w) = 2 € )
#(w) {%In(e/l—e)), w € Qb

Then for P € Py and ¢ = [, P(dw) we have

Ve[l —e]l(1 =€)+ +/[1—¢]/ee ]
Velll=d+ [VIT—d/je — Vel —d]|

= [e %W P(dw)

) >0 =
< Ve/ll =+ VIl —e/e=e/[l = e
= 2v/€[1l—¢€]

In the same way, when P € P> and ¢’ = [, P(dw),

/e¢(“)P(dw) =e/[l—€](1 =€)+ /[l —€l/ee =2/e[1 — €]
We conclude that

Risky [¢|P1, P2] < 2v/€[1 — €].
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2°. Now let 7 be randomized. Setting 73;{ = {P x Uniform[0,1] : P € Py}, x = 1,2,
QT =Q x [0, 1].

By the above there exists a bounded detector ¢ : Q1 — R such that
V(P eP): [t e_¢+(“”s)ds} P(dw)ds < &= 2+/€[1 — ],
V(P EP): [ [t e¢+(”’5)ds} P(dw) <&,

whence, setting ¢(w) = fol o(w, s)ds and applying Jensen’s Inequality,

V(P € P1): [e?WP(dw) <& V(P €EP2): [,e? W P(dw) <& O

e Risk 2,/¢[1 — €] of the detector-based test induced by simple test 7 is “much
worse” than the risk € of 7.

e However, when repeated observations are allowed, we can compensate for
risk deterioration e — 2./e[1 — €| by passing in the detector-based test from a
single observation to a moderate number of them.
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Minimal risk detectors

. Jae W P(dw)

igf{Risk[qale,Pg] — min {e. ev(P €Py) }} 0

<
Joe?@WP(dw) < eV(P e P»)

e Optimization problem specifying risk has constraints convex in (¢, ¢)
e \When passing from families P, x = 1, 2, to their convex hulls, the risk of a
detector remains intact.

It would be nice to be able to solve (1), thus arriving at the lowest
risk detector-based tests.

However: (!) is an optimization problem with infinite-dimensional decision
“vector” and infinitely many constraints = in general, () is intractable.

Simple observation schemes: Special cases where (!) is efficiently solvable
via Convex Optimization.
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Simple Observation Schemes

Simple Observation Scheme is a collection

O = ((2,M),{pp : p € M}, F),
where
e (2,N) is a (complete separable metric) observation space 2 with (o-finite
o-additive) reference measure I,

supp ' = ;

o {p,(-) : n € M} is a parametric family of probability densities, taken w.r.t.
1, on €2, and
e M is a relatively open convex set in some R"
e p,(w): positive and continuous in p € M,w € 2
e F is a finite-dimensional space of continuous functions on €2 containing con-
stants and such that

INn(pu(:)/pv(:)) € F Yu,v e M.
e For ¢ € F, the function

po— 1IN (f e¢(“)pu(w)“(dw)>
Q
is finite and concave in u € M.
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Example 1: Gaussian o.s., where (2, M) is R? with Lebesgue measure,

{pu()=N(w, 1) : p € R%}, F = {affine functions on 2}
In(pu()/pv(-)) € F,
= 3 In (f e“Tw'FbpM(w)l_l(dw)) =alp+b+ C”TTCL IS concave in L.

Q
e Gaussian o.s. is the standard observation model in Signal Processing.

Example 2: Discrete o.s., where (€2, 1) is finite set {1, ..., d} with counting
measure,

w=1

d
{pu(w)z,uw,,uéf\/lz{,u>0: Z,uwzl}}

is the set of non-vanishing probability distributions on €2, and & = {all functions on Q}
In(pu()/pv(-)) € F,
= 3 In (f e¢(w)pu(w)ﬂ(dw)> = In (ZMEQ e¢(w)uw) is concave in .
Q
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Example 3: Poisson o.s., where (€2, 1), is the nonnegative part Z‘fl_ of inte-
ger lattice in R? equipped with counting measure,

d luﬁuie_,ui d

pu(w):H—Z l rpeMi=RY L
i=1 Y

is the family of distributions of random vectors with independent across ¢ Pois-

son entries w; ~ Poisson(u;), and F = {affine functions on 2}
In(pu()/pv(-)) € F,

=\ In (f eaTwJFbpM(w)l‘l(dw)) = Y. (e% — 1), is concave in L.
Q

e Poisson o.s. arises in Poisson Imaging, including

— Positron Emission Tomography,

— Large binocular Telescope,

— Nanoscale Fluorescent Microscopy.
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Example 4: Direct product of simple o.s.’s.

Simple o0.s.’s

O = ((%: M)y Pk () T 1k € My}, Fp) s 1< k< K

give rise to their direct product ®§:1 O,. defined as the o.s.

(%, 05) {p,x () : p € MFY, FRY,
where
¢ U =Qx, ... xQp, NE =Ny x...xMNg
K
o MK = My x ... x Mg, p(ul,”_,uK)(wl, W) = kﬂlpuk,k(“k)

o FE = {¢(w1, > wr) =S8 | édr(wy) ¢ € Fp, 1 S—k < K}

K
w
e A direct product of simple 0.8.’s is a simple o.s.
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Example 5: Power of a simple o.s.
When all K o.s’s in product O = ®%_, O, are identical to each other:
Op =0 := ((€2,N) {pu(-) tpe M}, F), 1 <k <K,

we can “restrict OK to its diagonal,” arriving at K -th power O5) of O:

00 = (@), (pfI() e My, FIO).

K
P (nwr) =TT pulen),

FUO = (30O (k) = élqb(wk) e F)

e K -th power of a simple o.s. is a simple o.s.
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o o e W P(dw) < eV(P e Pq)
6*(7)1’732)_(2?')?6{6' fge¢<w>P(dw) < eV(PEPg)} O

Main Result. Let O = ((€2,M), {pu(:) : p € M}, F) be a simple o.s., and
let M+, Mo be two nonempty compact convex subsets of M. These subsets
give rise to two families of probability distributions P1, P> on 2

Py = {P : the density of P is p, with p € My}, x=1,2,
and two hypotheses on the distribution P of random observation w € €2:
H{: PePy and H>: P € P>
Consider the function

®(¢; p,v) = 5 |In (Jg e pu(w)N(dw)) + In (Jq e @py(w)M(dw))] -
F X [Ml XMQ] — RR.
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Then

o (o, u,v) is continuous on its domain, convex in ¢ € F, concave in
(n,v) € M1 x Mo and possesses saddle point (min in ¢, max in (u,v)):

there exist (¢« € F, (u*,v*) € My x M>) such that

=SadVal

forall (¢ € F,(u,v) € M1 x M>).

e The component ¢+ of a saddle point (¢, (1™, ™)) of ® is an optimal solution
to (1), and

8*(7317 7)2) — eXp{¢(¢*v :LL*7 I/*)}
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e A saddle point (¢«, (1™, ™)) can be found as follows. We solve the opti-
mization problem

Sadval= max  In ( /Q\/pu(w)py(w)l_l(dw))

ueMq,veMo

(which is a solvable convex optimization problem), and take an optimal solution
to the problem as (u*,v*). We then set

$x(w) = 31 (pye(w) /Py (W),
thus getting an optimal detector ¢« € F.

e For this detector and the associated simple test T, ,

Risk[ﬁb*lﬂl,Hz] < Risk[¢«|P1, Po]
Riskq[¢«|P1, P2] = Riska[o«|P1, Po]

ex(P1, P2) = e32Val = [\ /ps (w)py« (w)N(dw).
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,LLEMl,VEMQ

SadVal = max In (/Q \/pu(w)py(w)l_l(dw)) (H

Gaussian o.s. P, = {N(u,Iy) : p € My}, x =1,2:
e Optimization problem (!) reads

max [—l —1/2}
e sl —v|5

e The optimal balanced detector and its risk are given by
bi(w) = 1w — v]w —c,

(v € Argmin lu—v]2 c=%[u*—V*]T[u*+V*]]
peMq,ve Mo

* %2
6*(7)1,732) — exp {_H:u 8V HQ}

Note: We are in the “signal plus noise” model of observations with noise ~
N (0, 1;). The test Ty, is nothing but the pairwise Euclidean separation test
associated with X, = M,, x = 1, 2.
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SadVal = max In (/Q \/pu(w)py(w)l_l(dw)) (N

,LLEMl,VEMQ

d
Poisson o0.s. P, = { @ Poisson(;) : po = [p1; . gl € My}, x = 1,2:
1=1

e Problem (!) reads

1N 2
enax [ 52 i (VHi — V)
SoilRivi—pi—2vi]
e The optimal balanced detector and its risk are given by
Px(w) = 550 1 InQuf /v )wi + vf — pf],

[(M*, v*) € Argmax Y[\ /iiv; — spi — %Vi]]
pueMiy,veMo

ex(P1,P2) = exp {_%Zi (\/;;k B \/V?f}

7
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,U/GM;L,VEMQ

SadVal = max In (/Q \/pu(w)p,,(w)l_l(dw)) (H

Discrete o.s.

Py ={pne M}, My CAG={peR: : ¥, pw=1,0>0}, x=1,2

e Problem (!) reads

max > /Hwlw

peEMq,veMyp 5
e The optimal balanced detector and its risk are given by

Px(w) = 5 In(pg/vy), we=/{1,..,d}
[(u*,u*) c Argmin >, \/m]

peMiy,veMy
ex(P1,P2) = X \/ Vs
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Direct product of simple o.s.s. Let

Or = (% M)y P e () * 1 € My}, ), 1 <k < K,

be simple o.s.s, and M, ;. C M;, x = 1,2, be nonempty convex compact
sets. Consider the simple o.s.

K
(@K, n5), {p,i - 1K e ME}FE) = ® o
k=1
along with two compact convex sets

My =M, 1 X .. XM, g, x=1,2.

Question: What is the problem

KeMma>l<<eM n (/QK \/p“K(WK)pVK(wK)HK(dwK>>
2 1,V 2

responsible for the smallest risk detector for the families of distributions P,
PL associated in OF with the sets My, x = 1,2 ?
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Answer: This is the separable problem

K
max S In </Qk \/p,uk,k(wk>puk,k(wk)nk(dwk)>

{ue €My v €Mo k3 g k=1
= Minimum risk balanced detector for P{*, P& can be chosen as

¢§(w17 M CUK) — Z?:]_ Cb*,k(wk),
bu k(W) = 210 (P £ (@) /Py (W)

(b, vip) € Argmax  In([q /Py, k(wi)py, k(wE) Mg (dwy)
Wk prEM1 o vp€EMo g, ( k\/uk o )

and

K
ex(P1,P3) = ] ex(Prp Pa),
k=1

where P, ;. are the families of distributions associated in Oy, with M, ., x =
1,2.
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Power of a simple o.s. Let

O = ((£2,1),{pp(-) : p € M}, F)

be a simple o.s., and M, C M, x = 1,2, be nonempty convex compact sets.
Consider the K-th power of O, that is, the simple o.s.
K
O) = ((QK, N5, (o (w1, o wi) = T pulwr) e M},f<f<>).
k=1
Question: What is the problem

(K); KN (K)/ KK/ K
uez\?’ll,auéMQm (/QK\/p'U’ (w™)py 7 (w™)N™ (dw ))

responsible for the smallest risk detector for the families of distributions 7>>(<K )
associated in OS) with the sets My, x = 1,2 ?
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Answer: This is the separable problem

K
max IN U M(d
{“€M1>V€M2}§=1@2=:1 (/Q \/pu(wk)P (wr)M( wk))

7

Kn ( Jo \/pu(w)py(w)l_l(dw))
= Minimum risk balanced detector for 73§K ), PéK ) can be chosen as
Fwr, e wi) = SIS de(wp),
$x(wp) = 1IN (py(w) /py+(w))

(w.v) € Argmax In (fq \/pu(w)pu(w)ﬂ(dw))]

and
6*(7’§K)»P§K)) = [e«(P1, P2)IY,

where Py, are the families of distributions associated in O with My, x = 1, 2.
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Near-Optimality of Detector-Based Tests in Simple O.S.

Proposition A. Let

O = ((2,M),{pp: p € M}, F)

be a simple o.s., M,, C M, x = 1,2, be nonempty convex compact sets,
giving rise to families of distributions

Py = {P : P has density p,,(-) w.rt. M withp € M, }, x = 1,2,

hypotheses H, : P € Py, x = 1, 2, on the distribution of a random observa-
tion w € 2, and minimum risk detector ¢« for P1, P-.

Assume that in the nature there exists a simple single-observation test, deter-
ministic or randomized, T with

Risk[T|Hq, Ho] < e < 1/2.

Then the risk of the simple test T, accepting H1 when ¢«(w) > 0 and ac-
cepting H» otherwise “Is comparable” to e:

Risk[Tg,|Hy, Ho] < €:=2/e(1 —€) < 1.
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Proof. From what we called “universality” of detector-based tests, there exists
a detector ¢ with Risk[¢p|P1,P2] < € and Risk[¢«|P1,P2] can be only less
than Risk[¢|P1, P>]. O]
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Proposition B. LetO = ((©, 1), {p, : p € M}, F) be a simple o.s., and M,, C M, x =
1,2, be nonempty convex compact sets, giving rise to families of distributions
Py = {P : P has density p,(-) w.r.t. M withp € M, }, x =1,2
their powers
Py ={Px..xP:PeP}, x=1,2 K=1,2,..
hypotheses
HY :PePf,x=1,2 K=1,2,..
on the distribution of a random K -repeated observation w® = (w1, ...wr) € QF, and mini-
mum risk detector ¢, for Py, P-.

Assume that “in the nature” there exists positive integer K, and a simple K .-observation test,
deterministic or randomized, Ty capable to decide on the hypotheses Hf x = 1,2, with

risk < e < 1/2. Then the test T4 i deciding on H)X, x = 1,2, by accepting Hi* whenever

K
pU(W") := ) pu(wr) >0

k=1
and accepting H% otherwise, satisfies

Risk[7;. |HF, HY] < e VK > K, = m(24(1_6))K*. <f<*/K* —»2ase—» -|—o) .
L= Tnre
Moreover, this risk bound remains true when the hypotheses H f are extended to hypotheses
HfCB’K stating that the distribution P of w®* belongs to the quasi direct K-th power of P,,

x =1,2.
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Proof. As we know, K-th power OE) of O is simple o.s. along with O, and
,EK) Is the minimum risk detector for the families Pff*, x = 1, 2, the risk of
this detector being [« (P, PQ)]K. By Proposition A as applied to O in the

role of O, we have

[ex(P1, P2)1* < 21/e(1 — €) = ex(P1,P2) < [2y/e(1 — )]/ Ex < 1,
By Detector Calculus, it follows that for K = 1, 2, ... it holds
Risk[o$™O|PP", PYHE] < [2¢/e(1 — )] K/ 5

and the right hand side is < e whenever K > K. ]
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Near-Optimality of Detector-Based Up to Closeness Testing

Situation: We are given a simple o.s.

O = ((Q,ﬂ),{p,u e M}, F)

and a collection of nonempty convex compact subsets M,, 1 < ¢ < L giving
rise to
e Families

Py ={P : P admits density p,, p € Myw.r.t. N}, ¢=1,... L,

along with direct products 7?;9 K= @le P, of P, and hypotheses H ?’K ;

P ¢ P?’K on the distribution of K-repeated observation w’* = (w1, ..., wx),
e minimum-risk balanced single-observation detectors ¢, (w) for Py, Py
along with their risks e« (Py, Py), 1 < ¢ < ¢ < L, and K-repeated versions

K

dror (W) =3 ¢pp(wp)
k=1

(K)

of ¢y such that Risk[e,,

K K
[H M H ™ < [ex(Pr, P)] ™
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e Assume that in addition to the above data, we are given a closeness relation
C on {1,...,L}. Applying Calculus of Detectors, for every positive integer K,
setting

O =

L
K 1, (4,e)¢gc
€ x (7767736’) . { /
[ 0, (4,,¢)ecC (o=1

2,2

we can assemble the outlined data, in a computationally efficient fashion, into
a K -observation test 75 deciding on H?’K, 1 < ¢ < L, with C-risk upper-
bounded as follows:

RiskC[TE|HP™ . HP R < s0p

(s« > 1 can be selected to be as close to 1 as we want).
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Proposition. In the just described situation, assume that for some ¢ < 1/2
and K in the nature there exists a K«-observation test T, deterministic or
randomized, deciding on the hypotheses

HeK* L Wit = (w1,...,wg,) is an i.i.d. sample drawn from a P € Py,
¢ =1,.... L, with C-risk < e. Then the test T with
K >0 14+ In(xL)/In(1/e) K.
1—1In(4(1—¢€))/In(1/e)|

—1 asve—>—|-0

decides on H?’K, ¢=1,..., L, withC-risk < ¢ as well.
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Proof. 1° Let us fix ¢,¢' such that (¢,¢) ¢ C, and let us convert 7 into a
simple Kx-observation test 77,5/ deciding on HEK*, Hgf* as follows: whenever

¢ e T(wh), 7~2,g/ accepts H €K* and rejects H gf* otherwise the test accepts
H(f,(* and rejects Hf*. It is immediately seen that

Risk[Ty | H, H)2*] < e.
Indeed, let PX+ = P x ... x P be the distribution of w’*. Whenever PX obeys
HEK*, 7 must accept the hypothesis with PX+-probability > 1 — ¢, whence
Risky [Ty o|H, ¥, Hy*] < e.

If PE+ obeys H ef,{* the PX+-probability of the event “T" accepts H ff* and re-
jects Hf*” Is < ¢, since Hff*, HEK* are not C-close to each other

= PX+_probability to reject HKK* isatleast 1 — e
= Risko[Ty ¢|H,** H)'*] < e.
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20 Because H X+ HX* can be decided upon with risk < e < 1/2, by detector
¢

/s
calculus

ex(Py *’PBI’(*) < 2\/6(1 —e)<1

Since O is a simple o.s,

1/ K,
<

6*(73@735/) S [2\/6(1 — 6)

We conclude that

K/ K,

0 < [2\/6(1 _ e)] L
and

RiSkC[TK|H§9’K, ...,H?’K] < 20 <€

when

K S 5 14+ 1In(sxL)/In(1/e)

K*~ 1—In(4(1—-¢€)/In(1/e)
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lllustration: Selecting the Best in a Family of Estimates
Problem: we are given

e a simple o0.s. O = ((2,7),{pu: p € M}, F) and have access to sta-
tionary K-repeated observations

WL pA(w*)(°)7 k= 1, coey K,
of unknown signal =z« known to belong to a given convex compact set
X C R™,
Here [x — A(x): affine mapping such that A(X) C M];
e M candidate estimates z; € R™, 1 <1 < M, of x4,
e anorm || - || on R™, and a reliability tolerance € € (0, 1)
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Parameter space

Given observations wi, ...,wg we look to identify (1 — €)-reliably the || - ||-
closest to xx« point among x1, ..., x ;.



Actual goal: givena > 1, 3 > 0 and a grid

r:{T0>T1>...>TN>O},

use observations w1, ..., wg to identify (1 — ¢)-reliably x K such that

i(w
| — 2,1y | < ap(zs) + 5
where
p(x) '=min{r:rel,r> miin |z — x| }

is the “grid approximation” of min; ||z — z;||.
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Parameter space



Observation parameter space



Solution:
e Consider M (N + 1) hypotheses

Hz] LWL pA(a:)() for some x € ij ={re X :|lz—x < 7“]}
e Define closeness C = C,, g:
[i5] is C-close to [i'5] iff ||z; —xyl| <7j+ry+ B

e Build minimum risk pairwise detectors ¢, ; ;//, along with their risks ¢ ; ;/./, for
hypotheses H;;.

e Choose 3 such that ¢;; . < 1 for all (ij,45") & C.

e Find the smallest K = K.(3) such that the K -observation detector-based
test TH decides on {H;; : i < M,0 < j < N} with C-risk < e.

e 70 build i(w’),

e apply TX to observation w*<,
e select H i (W) (W) with the largest j among accepted hypotheses H,;;.
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Proposition. In the situation in question, assume that for some e € (0,1/2),
b > 0 and positive integer K in the nature there exists an inference w® —
i« (wf) such that, for all * € X,

Prob{||zx — xi*(wi{)“ <p(zx) +0}>1—€

e Then one can choose 3 = 2b.
e The resulting inference w¥ — i(w!) satisfies

for K > K¢(2b), where

#a(28) < Cal (2 IN(M(N + 1))/ In(l/e)f_(> |

1 —1n(4(1—¢))/In(1/e)
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Numerical illustration. Given noisy observation

w=Aw—|—a£, gNN(OaLﬂ)

of the “discretized primitive” Az of a signal x = [z!;...; 2] € R™:

1 J
[Ax]]:_ Z :Csa 1 S]Sna
N e—1
fori = 1, ..., x we have built Least Squares polynomial, of order i — 1, approx-
imations x; of x:

x; = argMmin,ep, || Az — wl|3

[PL' = {z = [z!;...; 2™] : =% is polynomial, of degree < i — 1, in 3}}

and now want to use K additional observations to identify the nearly closest to
T, iIN the norm

1 n
full =3
1=1

on R™, among the points z;, 1 <1 < k.
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Numerical experiment [e = 0.01,n = 128, 0 = 0.01, x = 5, 8 = 0.05]

2
1r &
e
-1 -
2 | | | | | |
0 20 40 60 80 100 120 140
0.3
0.25 -
0.2+
0.15
01
0.05
0 1 1 1 1
0 20 40 60 80 100 120 140

Top: z. and x;. Bottom: the primitive of x.

5 1 p) 3 4 5
[z — z;|] || 0.56348 | 0.33947 | 0.23342 | 0.16313 | 0.16885

distances from z. to z;
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e With K = 3 (computed value), for a sample of size 1000, the closest to
xx point was correctly identified in all simulations

e the same was true when K = 3 was replaced with K = 1;

e replacing K = 3 with K = 1 and increasing o from 0.01 to 0.05, the
procedure started to make imperfect conclusions.
However, the exactly closest to z.« point x4 was identified correctly in as
many as 96% of simulations, with estimated excess error

E{{|z« — ;1) — p(xx)} < 0.0024.

1(w
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lllustration: Recovering Linear-Fractional Function of a Signal

Problem: An unknown signal = known to belong to a given convex compact
set X C R™ is observed according to

w= Az + o€, £ ~N(0,1)
Our goal is to recover the value at = of a linear-fractional functional

fTZ - T
F(Z):T, withe' z > 0, z € X.
e~z
lllustration: We are given noisy measurements of voltages V; at some nodes
i and currents I;; in some arcs (1, j) of an electric circuit, and want to recover

the resistance of a particular arc (7, 7):
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Circuit with 8 nodes and 11 arcs

= input node (# 1)

\/ —s Output node (# 8)

x = [voltages at nodes; currents in arcs]
Axz = [observable voltages; observable currents]

Currents are measured in blue arcs only
Voltages are measured in magenta nodes only
We want to recover resistance of red arc

conservation of current, except for nodes ##1,8

zero voltage at node #1, nonnegative currents

current in red arc at least 1, total of currents at most 33
Ohm Law, resistances of arcs between 1 and 10
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Strategy: Given L,
e split the range

A= [Q’él)rg F(x), max F ()]

into L consecutive bins A, of length §;, = length(A) /L,
e define convex compact sets

Xg:{xEXIF(w)EAg}, My={Azx :x € Xp}, 1 <I¢<L

a 2D projection of X and X1, ..., X3
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e We are to decide on L hypotheses
Hy: P=N(u,c°I), pe M,
about the distribution P of observation
w = Ax + c&
up to closeness
C: “Hyiscloseto Hyifand only if | — ¢'| < 17

e Estimate F'(x) by the barycenter of accepted bins.

Fact: For the resulting test T, with probability
> 1 — RiskC[T|Hy, ..., H]]

the estimation error does not exceed iy ..
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Implementation and results: Given target risk e and L, we select the largest
o for which RiskC[T|H7, ..., Hr] is < e.
e Thisis what we getfore = 0.01: A = [1, 10]

L 8 16 32

51 9/8~ 1.13]9/16 ~ 0.56 | 9/32 ~ 0.28

o 0.024 0.010 0.005
Topt/T < 1.31 1.31 1.33

o 0.031 0.013 0.006
Topt/T < 1.01 1.06 1.08

e oopt — the largest o for which “in the nature” there exists a test deciding on Hy, ..., Hy, with
C-risk < 0.01

e Red data: Risks ¢/ of pairwise tests are bounded via risks of optimal detectors, C-risk of T
is bounded by

e Black data: Risks ¢/ of pairwise tests are bounded via error function, C-risk of 7" is bounded

by
meax Z Eppr-
(e0)¢cC

€ee - X(e.0ygc] Zg/:]_

HQ,Q'
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Recovering N-Convex Functionals on Unions of Convex Sets

Fact: The construction used to recover linear-fractional function can be ex-
tended to recovering N -convex functionals.

Definition: Let X C R"™ be a convex compact set, F' . X — R be a contin-
uous function, and N be a positive integer. We say that F' is N -convex, if for
every real a the sets

X2 ={zeX:F(z)>a}, XS ={ze X :F(z)<a}

can be represented as the unions of at most N convex compact sets.

Example A: Fractional-linear function F'(x) = 383 with positive on X denom-
inator is 1-convex:

(reX: F(:U)ia} —(reX:e(z)— ad(m)iO}
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Example B: If F; is N;-convex on X, ¢« = 1,2, then max[Fy, F»] and
min[Fy, F»] are max[N1 + No, N1 N»]-convex on X:

i

\

’

\

N.
> (]
XM i={reX Fz)>a}= U UL
Vﬁl .1 = 1,2 [U,V: convex]
< 7
XS i={re X Fz)<a}= U Vg

V.
v=1 "~

{x € X : max[Fy(x), Fo(x)] > a} =

U Uff,l]U[ U USQ]

pu<Nip v<Np

fre X max[Fi(e), @] <ay= U [Va, NV,
p<N1,v<Np

Extension: IfF; is N;-convexon X,i = 1,2, ..., M, thenmax|F7y, F>, ..., F]
and min[Fy, F», ..., F)s] are max[>_; N;, [1; N;]-convex on X.
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Problem of interest: Given

e convex compact set X C R",

e NN-convex functional F' : X — R,

e acollection X;, j = 1,..., J, of convex compact subsets of X,

e stationary K -repeated observations w1, ..., wg Stemming, via simple o.s.,

J
from unknown signalx € U X},
j=1

we want to recover F'(x).
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Strategy: Given L, we
e split the range

A= [minF max F
[min F(x), max F(x)]
into L consecutive bins A, of length §;, = length(A) /L,
e and observe that by N-convexity of F', each set
J
{x € Uj:lxj  F'(x) € Ay}

is the union of at most N2.J convex compact sets YSE;

e Associate with nonempty sets YSE the hypotheses “observation stems from a
signal from Y£”

e Define closeness C on the resulting collection of hypotheses H1,..., H.,
L < N?JL:

H,, and H, are C-close
iff both hypotheses stem from the same or from two consecutive bins A,
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e Use our gear for testing multiple convex hypotheses in simple o.s. to build a
test 75 decidingon H, ..., H, up to closeness C via K-repeated observation.

e We apply the test 7 to observations w1, ..., wg and take as the estimate of
F'(x) the center of masses of all bins associated with the hypotheses accepted
by the test.

Same as in the above fractional-linear example, it is immediately seen that
The probability for the recovery error to be > d;, is at most the C-risk of .

In addition, with our estimate, the number of observations K required to ensure
recovery error < &y, with a given reliability 1 — €, e < 1, is within logarithmic
in N, J, L factor off the “ideal” number of observations needed to achieve, with
reliability 1 — e, recovery error 61,/2.
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Recovering Linear Functionals on Unions of Convex Sets
Revisited

Problem of interest: Given

e simple 0.s. O = ((2,M), {pu(-) : p € M}, F)
e collection X, 7 = 1,..., J, of nonempty convex compact sets in R"
o affine sensing mappings A;(-) such that

e linear function ¢ = on R",
e stationary K-repeated observation w’* = (w1, ...,wg), wyp ~ PA, ()
stemming from unknown signal x € X = (J; Xj, such thatz € X,

we want to estimate g” x.

Note: When all sensing mappings A;(-) are identical to each other, our prob-
lem becomes a special case of recovering 1-convex function on the union of
convex sets. If, furthermore, J = 1 (there just one set X = X4), we come
back to the classical problem of linear functional estimation.
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Risk: We quantify the performance of an estimate G(w’*) by its e-risk:

Riske[g]|X] = min {p - Prob ki {|§(wK) —glz] > p} <eV(j < Jx € Xj)}
J

z)

— the smallest guaranteed size of (1 — ¢)-confidence interval of the estimate.
e c € (0,1): once for ever fixed tolerance.

We consider estimates which are aggregates of “pairwise” estimates of the
form

b (W) = 3 ¢y (wp)
k

with gbij c F.
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Question: Given¢y € 7,6 € (0,1), p > 0, and i, 7, how to certify that

PrOwaNPZ(@ {Zk d(wr) > glz + p} <éVre X; (a)
ProwaszA;j(y) [Seolwr) <gTy—pt <dvyeX; (b)

Answer: Define the “aggregate”
® (1) = In ( / exp{qb(w)}pu(w)l_l(dw))  FX M-SR

By construction, ® (-, -) is convex in ¢ and concave in pu.

A sufficient condition for (a) and (b) is existence of o« > O such that

max [Ka®o(d/a, 4i(#)) = g"z +aln(1/0)| <p (o)
max [KO{CD()( o/, A (2)) + g* y+a|n(1/5) <p (d)
yEX
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Indeed when (¢) takes place and x € X, we have

{Z d(wp) > gl x + p}
k

1 T
o fon -]}
exp (—lg"z + pl/@) [Bump, () {exP($(w)/a)}
exp([g7z + p]/a) exp{K P o (d/a, Aj(x))}

™ = PrOwaN K'

pAZ x)

IA

]K

= In(r) < K®Pp(¢/a, Ai(z)) — o gtz + p]
= aln(r) < Ka®p(d/a,Ai(x)) —glz—p

= [by (0)]aln(n) < —alIn(l/d) =7 <

Thus, (c¢) implies (a); in the same way, (d) implies (b).
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O = ((€2,M),{pu() : p € M}, F)
®o(¢, 1) = In ([ exp{d(w)}pu(w)N(dw)) : F x M =R

{ MaXgex, [Kozcbo(cb/oz,Ai(ac)) — gz 4+« In(1/5)] <p (o
Maxyex, [Ka®o(—¢/a, Ai(z)) + g7y + aIn(1/6)] <p (d)
PrOwa”pfi(z) {Ek d(wi) > gTx + p} <e2VxeX; (a)
Prowaprj(y) {Zk P(wi) < g7y — P} <e/2Vye X, (b)

Observation: Letp > 0,9 € F and o > 0 be such that
max_ 3 [Ka[®o(p/a, Ai(z)) + Po(—¢/a, Aj(y)] +¢' ly —z]] + aIn(1/6) <p (%)

reX;yelX; 2

Then, setting

# = o | Max [Ka®o(=¢/a, 4j(y)) + ¢'y] — max [Kado(y/a, Ai(2)) — g'a] |,

J S J

~ Ve

= Y+

() =¢() +
so that ¢ € F, we ensure (c) and (d) and thus ensure (a), (b).
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Indeed, (x) reads 5[v4 + -] + aIn(1/5) < p, and clearly

Po(g/a,) = Po(¥/a,) + x/a, Po(—¢/a,) = Po(~v/a,) = x/a,
whence
maxgex; |Ka®o(d/a, Ai(z)) — g7z + ain(1/6)]

=74 + Kx+aln(1/6) = v4 + 50— — v4] + aIn(1/6)
=3[+ +7-1+ain(1/§)<p,

and
maxyex, |[Ka®o(—¢/a, Ay(x)) + g7y + aIn(1/6)]

=~ — Kx+aln(1/6) =~ — 5[v- —v4] + aIn(1/6)
=3[y + -1+ ain(1/8)<p
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Building the estimate: Consider convex optimization problems

Opty(K) = _min { max LKal[®o(u/a A) +Po(-v/a AG)]

+aly —2]] +ain(27/0 |

Let «;;,1;; be feasible solutions to the problems, and p;; be the corresponding
values of the objectives (the less, the better).

e We set
My = %[maxyexj [Kaijq)o(—wz‘j/az‘j,/lj(y)) + QT?J]
— MaXgex, [Kaij®o(vij/aij, Ai(z)) — g'z] ]7
¢ () = viy() +omy, L (W) = dis(wi),
thus ensuring

K
K
PrOwaprj(y> {sz(j )(wK) < gTy — Pij < %, y € X,
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Prob, i {cb(K)(wK) > g :C—i-Pz]} < £xe X
PrOwa {¢(K)(WK) < g y pl]} S 2Jay € Xj

e Given observation w!t, we build the matrix

Bij = o (")

’

,7<J
set
ri = max; E;;, v = min;r; = min; max; Ei;
c; = min; E;;, ¢ = max;c; = max; min; E;

and specify the estimate g(w?) of g’ z, z € X = U, X}, as

§(w™) = i[r + .
Theorem c-Risk of the estimate g satisfies

RISKE[./g\lX] < p.= maXpZJ
Y]
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Probwkwp {¢<K)(wf<) > g m—l—pw} < 5w € X

a
Prob,r., {cb(K)(wK) <g"y—rij} < 57y €X; @
Eij = ﬁbng)(wK) (b)
r; = MaX; Ez‘j, r = min; r; = Min; maxX; Eij, Cj = min; Eij, ¢c = MaX; c¢; = MaxX; min; Eij (C)
g(wf) =3lr+d (d)
Proof. 1°. By (b),
ri > By >c;p = 1>cj Vi, g (e)

20, Let observation w® stem from signal = € X,, let P be the distribution of w*, and let £ be
the event

¢ (W) < "z + p Vi < J and ¢50 (W) > gTx — p Vi<,
so that by (a) and union bound,
P(E)>1-—e

Let A = [¢g7x — p, g"x + p]. All we need to verify is that when w™® € £, one hasr,c € A.
Indeed, when w® € £, we have

rg; <gletpyVi = nm<glat+p=r<gzty
same as

T . T T

Cit 29 xT—pypVi = =g x—p = c=>g T—p.

Since » > c by (e), we conclude that r, ¢ € A whenever w® € £. O
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Near-Optimality

Opt;i(K) = a>rgibn€f{mergzéxj%[Koz[%(?b/a,Ai(az))+<bo(—w/oz,Az-(y))] i

+aly ] +ain(27/0) |

Note: Every Opt;;(K) is either a real, or —oo. It is immediately seen that
Opt;;(K) is a nonnegative real, so that the quantity
Opt(K) = max Opt;;(K)
0]
IS @ nonnegative real. Properly selecting feasible solutions to the convex op-
timization problems (P;;), we can make the upper bound p on e-risk of our
estimate arbitrarily close to Opt(K).

We are about to demonstrate that Opt(K) is nearly the optimal e-risk in our
estimation problem
RiskOpt.(K) = inf Riske[g]| X],
g
the infimum being taken over all K-observation estimates.
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Theorem Lete € (0,1/2) and M be a positive integer. Then
(i) for every integer K satisfying

K_ 2 In(2J/¢)

M~ In([4e(1 —e)]™ 1)

[— 2, ase — 40]
one has
Opt(K) < RiskOpt (M).
(it) In addition, in the special case where for every i,j there exists x;; €
X; N X, such that A;(z;;) = A;(z;;) one has
21In(2J/¢)
IN([4e(1 —€)]~ 1)

K>M = Opt(K) < RiskOpt.(M).
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Opt;(K) = inf { max %[Ka[cbo(w/a,flz’(w))+¢o(—¢/a,Az’(y))]+9T[y—w]}-I-Oé'n(QJ/E)}

a>0eF | z€XiyeX;

Proof of (i): Let us fix 7 and j. Opt;;(K) is the saddle point value in the
saddle point problem

- ! ol 4 Lo -
e max S Kal@o(b/a, 4i(@)) + Po(—b/a A + o'y — a] + ain(27/)]

which is convex-concave with compact maximization domain
= [by Sion-Kakutani Theorem]

Optw(K) == max Qin(xay)a
(l’,y)EX7XX]

Qijr(z,y) = a>ion£€f EKa[Po(/a, Ai(x)) + Po(—1/a, Ai(y)] + aIn(2J/e)] + 397 [y — 2]
Setting ¢ = ¥ /a, p = A;(x), v = A;(y), and recalling what ® is, we get

Quic(z,y) = inf a[m(zj/e) + inf K (in ([ e¥@)p,(w)M(dw)) + In ([ e ¢p, ()N (dw))] }
+197 [y — a].
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Qi (z,y) = inf a [In(QJ/e) +inf & [m (/ ed’(w)pu(w)ﬂ(dw)) +in (/ e¢(w)py(w)ﬂ(dw)>]]—|—lgT[y—:L']
a>0 peF 2 2

We claim that the inner inf & Is attained at

P(w) = ¢x(w) 1= 3 In(pv(w)/pu(w))
(note that ¢« € F since O is simple).
Indeed, we have for ¢(w) = d«(w) + 6 (w):

inf 3 [In (f exp{¢(w)}pu(w)N(dw)) + In ([ exp{—¢(w)}p,(w)N(dw))]

b F 2

= inf £ [In ([ exp{¢«(w) + §(w)}pu(w)N(dw)) + In ([ exp{—¢s(w) — §(w)}py(w)MN(dw))]

SeF 2

= inf [In (/ exp{5(w)}\/pu(w)py(w)”(dw)> +In (/ eXD{—5(w)}\/Pu(w)pu(w)”(dw)>]

e

\ 7

RG)
f(8) is convex and even function of § € F and as such achieves its minimum
ato = 0.
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e By the above computation,

Opt,;(K) = xE?Q?JéX- Qijk(x,y)

= max, |57l — ol + Inf a[KIn (] /oo @) (IN() +1n(27/)] |

— rr;gx{%gT[y —x]: Kln (f \/pAi(x)(w)ij(y)(w)I_I(dw)) +In(2J/e) > 0,z € X5,y € Xj}

e To complete the proof, it suffices to verify that

K 21n(2.J/e)
M7 In([Ae(1 — ] 1)

= Opt;;(K) < RiskOpt (M) forall s, j.

Indeed, assuming the opposite, we can find 4, 7 and x € X;, y € X; such that
setting p = PA(z)> 4= PA;(5) We have
9" [y — 7] > RiskOpt(M) (a)
Kin (Jy/p@)a@)N(@w)) +1n2J/e) 2 0 (b)
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1971y — 7] > RiskOpt (M) (a)
Kn (f . /p(w)q(w)ﬂ(dw)) FIn(2J/¢) >0 forsomez € X;, € X; ()
e (a) implies that simple hypotheses

Hl:wMNpM, HQIwMNqM
about distribution of w™ can be decided upon with risk < ¢, whence
[ min[p(w™), g™ (WM)]NM (dw™) < 2€
M

= [f \/p(wﬁl(w)ﬂ(dw)} — f\/pM(wM)7qM(wM)|—|M(de)

p— f \/min[pM(wM),qM(wM)]\/maX[pM(wM)7qM(wM)]HM(de)

< [f mln[pM(wM)aqM(wM)]HM(de)] 1/2 [f max[pM(wM)7qM(wM)]I—IM(de)] 1/2
[f mln[pM(wM)>qM(wM)]l‘lM(de)] 1/2 [f max[pM(wM),qM(wM)]I_IM(de)] 1/2
] il (), g MM ()] 2
<[ [pM (@) + g (@) — min[p* (), M ()] N (de)] 2

< /2€e(2 — 2¢)
K K/M

= [f \/p(w)Q(w)ﬂ(dw)} < [2 e(1 — e)} /

21n(2J/€)
In([4e(1—€)]~1)

€

S 27
and e < 1/2], what contradicts (b). O]

[due to £ >
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lllustration: Estimating Cumulative Distribution from Nosiy Observations

e Let X being convex and closed subset of A?, andlet { ~ z € X be a
discrete random variable on {1, ..., n},
(ile. P(C=1i)=uz;i=1,...,n).

o Let w € {1,...,d} be a discrete random variable, w ~ pu = Ax, where
A€ R‘j_xf is a given stochastic matrix.

Typical examples are

e Convolution model w = ¢ 4+ £ where £ (the noise) is a discrete random
variable with known distribution
e Multiplicative noise model w = &(¢

e Missing observations model
o ...

Our objective is, given a stationary K-repeated observation w’* = [w1 ... wx],

estimate values F;j(z) = e/ w := 3% _; x; of the c.d.f. of .

Note: We are in the Discrete 0.s. and can apply our apparatus to estimate the
value of linear functionals F;(x)
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To compute the estimator E(-) of F; we proceed as follows.
e We find an optimal solution [z, y] to the problem

d
max {%GT(y —z): z,y € X, Kln [Z vV [Az]i[Ayl;
=1
same as solving an equivalent conic quadratic problem

+1n(2/e) > 0},

r,yeX
Y i=1

e Let [Z; y] be an optimal solution to (x). We set

d
max {%eT(y —x): x,y € X, Z \/[Am]i[Ay]z' > (2/6)1/K} : (*)

. M [A7];
Fy(w") = ¢.p" + e, [d:di=v (Z v [Afh[A@h) In —z e = 39" (T +9),
=1

where p’ is the empirical distribution of w:

1 K
pi - ? Z 1wk=@7
k=1
and v is the Lagrange multiplier of the conic constraint.
Theorem Lete € (0,1/2]. The risk of the estimator g, satisfies:

2In(2/¢)
4e(1 —e)] 1)

Risk [F,|X] < nd RiskOpt, (K). [ 2, as € — +0]
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Application: Convolution Model

Goal: Suppose that r.v. n ~ Fy, suppn C [-3,3], v ~ Fy, with known F,.
Given n = 100 i.i.d. observations Y; of a r.v. n + v, we want to recover F;(t)
fora givent € [-3, 3].

e We split [—3,3] into n = 60 equal segments §; of length §, with the
“sampled signal” z; = P(n € A;). On suppose

Ti —2Ti1 T T2
VAN -
(a “discrete approximation” of the density f,, ofn is twice differentiable with
F®] < 1),
e We cut the domaine of Y into d = 42 chunks ~; (40 equal segments
between |Ymin, Ymax[ and two “complements” in R. The distribution of
n + v is approximated with © = Ax, where

— 1
A =0, /UE%- /ue(Sj fe(v —u)dv du.
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Numerical illustration: Estimation of F;,(0), normal nuisance v, n = 100 observations,
e = 0.05.

6 8

018 ‘ ‘ ‘ ‘ ‘ 018 _
o016k o6l /// \\\
N L \
osal osal
01t 01k
! oosl
006 b \\ ] 0.06}
ooal | | ooal
5 B B e —
— risk of minmax affine estimator — Gaussian noise v
— constrained to E{n} = 0 risk — Laplace noise v

— symmetry constrained risk
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Sequential Hypothesis Testing

Motivating example: Election Polls. Population-wide elections with L candi-
dates are to be held.
Preferences are represented by L-dimensional basic orth

[0;...;0;1;0;...;0]
with 1 in position ¢ meaning the vote is for candidate #¢.

Equivalently: Preference w of a voter is a vertex in the probabilistic simplex

Ap={peRl:p>0,3p, =1}
¢

e The average n = [uq;...; uy] of preferences of all voters “encodes” elec-
tion’s outcome: py is the fraction of voters supporting ¢-th candidate, and the
winner corresponds to the largest entry in i (assumed to be uniquely defined).

L IS a probabilistic vector: u € Ay,. We think of 1. as of a probability distribution
on the L-element set Q2 = Ext(A ;) of vertices of A;.
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Our goal is to design election poll — to select K voters at random from the
uniform over the population distribution and to observe their preferences, in
order to predict, with reliability 1 — ¢, election’s outcome.

The model is drawing a stationary K-repeated observation w? = (w1, ..., wx),
wy, € €2, from distribution pu.

Assume once for ever that the elections never end with “near tie,” that is, the
fraction of votes for the winner is at least by a known margin é larger than the
fraction of votes for every no-winner.

We introduce L hypotheses on the distribution u of wq, ..., wk:

Hy:pePp={p€Ayp:luy>pup+6 V0 £4}, £=1,.. L

e Our goal is to specify K in a way which allows to decide on H1, ..., H; via
stationary K-repeated observations with risk < e.

e We are in the case of Discrete 0.s., and can use our machinery to build a
near-optimal K-observation test deciding on Hq, ..., Hy, up to trivial closeness
C: “Hpiscloseto Hy iff £ = ¢"
and select the smallest K for which the C-risk of this test is < e.
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lllustration L = 2: In this case 2 is a two-point set of basic orths in R2, the
minimum risk single-observation detector is

bi(w) = 1m GJF;S) Wl —w?]: QSR
and Risk[¢«|P1,Po] = 1 — §2
. : In(1/¢) _ 1
— K = Celil <In(1/(1—52))> = Lin(1/e).
0 0.3162 0.1000 0.0316 0.0100

K, K |51, 88 | 534, 917 | 5379, 9206 | 53820, 92064
K: lower bound on optimal poll size, e = .01

USA Presidential Elections-2016:

State Actue_ll Poll size, Poll size,
margin lower bound upper bound
Wisconsin 0.0041 24 576 88 663
Pennsylvania 0.0038 28 978 104 545
Michigan 0.0012 281 958 1017 227

Confidence level 95%
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K =< 5 1In(1/e€)
§ 03162 | 0.1000 | 0.0316 | 0.0100
K, K | 51, 88 | 534, 917 | 5379, 9206 | 53820, 92064 |

K lower bound on optimal poll size, e = .01

Required size of election poll grows rapidly as “winning margin” decreases.
Question: Can we do better?

Partial remedy: Let us pass to sequential tests, where we attempt to make
conclusion before all K respondents required by the worst-case-oriented anal-
ysis are interviewed.

If elections are about to be “landslide” (i.e., in unknown to us actual distribu-
tion us of voters’ preferences the winner beats all other candidates by margin
dx > 0), the winner hopefully can be identified after a relatively small number
of interviews.
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Strategy. We select a number S of valuations and associate with valuation s
number K (s) of observations, K (1) < ... < K(.5).
e the s-th valuation is complete when K (s) observations are collected; then,
we apply to the collected so far observation w’ () = (wq, ..., wg(,)) atest T
which, depending on wX(s),
e either accepts exactly one of the hypotheses H1, ..., Hy, in which case we
terminate,
e or claims that information collected so far is not sufficient to decide, in
which case we either collect more observations (when s < S) or terminate
(when s = S).

Specifications: We want the overall procedure to be

e conclusive: a decision should be made during one of the S valuations (thus,
inference should be guaranteed when valuation S is reached);

e reliable: whenever the true distribution u.« underlying observations obeys
one of our L hypotheses, the u.-probability for this hypothesis to be accepted
should be > 1 — ¢, where € € (0, 1) is a given in advance risk bound.
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Implementation: We select somehow the number of valuations S and set 6; = §°/° so
thatdé; > 6> > ... > dg = §; we splitrisk bound e into S partses: es > 0, s < S & Zle €s = €;

e For s < S, we define 2L hypotheses

H5, , = Hy:peP5 =Pr:={pecAr:p>0ds+ mMaxpxepp}
“weak hypothesis”

{M < PSK = {,u S AL : 197 Z 55 _I_ man/#g /’LE’} C PE}
“strong hypothesis”

1 <¢ < L,andassign H5, ; and Hj, with color ¢, 1 </ < L.

S
HQE

e For s = S we consider L hypotheses HY = Hy, ¢ = 1, ..., L, with H; assigned color .

e For s < S, we introduce closeness relation Cs on the collection of hypotheses H7, ..., H3;
as follows:

e the only hypotheses close to a strong hypothesis H3, are the hypotheses H3, and H3,
of the same color;

e the only hypotheses close to a weak hypothesis H3, , are all weak hypotheses and the
strong hypothesis H», of the same color as Hy,_1.

e For s = S, the Cs-closeness is trivial: Hy = H, is Cs-close to H; = H, if and only if
(=17,
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[weak green]
[strong green]
[weak red]
[strong red]
[weak blue]
[strong blue]

&
Ak

3-candidate hypotheses in the probabilistic simplex A3

M1
M7
M>
M3
M3
M3

dark green + light green: candidate A wins with margin > §g
dark green: candidate A wins with margin > §s > dg

dark red + pink: candidate B wins with margin > d¢

dark red: candidate B wins with margin > §; > dg¢

dark blue + light blue: candidate C wins with margin > d¢
dark blue: candidate C wins with margin > §5 > dg

Hj, | :p € M, [weak hypothesis]
weak hypothesis H5, , is Cs-close to itself, to all other weak hypotheses
and to strong hypothesis H3, of the same color as Hj, ,

H3, . n € M; [strong hypothesis]

strong hypothesis H3, is S-close only to itself and to weak hypothesis
Hj3, | of the same color as H5, ,

-2.82 -



Note: We are in the case of stationary repeated observations in Discrete o.s.,
and the hypotheses H j are of the form

“I.i.d. observations wq,wo, ... are drawn from distribution u € Mj
with nonempty closed convex sets M ]8 C Aj”, and sets M j M ;, with
(7,3") € Cs do not intersect

= risks of the optimal pairwise detectors for P%, P*, (4, j') & Cs, are < 1

= we can efficiently find the smallest K = K (s) for which a test 7 = 75 de-
ciding, via stationary K (s)-repeated observations, on the hypotheses { H j}j
has Cs-risk < eg.
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Our inference routine works as follows:

e we observe wy, k = 1,2,..., K(5) (i.e., carry interviews with one by one ran-
domly selected voters), and perform s-th valuation to make conclusion when
K (s) observations are acquired (K (s) interviews are completed).

e At s-th valuation, we apply the test 75 to observation w® (). If the test
does accept some of the hypotheses H j and all accepted hypotheses have
the same color ¢, we accept ¢-th of our original hypotheses Hq, ..., Hy, (i.e.,
predict that ¢-th candidate will be the winner) and terminate,

e otherwise we proceed to next observation round (i.e., next interviews) (when
s < S) or claim the winner to be, say, the first candidate and terminate (when
s = 9).
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e [he risk of the outlined sequential hypothesis testing procedure is < e:
whenever the distribution us underlying observations obeys hypothesis H,
for some ¢ < L, the u«-probability of the event “H, is the only accepted

hypothesis” is at least 1 — e.

e The worst-case volume of observations K (S) is within logarithmic factor
from the minimal number of observations allowing to decide on the hy-
potheses H1, ..., Hy with risk < e.

e Whenever the distribution ns underlying observations obeys strong hy-
pothesis H5, for some ¢ and s (“distribution . of voters’ preferences
corresponds to winning margin at least 6s”), the conclusion, with pu«-
probability > 1 — ¢, will be made in course of the first s valuations (i.e., in
course of the first K (s) interviews).

Informally: In “landslide elections,” the winner will be predicted reliably after a
small number of interviews.
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Numerical lllustration: 2-Candidate Elections

Setup:
e # of candidates L. = 2
o 5, = 10 %/4

e range of # of valuations S: 1 <5 <8
Numerical Resulis:

S 1 2 Z 5 6 8

5 =35 || 0.5623 [ 0.3162 | 0.1000 | 0.0562 | 0.0316 | 0.0100
K 25 88 287 917 | 9206 | 92098

K(S) 25 150 | 1594 | 5056 | 16005 | 160118

Volume K of non-sequential test, number of valuations S and worst-case volume K (S) of
sequential test as functions of winning margin § = dg. Risk ¢ is set to 0.01.

Note that worst-case volume of sequential test is essentially worse than the volume of non-
sequential test.

But: When drawing the true distribution . of voters’ preferences at random from the uniform
distribution on the set of u’s with winning margin > 0.01, the typical size of observations used

by Sequential test with S = 8 prior to termination is < K (S):
Empirical Volume of Sequential test

[median | mean | 60% | 65% | 75% | 80% | 85% | 90% | 95% | 100% |
[ 177 | 9182 ] 177 | 397 | 617 | 1223 | 1829 | 8766 | 87911 | 160118 |

Column ”X%": empirical X%-quantile of test’s volume. Data over 1,000 experiments.
Empirical risk: 0.01
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Measurement Design

Observation: In our Hypothesis Testing setup, observation scheme is our “en-
vironment” and is completely out of our control. However, there are situations
where the observation scheme is under our partial control.

Example: Election Poll revisited. In our original problem, a particular voter
was represented by basic orth w = [0;...; 0; 1; 0; ...; 0] € RL, with entry 1 in
position £ meaning that the voter prefers candidate ¢ to all other candidates.
Our goal was to predict the winner by observing preferences of respondents
selected at random from uniform distribution on voters’ population.

A modification: Imagine we can split voters in I non-intersecting groups (say,
according to age, education, gender, income, occupation,...) in such a way that
we have certain a priori knowledge of the distributions of preferences within the

group.

- 2.87 -



In this situation, our poll can be reorganized:
e We assign groups with nonnegative weights ¢; summing up to 1

e To organize an interview, we first select at random one of the groups, with
probability g; to select group ¢, and then select a respondent from z-th group at
random, from uniform distribution on the group.

Note: When g; is equal to the fraction 6; of group 2 in the entire population, the
above policy reduces to the initial one. It can make sense, however, to use g;
different from 6;, with ¢; < 0, if a priori information about preferences of voters
from ¢-th group is rich, and g; > 6; if this information is poor. Hopefully, this
will allow us to make more reliable predictions with the same total number of
interviews.
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The model of outlined situation is as follows:

e We characterize distribution of preferences within group i by vector u* € Aj.
for 1 < j < L, j-th entry in * is the fraction of voters in group i voting for can-
didate j;

The population-wide distribution of voters’ preferences is u = Z{_ 6; 1"

e A priori information on distribution of preferences of voters from group 7 is
modeled as the inclusion p* € MY, for some known subset M* C A which
we assume to be nonempty convex compact set.

e Output of particular interview is pair (,5), where i € {1,...,1} is selected
at random according to probability distribution g, and j is the candidate pre-
ferred by respondent selected from group ¢ at random, according to uniform
distribution on the group.
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Observation (outcome of an interview) becomes

wi=(i,5) € Q={1,...I} x {1,..., L},
Prob{w = (2,5)} = p(i,7) 1= qins5.

Hypotheses to decide upon are

- te M'Vi
Hylq] - p € Polal := { {pij = qipitrics, » H = 0 70 .
elal = p € Pyldl {{ng %F{y}iéjé% S 0], > 5+ [ 0], W,#@}

Hylq], £ = 1,..., L, states that the “signal” u = [p!:...; '] underlying dis-
tribution p of observations w induces population-wide distribution 3, 6,1 of
votes resulting in electing candidate ¢ with winning margin > 4.
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_ L o . W E MV,
filalsp € Pilali= A b = et b T o], = 04 [0, v # 0

Hypotheses Hy[q] are of the form

Hylg) = {p = Alglp - pp := [p?; .. pt] € MY,
[A[Q]:U']z'j — %/{Zj,

where MY, ¢ = 1, ..., L, are nonempty nonintersecting convex compact sub-
sets in \AL X ... X AL

-~

I
Note: Election Poll with K interviews corresponds to stationary K-repeated

observation in Discrete o.s. with I L-element observation space 2

= @Given K, we can design a near-optimal detector-based test Ty deciding
via stationary K -repeated observation (i.e., via the outcomes of K interviews)
on hypotheses Hylq], ¢ = 1, ..., L up to trivial closeness

Hylq) is close to Hy[q] iff £ =1

This test will predict the winner with reliability 1 — Risk[Tx|H1lql, ..., Hr[q]].
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Helgl = {p = Alqlp : p:= [p'; ... p*] € MY,
[A[Q]H]ij = qilt;,

— !
Setting xyp = { 2’ ﬁ ; g, , we get
. _ I L
Risk[Tic| Hala], - Hrlal] < excla) = | [efolalxar] 0, |
where
— max .. Al . [A ..
Coo! [q] el pe Zz,] \/[ -.Q]ll']zy[ [q]V]Zj
I L i i
= max Qi PRV ITE Y
/JJEMK,VGM”\E:Zzqu _ijl MJVJ]J
(g, p,v)

Observe that ©(q; u, v) is linear in q.
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Let us carry out Measurement Design — optimize the value e [q] in q.

Main observation: ¢, [¢q] = "' (W (q)), where

o M(Q) = |I(Qu)"xpl% y_ll2,2 is efficiently computable convex and
entrywise nondecreasing function on the space of nonnegative L x L ma-
trices

e W(q) is matrix-valued function with efficiently computable convex in q and
nonnegative entries

Wyp(q) = max  d(q; p,v)
peMtve Mt

= Optimal selection of q;’s reduces to solving explicit convex problem

=1

I
min {F(W(q)) g =[q1; .. q71] > 0, Z ¢ = 1}
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How it Works: Measurement Design in Election Polls

Setup:
e Election Poll problem with L candidates and winning margin § = 0.05
e Reliability e = 0.01
e A priori information on voters’ preferences in groups:
M= {u* € Ay :p%—uig,uzng—l—ui,ﬁgL}
e p': randomly selected probabilistic vector e u;: uncertainty level

Sample of results:

Group sizes 6

L1 Uncertainty levels u Kini dopt Kopt
212 9 = [0.50; 0.50] 1212 [0.44 0.56] 1194
u = [0.03: 1.00]
2|2 [0.50; 0.50] 2699 [0.00; 1.00] 1948
[0.02: 1.00]
3|13 [0.33;0.33; 0.33] 3177 [0.00; 0.46; 0.54] 2726
[0.02: 0.03: 1.00]
5[4 | [0.25;0.25;0.25;0.25] || 2556 || [0.00;0.13;0.32;0.55] | 2086
[0.02: 0.02: 0.03: 1.00]
5] 41 [0.25;0.25;0.25;0.25] || 4788 || [0.25;0.25;0.25;0.25] | 4788
[1.00;1.00; 1.00; 1.00]

Effect of measurement design. Kjn; and Kqpt are the poll sizes required for
0.99-reliable prediction of the winner when ¢; = 6; and ¢ = dopt> respectively.
Note: Uncertainty= 1.00 < No a priori information
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e In numerous situations, we do have partial control of observation scheme
and thus can look for optimal Measurement Design.

e However, situations where optimal Measurement Design can be found effi-
ciently, like in design of Election Polls, are rare.

e Two other examples of such situation are Poisson o.s. and Gaussian o.s.
with time control.
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Poisson o0.s. with time control.

Typical models where Poisson o.s. arises are as follows:
e there exists a “signal” x known to belong to some convex compact set C R"

For example, in Positron Emission Tomography, x is (discretized) density of radioactive tracer
administered to patient

e We observe random vector w € R™ with independent entries w; ~
POiSSOﬂ(aiT:c), and want to make inferences on x.

In PET, patient is injected radioactive tracer which concentrates in areas we are interested
in. Tracer disintegrates, and every disintegration act results in pair of gamma-quants flying in
opposite directions along a randomly oriented line passing through disintegration point. This
line is registered when two detector cells are (nearly) simultaneously hit:

Pasitron emission and PET scanner
positron-electron annihilation

Positren-emitting
radionuclide

N

g Positron

Electron

=
=
o
2
o
@
]
3
3
]
)
<

0]

amma ray
detectors
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The data acquired in PET study are the numbers w; of lines registered in bins
(pairs of detector cells) : = 1, ..., m over a time horizon T'. We have

Wy POiSSOﬂ(T Z‘;L:]_ pwaf;])

pij: probability for line emanating from voxel j = 1,...,n
to cross pair i = 1, ..., m of detector cells

= A=T [pzj} i<m.j<n
In some situations, the sensing matrix A can be partially controlled:
A = Alq] := Diag{q} A
e A.: given m X n matrix; e g € Q: vector of control parameters.

-2.97 -



For instance, in a whole body PET scan the position of the patient w.r.t. the
scanner is updated several times to cover the entire body.

The data acquired in position + form subvector w* in the entire observation
w= [wl; .. ;wl]:
w; ~ Poisson([t,A'x];), 1 <i<m =m/I

[ Al given matrices; T, . duration of study in position ¢ ]

implying that A = Diag{q} A« with properly selected A, and ¢ of the form

qg= [tl; ity tr ---;tl]
m m
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Hq

, - wi ~ Poisson([A[q]x];) are independent across i < m and z € X,

_ A = Alq] := Diag{q}A.
e A.: given m x n matrix; e g € Q: control parameters.

Our goal is to decide, up to a given closeness C, on L hypotheses on the distribution of
Poisson observation w:

H} :w~ Poissoln([A[q]x]l) X ... x Poisson([A[q]x]m)
x € Xy, Xy:given convex compactsets, 1 < ¢ < L.

e By our theory, the (upper bound on the) C-risk of near-optimal test deciding on H/, ¢ =
1,...,L,is

(@) = || [exp{OPta (@ el

[ xee = { ?: gg:g% ;CCZ ’Opt%’(q) = mMmaX —% @m:l ( [A[Q]U»]Z B [A[q]v]z>2 ]

UEX[,'UEX/;/

Similarly to the Election Polls, ¢(¢q) = N'(W(q)), where

o M(Q) = || [exP{ Qe }xer] p—1 ||2.2 is @ convex entrywise nondecreasing function of L x L
matrix Q)
o [W(Q)]M — exp {ue)fpiéx ZZn:l qi (\/[A*U]i[A*U]i - %[A*U]i - %[A*”U]i> }

Note: same as in the Election Polls case, [W (q)].» is efficiently computable and convex in g

= Assuming the set Q C RT! of allowed controls q is convex, optimizing e(q) over q € Q is
an explicit convex optimization problem.
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Measurement Design problem in Gaussian o.s.

w = Algle + &, £~ N(O, Inn)

[e A[q] partially controlled sensing matrix; e ¢ € Q: control parameters.]

is efficiently solvable if

Alq] = Diag{\/q1, ..., /Gm } A+,

Q C R7 is a convex compact set

In this case, minimizing Q-risk of test deciding up to closeness C on L hypotheses
H} :w~N(Alglz, In), z€ Xy, 1<L<L
associated with nonempty convex compact sets X, reduces to solving convex problem

rqgig r(W(q))

where

Q) = || [exp{Qw/8}xerlso<p |22
is convex entrywise nondecreasing function of L x L matrix ), and

_ _ o2l — : AT AT _
WDl = max [—[Alg(u—0)[5] =~ min (u—2v)TATDiag{g}A:(u —v)

is efficiently computable convex function of ¢ € Q.
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lllustration: In some applications, “the physics” beyond Gaussian 0.s. w =
Ax -+ £ is as follows.

There are m sensors measuring analogous vector-valued continuous time signal x
(nearly constant on the observation horizon) in the presence of noise. The output
of sensor #i is

w; = W12| fAi [az*aj + B;(t)]dt

e /\; . continuous time interval

e B;(t) : "Brownian motion:” ﬁ [ Bi(®)dt ~ N(0,|A|1),
[ Bi(®)dt, [, Bi(t)dt are independent when AN A’ =
® Brownian motions B;(t) are independent across i

e When all sensors work in parallel for unit time, we arrive at the standard Gaussian
0s. w=Ax+E& £E~N(O, I,).

e When sensors work on consecutive segments Ay, ..., A, of durations ¢; = |A,],
we arrive at

w; = agj*x - q{l/zgi, & ~ N (0, 1) are independent across 4

Rescaling observations according to w; — ,/q;w;, we arrive at the desired partially controlled
observation scheme

ow = Diag{\/q1, ..., /gm}Asx + &, £ ~N(O, )

A natural selection of Q is, e.g9., @ = {¢ > 0 : > . ¢; = m} (setting “time budget” to the same
value as in the case of consecutive observations of duration 1 each).
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HYPOTHESIS TESTING, Il

e Beyond simple observation schemes
e Simple families of distributions

o What is affine? Quadratic lifting



Observation: A “‘common denominator” of minimum risk detectors for simple
0.S.’s is their affinity in observations:

e the optimal detectors in Gaussian and Poisson o0.s.s are affine “as
they are”

e encoding observation space 2 = {1,...,d} of Discrete o.s. by
vertices e;, i = 1, ..., d, of the standard simplex Ay = {z € R? : & >
0,>z; = 1}, every function on €2 becomes affine

= we can treat optimal detector in Discrete o.s. as affine function on
RY,

e operations with optimal detectors induced by taking direct products
of basic simple 0.s.'s or passing to repeated observations preserve
affinity.

Claim: “Reasonable” (perhaps, sub-optimal) affine detectors can be found, in
a computationally efficient way, in many important situations which are beyond
simple 0.8.’s.
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O = ((Qa I_I)a {p,u(’) VS M}af)
Do(¢, 1) = In ([ exp{e(w)}pu(w)N(dw)) : F x M — R
convex in ¢, concave in pu

In a simple o.s., our strategy to build a good detector for two hypotheses asso-
ciated with convex compact sets M1 C M, M> C M was as follows:

In order to find minimum risk detector — to solve the optimization problem

min max [m%x/exp{—¢(w)}pu(w)ﬂ(dw), D;%/exp{qb(w)}py(w)l‘l(dw)]

pEF pe vy

reduced to

min% [max In (f exp{—¢(w)}pu(w)M(dw)) + g;% In(f exp{qb(w)}py(w)l‘l(dw))]

PpEF pe M

o1
& mins [Max Pop(—a, max é ,
WQLEMl o(=¢, 1) + max Po(g u>]

e We intend to use the same scheme, but replace ‘¢ € F”with “affine ¢”, and
replace ®» with convex in ¢ and concave in p upper bound on

n ([ expe(@)}pu(@)N(dw))
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Setup

e Given an observation space 2 = R%, consider a triple , M, ®, where

e7{ is a nonempty closed convex set in 2 symmetric w.r.t. the origin,
e M is a compact convex set in some R",

od(h;u) : Hx M — Ris a continuous function convex in h € H
and concave in u € M.

e 1, M, and & specify a family S[H, M, P] of probability distributions on 2.
A probability distribution P belongs to the family iff there exists © € M such
that

In (/Q ehT“’P(dw)> < d(h;u) Vh e H (%)

We refer to 1 ensuring () as to parameter of distribution P.

Warning: A distribution P may have many different parameters!

e We refer to triple H, M, ® satisfying the above requirements as to regular
data, and to S[H, M, ®] — as to the simple family of distributions induced by
these data.
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Example 1: Gaussian and sub-Gaussian distributions.

When M = {(u,©®)} C R? x int Sfﬁ_ is a convex compact set such that
© = 0 forall (u,®) € M, H =R and

®(h;u,®) = hly + !t ©h, S=S[H,M,P]

contains all probability distributions P which are sub-Gaussian with parame-
ters (u, ©), meaning that

1
In (/Q ehT“’P(dw)) < hlu + 5hTeh Vh, (1)
and, in addition, the “parameter” (u, ©) belongs to M.

Note:
e N(u,®) € S whenever (u,®) € M; for P = N(u,®), (1) is an identity

e Whenever P is sub-Gaussian with parameters (u, ©), u is the expectation
of P
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Example 2: Poisson distributions.

When M C RY_is a convex compact set, H = R and

d
d(h;p) =Y pi(el —1),
1=1

S = S[H, M, d] contains distributions of all d-dimensional random vectors
w; With independent across ¢ entries

w; ~ Poisson(u;)
such that p = [u1; ...; uyg] € M.
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Example 3: Discrete distributions.

When

M={peR": p>0,3 p;=1}
J

is the probabilistic simplex in R%, # = R% and

d
®(h; pn) = 1In (Z Miehi),
i=1

S = S[H, M, ®] contains all discrete distributions supported on the vertices
of the probabilistic simplex.
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Example 4: Distributions with bounded support.
Let X C R? be a nonempty convex compact set with support function ¢ x (-):
bu(y) = maxylz : R — R,
rzeX
When M = X, H = R% and

®(h;p) = h' p+Hex (h) + ¢x(—h)]7, (2)

S = S[H, M, ®] contains all probability distributions supported on X, and for
such a distribution P, y = [y wP(dw) is a parameter of P.

Note: When G, O € @G, is a convex compact set, the conclusion in Example 4
remains valid when function (2) is replaced with the smaller function

b (h; ) = min [u (h—g) + Eox(h — 9) + dx (g — ] + ¢x(9)] -

gc
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“Calculus” of simple families of probability distributions

e [summation] For 1 < ¢ < L, let Ay be reals, and let #,, M, ®, be regular
data with common observation space: H, C €2 = R¢. Setting

H {heRY: N\ph e Hy,1<t<LY,
M /\/l1><...></\/lL,
S(h:pg, ., pr) = Sk b,k )
y M1 ooy UL (=1 Yo\ [y )

we get regular data with the following property:

Whenever random vectors £y ~ Py € S[Hy, My, Py], 1 < £ < L, are
independent across ¢, the distribution P of the random vector

L
E= ) N&y

=1
belongs to S[H, M, ®]. Denoting by u, parameters of Py, u =
(11 ...; g ] can be taken as parameter of P.
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e [direct product] For 1 < ¢ < L, let H,, M,, P, be regular data with observa-
tion spaces €2, = R%. Setting

H = Hix..xHpCQ=RaT-+dr,
M = Mqx..x My,
Cb(hlw"ah'L;:ula'”muL) — Zé;:]_ CDE(hZ;ME),

we get regular data with the following property:

Whenever Py € S[Hy, My, ®4], 1 < ¢ < L, the direct product dis-
tribution P = Py x ... x Py belongs to S[H, M, ®]. Denoting by p,
parameters of Py, u = [u1; ...; uy,] can be taken as parameter of P.
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e [marginal] Let #, M, ® be regular data with observation space R%, and let
w— Aw+a: R — Q = RO,
Setting
H=1{heR: ATh e H}, ®(h;p) = hla+ d(ATh; ),
we get regular data H, M, ® with the following property:
Whenever ¢ ~ P & S[H, M, P], the distribution P of the random

variable w = A¢ + a belongs to the simple family S[H, M, ®], and
parameter of P is a parameter of P as well.
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Main observation: When deciding on simple families of distributions, affine
tests and their risks can be efficiently computed via Convex Programming:

Theorem. Let H,, M,,®P,, x = 1,2, be two collections of regular data with compact
M1, Mo and H1 = Ho =: H, and let
W(h) = m Lid,(—h; ®o(h, : R
( ) M1€M13§€M2\2 [ 1( lul) + 2( ,LLQ)]J % ~

cD(h?/:l)MQ)
Then W s efficiently computable continuous convex function, and for h € H, setting
1
dn(w) = hlw + 5 | max 1 (—h; pu1) — max Po(h; uo) |,

H1EM; o EM

v~
x

7

one has
Risk[¢|P1, Po] < exp{W(h)}, where Py, = S[H, My, Py], x=1,2.

In particular, if convex-concave function ®(h; p1, p2) possesses a saddle point h.., (i3, ph)
onH x (M1 x M>), the affine detector

¢«(w) = hiw + 3 [P1(=h*; p}) — P2(h*; )]
admits risk bound
Risk[¢|P1, P2] < exp{P(h"; u1,u2)}.
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Proof. Indeed, let h € H, and let

pi € Argmax di(—h; p1), ps € Argmax o (h; p2).
p1EM, HoEM,

When P € P1 := S[H, M1, P4], there is u1 € M such that
Ep {e"“P(dw) | < e®(hi),

so that
Bup {e ¥ P(dw) | < e®(hin) = = g,

implying that
Risky [¢|P1, Pa] < eV,
Similarly, when 1 € M1, for some u> € Mo one has

Eu~p {ehTwP(dw)} < e®2(hipa)

E,.p {e¢(w)P(dw)} < ecbg(h;,u’;)+m — e\l/(h)7

and
Riska[p|P1, Pa] < eV,
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Numerical illustration. Given convex compact subsets X7 and X» of X, and
observation

w= Az + 0 ADiag {\/Z1, ..., /Tn} & [§ ~ N(O, In)]

of an unknown signal = known to belong to a given convex compact set X C
qu_ 4, we want to decide on the hypotheses

Hy : ze Xy, x=1,2
with risk < 0.01.

Novelty: Noise intensity depends on the signal!
e Introducing regular data H, = R", M, = X,,

®y(h, u) = hT Ap + Lo2hT [ADiag{u} AT]h [x =1,2]
distribution of observations under H, belongs to S[H, My, ®y].

e An affine detector for families P, of distributions obeying H,, x = 1,2, is
given by the saddle point of the function

O(h; p1,p2) =3 [hT[,UQ — p1] + Lok’ ADiag{p1 + MQ}ATh}
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Data: n = 16, 0 = 0.1, target risk 0.01,
e A = UDiag {O.Ol(i—l)/15,i < 16} V1 with random orthogonal U, V,

. 16 . 0001§$1§5
’Xl_{xER ©0001<z;<1,i>2 [’

20 < x1 <1

— 16 . > L1 >
'XQ_{‘”ER '0.001§xi§1,z‘22}

Results:
0 = 0.1= Risk[¢«|P1, Po] = 0.4346=- 6-repeated observation
d = 0.01= Risk[¢«|P1,P>2] = 0.9201= 56-repeated observation

e Safe “Gaussian o.s. approximation” of the above observation scheme requires 37-repeated
observations to handle § = 0.1 and 3685-repeated observation to handle § = 0.01.
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Sub-Gaussian case. For x = 1,2, let Uy ¢ Q = R%and Vy C intS9 be
convex compact sets. Setting
My = Uy x Vy, ®(h;u,®) =hlu+L1h10On: Hx My =R,

the regular data H = R%, M,,, ® specify the families Py, = S[R%, Uy x Vy, P]
of sub-Gaussian distributions with parameters from U, x V.

Saddle point problem responsible for design of affine detector for P, P> reads
SadVal = min max 2 [h' (uz — u1) + 2h' [©1 + O2]h]

heRd uy €Uy, upels
@1 EVI,G)QGVQ

e Saddle point (h«; (ul,u5, ©7, ©%)) does exist and satisfies
= [©] + O3] [u] — u3],
SadVal = —z[u} — w3][©] + O3] uj — us] = —3hl[u] — u3]
e The associated affine detector and its risk are given by
¢e(w) = hi [w—3[ui + us]] = [uf —uw3)"[©F + O3] [w — [u] + u3]]
Risk[¢.|P1, P2] < exp{SadVal} = exp{—3[u} — u3][©} + O3] [u} — u3]}

Note: Inthe symmetric case V1 = Vo (h«; (u3, u5, ©7, ©%)) can be selected
to have ©7 = ©35 =: ©.. In this case, the affine detector we end up with is
the minimum risk detector for P1, Po.
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What is “affine?” Quadratic Lifting

We have developed a technique for building reasonable affine detectors for
simple families of distributions.

Given observation ¢ ~ P, we can subject it to nonlinear transformation
¢ — w=1((), e.q., to quadratic lifting

¢ w=(¢¢¢h)
and treat as our observation w rather than (. Affine in w detectors are nonlin-
earin .

Example: Detectors affine in the quadratic lifting w = (¢, ¢¢1) of ¢ are exactly
the quadratic functions of (.

e We can try to apply our machinery for building affine detectors to nonlinear
transformations of true observations, thus arriving at nonlinear detectors.

Bottleneck: To apply the outlined strategy to a pair 7?1, % of families of dis-
tributions of interest, we need to cover the families 73'1 , P> of distributions of
w = () induced by distributions P € Py of (, x = 1, 2 by simple families
of distributions.

What is ahead: Simple “coverings” of quadratic lifts of (sub)Gaussian distri-
butions.
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Situation: Given are:
e a compact nonempty set U C R"
e an affine mapping v — A(u) = Afu; 1] : R® — R¢
e aconvex compact set V C intS¢..

e The above data specify families of probability distributions of random obser-
vations

w= (¢, ), ¢ = A(u) + € € RY, (%)

specifically,

— the family G[U, V] of all distributions of w induced by deterministic u € U
and Gaussian noise £ ~ N (0,© € V)

— the family SG[U, V] of all distributions of w induced by deterministic w € U
and sub-Gaussian, with parameters (0, © € V) noise &

Goal: To cover G (or SG) by a simple family of distributions.
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Gaussian case

Proposition. Given the above data U, A(u) = Alu; 1], V, let us select
e~y e (0,1)
e a computationally tractable convex compact set

ZCcZt={zecS"": Z~=0,Zy110+1 = 1}
such that [u; 1][u; 1]" € Z Yu € U
e A matrix ©, € S® and § € [0, 2] such that
V(O eV):©=<0, and ||©Y20;Y? — I jh.<6
Let us set

B = [ 0 AO 1 } € R+Dx(n+l) A =P x Z

H={(h,H)eRIxS%: —yO;1 < H < yO1}

®2(h H; ©,2) =~} InDet(l - OF2HO?) + 1Tr([0 — ©.11)+ G100

[l - lr — Frobenius norm]

+1Tr (ZBT ”T[HL] + [H,h]T [©;1 — H}‘l [H, h]] B) T HXxM—=R

Then H, M, ® 4 z is efficiently computable regular data, and
g[U7 V] C S[Ha M: (DA,Z]'
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Sub-Gaussian case

Proposition. Given the above data U, A(u) = Alu; 1], V, let us select
e v, 7T €(0,1) withy <~*
e a computationally tractable convex compact set

Zczt={z2esS": Z=0,Zy1n11 =1}

such that [u; 1][u; 1] € Z Yu € U
e A matrix ©, € S® and § € [0, 2] such that

V(O eV):©@=<0, and ||©Y20;Y? — I <6
Let us set

— A d+1)x(n+1
B_[O,...,O,l } ER(—I—)x(—i—),

H={(h,H)cRIxS?: v ! < H=<~0; '}, M=2Z
Ht ={(h,H,G) R x S¥xS?: 4vTO;1 < H <G <~T0.1, 0<G}

Suz(h,H, Z) = min { — Z1n Det(I — ©2Gel?)
G:(h,H,G)eH+

+3Tr (287 |[SH| + [HB)T [001 = 6] [H h]| B)} HXM—=R
Then H, M, ® 4 z is efficiently computable regular data, and

Sg[Ua V] C S[H7 Ma CD.A,Z]'
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How to specify Z? To apply the above construction, one should specify a
computationally tractable convex compact set

zczt={zes"t:2~0,Z,41 041 =1}

the smaller the better, such that w € U — [u; 1][u; 1]1 € 2
e The ideal selection is

Z = Z[U] = Conv{[u; 1][u; 1]' : v e U}
However: Z[U] usually is computationally intractable.

Important exception:

Q-0,U={u:v'Qu<1}= Z[U]={Z e ZT : Tr(ZQ) < 1}
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“Simple” case: When U is given by S quadratic inequalities:
U={ueR": [u;1]"Qs[u;1] < ¢s, 1 <5 < S}
we can set
2={2e8" 220, Zpt1041=1,Tr(Qs2) < g5, 1 <5< S} (%)

Warning: (x) can yield very conservative outer approximation of Z[U]. This
conservatism with luck can be reduced by passing from the original descrip-
tion of U to an equivalent one, with emphasis on eliminating/updating linear
constraints. For example,
e a constraint of the form |a! z — ¢| < r should be replaced with

(al'z — )2 < r?
Note: every linear constraint in the description of U can be written as
a —al'z > 0 and augmented by redundant constraint o'z > /3, with appropri-
ately selected 5. The resulting pair of constraints is equivalent to |a’z —c¢| < r
with c = J[a + 8] and r = 3[a — f].
e It could make sense to write the linear constraints in the description of U in
the form o« — al'z > 0 and add to these constraints their pairwise products.
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Quaderatic Lifting — Does it Pay?

Situation: Assume that we are given

e convex compact sets U, C R"™x, x = 1,2
e affine mappings uy — Ay (uy) : R™ — RY, x = 1,2
e convex compact sets V,, C intS%, x = 1, 2.

These data define families G, of Gaussian distributions:

gx — {N(AX(U’X>7 @X> . Uy ~ Ux, @X — Vx}
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We can build two types of detectors for G1, Go:
e Affine detector ¢.5 yielded by the solution to the saddle point problem

SadValg = min  max 1 [hT[Az(ug) — Ay(up)] + hT e + ez]h},
heRd uléUl,uQEUQ
©1€V1,09€Vs

Risk[¢at|G1, G2] < exp{SadVala}
e Quadratic detector ¢y yielded by the solution to the saddle point problem

SadVal = T ma ; [chl,Zl( h,—H;,©1) + chQ,ZQ(h,H,eQ)},
©5€V5

Risk[¢it|G1, Go] < exp{SadValj}

Observation: Assume that sets V, contain =-largest elements. Then with

proper selection of the “design parameters” Z,,, @iX) participating in the con-
struction of ®© AnZo X = 1,2, passing from affine to quadratic detectors
helps:

SadValjir < SadValyer
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Numerical illustration:
eUy =U{={ueR?:u;>p1<i<12},

0U2=Up=—U’O,
e A] = A, € R8X13:

[ VX —_ {@iX) — 0>2<18}

unrestricted
0 o1 | 0o Handh |H=0|h=0
0.5 2 | 2 0.31 0.31 1.00
0.5 1 4 0.24 0.39 0.62
0.01 || 1 4 0.41 1.00 0.41

Risk of quadratic detector ¢(¢) = hT¢ + 2¢TH( + »

e when deciding on families of Gaussian distributions with common covari-
ance matrix and expectations varying in associated with the families convex

sets, passing from affine to quadratic detectors does not help

e in general, both affine and purely quadratic components in a quadratic de-

tector are useful.

e when deciding on families of Gaussian distributions in the case where distri-
butions from different families can have close expectations, quadratic detectors

are useful, while affine ones are not.
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lllustration: Simple Change Point Detection

200 00

50 100 150 2

#15

Frames from a noisy “movie”
When the picture starts to change?
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Model: We observe one by one “vectors” (2D images)

wt = xt + &t

e ;. deterministic image
o & ~ N(0,021,): independent across observation noises.

Note: We know the range [o, 5] of o, but perhaps do not know o exactly.

e We know that x;1 = x5 and want to check whether 1 = ... = xx (“no
change”) or there is a change.

Goal: Given an upper bound ¢ > O on the probability of false alarm, we want
fo design a sequential change detection routine capable to detect change, if
any.
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Approach:
e Pass from observations wy, 1 < t < K, to observations

G=wt—wi=xt—21+&&— 861, 2<t< K

Yt Mt
e Test hypothesis Hy . yo = ... = yxr = 0 vs. alternative

K

J H, H : yo=...=yr_1=0, [lygll2 > p

k=2
via our machinery for testing
red hypothesis Hj
VS.

brown hypotheses H5, , ..., Hf.

via quadratic liftings CtCtT of observations (; up to closeness
C: all brown hypotheses are close to each other and are not close to the red hypothesis

e We intend to find the smallest p for which the C-risk of the resulting inference
is < ¢, and utilize this inference in change point detection.
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How It Works

Setup: dimy = 2562 = 65536,5 = 10,52/0° =2, K = 9, ¢ = 0.01
Detector: Attime ¢t = 2, ..., K, compute

1¢4113

b+((1) = —2.71387 ¢

+ 366.9548.

?x((t) < 0= conclude that the change took place and terminate
?«((t) > 0 =  conclude that there was no change so far and proceed
to the next image, if any

e When red hypothesis Hqy holds true, the probability not to claim change on
time horizon 2, ..., K is at least 0.99.

e When a brown hypothesis H ,g holds true, the change at time < K is detected
with probability at least 0.99, provided p > p« = 2716.6 (average per pixel
energy in y;. at least by 12% larger than &2)

e No test can 0.99-reliably decide via (1, ..., (;, on H}, vs. Hp, provided p/p« <
0.965.

e In the movie, the change which takes place att = 3 is detected att = 4.
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ESTIMATING SIGNALS IN GAUSSIAN O.S.
AND BEYOND

e Problem of interest
e Developing tools, Optimization
e Conic Programming
e Conic Duality
e Developing tools, Statistics
e Gauss-Markov Theorem
e Optimizing linear estimates
e Near-optimality of linear estimates

e Byproduct on Semidefinite Relaxation



Situation: “In the nature” there exists a signal = known to belong to a given

convex compact set X C R™. We observe corrupted by noise affine image of
the signal:

w=Ar+c£€ Q=R"

e A:given m X n sensing matrix

e ¢:random observation noise

Goal: To recover the image Bx of x under a given linear mapping
e B:given v x n matrix.

Risk of a candidate estimate z(-) : 2 — R" is defined as

Risk[7|X] = sup \/Eg {IBz — #(Az + 0€)|13)
Risk? is the worst-case, over « € X, expected || - ||2 recovery error.
Ideal goal: To build the minmax optimal estimate z . achieving the minmax risk

RiskOpt[X] = inf Risk[z|X].

|
z(-)
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Agenda: Under appropriate assumptions on X', we show that

e One can build, in a computationally efficient fashion, (nearly) the best, in
terms of risk, estimate in the family of linear estimates

Z(w) =z (w) = H'w [H € RMXV]

e The resulting linear estimate is nearly optimal among all estimates, linear
and nonlinear alike.
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Why linear estimates?

As it was announced, a “nearly optimal” linear estimate can be built in a com-
putationally efficient fashion.

In contrast, Exactly minimax optimal estimate is unknown even in the simplest
case when the observation is

w=x+n
withn ~ N (0,02) and z € X = [—1, 1]

Note: The statistical "magic wand” — Maximum Likelihood Estimate — can be
heavily nonoptimal already in the Simple case.
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blue: X magenta: AX
o X={zeR:az24e2Y " a2<1}
° A = Diag{1/e,...,1/e,1}, n~N(0,0°1,), B=1,
= MLE: z(w) = AT argmin, <1 [lw — ull2

When o < 1, 02n > O(1), and € < O(o), the risk of MLE is O(1), while the
risk of the linear estimate z(w) = wn is O(o) < O(1).



w=Arx+océ&xrc X' = zp(w):=H'w= Bz
Design of linear estimates: challenges

Fact: Unless A and B are simple — just diagonal, — analytical risk analy-
sis/design of linear estimates is problematic even in the Simple case where
¢~ N(0,I)and X = {x € R" : ¥;a?z? < 1} is an ellipsoid.

Reason: Optimal minimax risk is determined by difficult to represent and ana-
lyze interplay between “‘geometries” of A, B, X':

e on one hand, poor conditioning of A can make impossible good recovery of
some components of = even in a low noise

e on the other hand, the geometries of X and/or B can make “difficult to re-
cover” components of z irrelevant — these components can be a priori small
due to the geometry of the signal set X', or can be suppressed by B due to the
geometry of B.

Surprisingly, difficulties basically disappear when passing from descriptive
analytical to computationally efficient operational design and risk analysis of
estimates. Specifically, in Simple case with no assumptions on A, B (and even
far beyond) one can build in a computationally efficient fashion provably mini-
max optimal, up to logarithmic factors, linear estimates.
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Developing tools, Optimization: “structure-revealing” representation of
Convex Problems: Conic Programming

e When passing from a Linear Programming program
mxin {cTac cAx — b > O} (%)

to a nonlinear convex one, the traditional wisdom is to replace linear inequality
constraints

a,LT:I: —b; >0
with nonlinear ones:

gi(x) >0 [g; are concave]

e There exists, however, another way to introduce nonlinearity, namely, to re-
place the coordinate-wise vector inequality

y>zoy—zeRP={uecR™:u; >0V} ly, z € R™]
with another vector inequality
y>Kkzeoy—2€K [y, z € R™]

where K is a regular cone (i.e., closed, pointed and convex cone with a
nonempty interior) in R,
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y>kzey—zeK [y, z € R™]

K: closed, pointed and convex cone in R" with a nonempty interior.

Requirements on K ensure that >y obeys the usual rules for inequalities:

e >y IS a partial order:

x> Vo [reflexivity]
(z>2ky & y>kz)=>cr=1y [antisymmetry]
(T>2KY, Y2KZ)=>T>K =2 [transitivity]

e > is compatible with linear operations: the validity of >y inequality is
preserved when we multiply both sides by the same nonnegative real and

add to it another valid >g-inequality;
e in a sequence of >y -inequalities, one can pass to limits:

{aiZKbia 1=1,2,... & a; >a& bi—>b} = a>Kb
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y>kzey—zeK [y, z € R™]

K: closed, pointed and convex cone in R™ with a nonempty interior.

e one can define the strict version >y of >k

a>Kbea—beintK.

Arithmetics of >y and >y inequalities is completely similar to the arithmetics
of the usual coordinate-wise > and >.
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LP problem:

mmin{cT:c:Aa:—bZO}(:)min{ch:Am—bERﬁ}

x

General Conic problem:

mxin{cT;U:Am—bZKO}émxin{cTac:Aw—bGK}
e (A,b) — data of conic problem
e K - structure of conic problem

Remarks:

e Every convex problem admits equivalent conic reformulation

e With conic formulation, convexity is “built in”; with the standard MP formula-
tion convexity should be kept in mind as an additional property.

(??) A general convex cone has no more structure than a general convex func-
tion. Why conic reformulation is “structure-revealing”?

(!1) Just 3 types of cones allow to represent an extremely wide spectrum (“es-
sentially all’) of convex problems!
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min {c’z : Az —b >k 0} & min{c’z: Az — b € K}
Three Magic Families of cones:

e L'P: Nonnegative orthants IR{T'} — direct products of m nonnegative rays
R+:{S€RISZO}
giving rise to Linear Programming programs

- T.. . T
msln{c x.ayx—bp>0,1 Ségq}.
e COP: Direct products of Lorentz cones

—1
LZ_DI_ = {u eRP:up > (Zg-?:l u?

)1/2
1
giving rise to Conic Quadratic programs

}

min {ch | Agx — byl|2 < c%a: —dp,1 <1< q} :
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e SDP: Direct products of Semidefinite cones
St ={M esSP: M 0}
giving rise to Semidefinite programs

min {cTa; : (\mm(Aev(:c)) >0,1<4< q}.
S AN (x)>0

where SP is the space of p x p real symmetric matrices, A,(x) € SP are

affine in x and A\nin (S) is the minimal eigenvalue of S € SP.

Note: Constraint A(x) > O stating that a symmetric matrix affinely depending
on decision variables is > O is called LMI — Linear Matrix Inequality.

For details, see https://www2.isye.gatech.edu/~nemirovs/lmco run.pdf
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 https://www2.isye.gatech.edu/~nemirovs/lmco_run.pdf

What can be reduced to LP/CQP/SDP ? Calculus of Conic Programs

Let /IC be a family of regular cones closed w.r.t. taking direct products.
Definition: A KC-representation of a set X C R™ is a representation

X={zeR":JueR": Ax + Bu—b € K} (%)
where K € K. X is called K-representable, if X admits a IC-r.

Note: Minimizing a linear objective ¢! x over a K-representable set X reduces
fo a conic program on a cone from IC.
Indeed, given (x), problem mi)rg ¢!’z is equivalent to
re
Opt = min{cT:c : Ax—I—Bu—bEK}
T, U

Definition: K-representation of a function f : R — R U {+o0} is a K-
representation of the epigraph of f:

Epi{f} ={(z,t) :t> f(x)} ={x,t: Fv: Pr+pt+Quv—-—qge K}, KekK

f is called KC-representable, it f admits a /C-r.
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e A level set of a KC-r. function is IC-r.:
Epi{f} = {(z,t) :t > f(x)} ={x,t: Jv: Pr+pt + Qu — q € K}
= {z: f(x)<cl={z:Fv:Pzx+ Qu—[qg—cp] € K}
e Minimization of a IC-r. function f over a K-r. set X reduces to a conic
program on a cone from IC:

reX & Ju:Ar+ Bu—-—be Ky
t>f(x) & Fv:Pr+pt+Qu—qekKy

N2
mina:EXf(m)
X
t%nv{t [Az 4+ Bu —b; Pz 4 pt + Qu — q] € Kx x K]i}

ex
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e Investigating “expressive abilities” of generic Magic conic problems reduces
to answering the question

What are LP/COP /SDP-r. functions/sets?

e “Built-in” restriction is convexity: A K-representable set/function must be con-
Vex.

Good news: Convexity is, essentially, the only restriction: for all practical pur-
poses, all convex sets/functions arising in applications are SDP-r. Quite rich
families of convex functions/sets are LP /COP-r.

Note: Nonnegative orthants are direct products of (1-dimensional) Lorentz
cones, and Lorentz cones are intersections of semidefinite cones and properly
selected linear subspaces = LP C COP C SDP.
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Let IC be a family of regular cones closed w.r.t. taking direct products and
passing from a cone K to its dual cone:

Kie={)\:{)\§ >0V e K}
Note: K. is regular cone provided K is so, and
(K«)x =K

Fact: C-representable sets/functions admit fully algorithmic calculus:

e all basic convexity-preserving operations with functions/sets, as applied to
IC-r. operands, produce K-r. results, and the resulting K-r.s are readily
given by KC-r.’s of the operands.

e “Calculus rules” are independent of what KC is.

= Starting with “raw materials” (characteristic for KC elementary K-r. sets/functions)
and applying calculus rules, we can recognize K-representability and get ex-
plicit IC-r.’s of sets/functions of interest.
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“Calculus of K-representability” basics:

Sets: If X1, ..., X}, are K-r. sets, so are their

e intersections, e direct products,
e images under affine mappings, e inverse images under affine mappings.

Functions: If f1, ..., fi are K-r. functions, so are their
e linear combinations with nonnegative coefficients,
e Superpositions with affine mappings.
Moreover, if F, f1, ..., fi. are K-r. functions, so is the superposition F ( f1(x), ..., fr.(x))

provided that F' is monotonically nondecreasing in its arguments.

More advanced convexity-preserving operations preserve K-representability
under (pretty mild!) regularity conditions. This includes

For sets: taking conic hulls and convex hulls of (finite) unions and passing
from a set to its recessive cone, or polar, or support function

For functions: partial minimization, projective transformation, and taking
Fenchel dual.

Note: Calculus rules are simple and algorithmic = Calculus can be run in a
compiler [used in CVX].
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lllustration

minclz + dly

1 2 2 1 2
2y, 5 3ys + 3y, 7y, < elx 4+ 4yPysys + Sy3vs
x1—x2 | z3+ 2
3+ a0 | x0— 14 | 5 — 6 <0
rs — 6 | 6 +x7 | —x8 —
—Is 5
r1 T I3 T4 Ts
> T T7 X8 I9
r3 T7 x10 T11 T12 =0
T4 X8 X11 X13 T14
| s T9 Ti2 Ti4 15
( [ 1 x>  x3 x4 Ty |
To T T7 X T9
Det x3 X7 T10 T11 T12 >1
T4 T8 T11 T13 T14
\ | s T9 T12 T4 T15
[ 21 o x3 |
T4 Is Ze6
Sum of 2 largest singular values of 7 Xg X9 is<6
r10 T11 T12
r13 T14 X15
, - S0 i - zip1]s' <O, 3<s5<6
Yoo _jwaicos(ig) — > aisin(ig) <1, <o <%

blue partisin LP

blue-magenta part of the problem is in COP (can be approximated, in a polynomial time, by LP)

entire problem is in SDP
reductions to LP/CQP/SDP are “fully algorithmic.”
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Conic Duality

Conic Program admits nice Duality Theory completely similar to LP Duality.
Primal problem:

mxin {cTac . ACC—bZK O,sz’r‘}
:[I [passing to primal slack £ = Az — b]
mgn{eTﬁzfe £~ b NK}
e: Ale + RTf = ¢ for some 7, [J={AuiRu:O}}
Dual problem:
T, - AT T,
rTy17aZx{b y: Aly+ R'z=c, y >, o}
0
myax{bTy cy € [LF + €] ﬂK*}

[K.: cone dual to K]
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Primal problem:

mgin{eTf:ge [Ll—b]ﬂK}

e: Ale4+ RUf =cforsomef, £L={Au: Ru= O}]
Dual problem:
max {bTy y € [L1 + €] ﬂK*}
[K: cone dual to K]
Note:

e the dual problem is conic along with primal

e the duality is completely symmetric

e Cones from Magic Families are self-dual, so that the dual of a Linear/Conic
Quadratic/Semidefinite program is of exactly the same type.

- 4.18 -



Deriving the dual problem

Primal problem:

(P)

r — b (-
Opt(P) = min {ch: Az —b; € K5, ng}
x Rx =r

Goal: find a systematic way to bound Opt(P) from below.

Observation: When y; € K., the scalar inequality y! A;x > y!'b; is a conse-
quence of the constraint A;z — b; € K".

If z is a vector of the same dimension as r, the scalar inequality z! Rz > z1r
Is a consequence of the constraint Rx = r.
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= Whenever y; ¢ K. for all i and z is a vector of the same dimension as r,
the scalar linear inequality

Do Alyi+ R 212 > > by 41tz
i i
is a consequence of the constraints in (P)

= Whenever y; € K. for all i and z is a vector of the same dimension as r
such that

S Aly,+ Rz =,
7

the quantity ;b7 y; + rT z is a lower bound on Opt(P).

Dual problem:

(D)

_ T T, .
Opt(D) = nywi,azx {Z b; y; + 1 2 ZAZT?J@ 4+ RT, = ¢
1 1
is exactly the problem of maximizing this lower bound on Opt(P).
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Definition A conic problem

Aix—b, e Kl i <m
mxin L Ax > b (C)
Rx =r

is called strictly feasible, if there exists a feasible solution x where all conic and
< constraints are strictly satisfied-

Az —b, €intK'Vi & AZ > b.

It is called essentially strictly feasible, if there exists a feasible solution x where
all non-polyhedral constraints are strictly satisfied:

AT —b; € intK* Vi.
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Conic Duality Theorem Consider a conic problem

. Az —b; e K, i <
Opt(P) = min {ch ; sz TZ b= } (P)
along with its dual |
Yi € nga 1< m
Opt(D) = max {Zi bly; +rlz: S Ay, + Rz =¢ } (D)
i

Then

e [Symmetry] Duality is symmetric: the dual problem is conic, and its dual

is (equivalent to) the primal problem;

e [Weak duality] One has Opt(D) < Opt(P);

e [Strong duality] Let one of the problems be essentially strictly feasible
and bounded. Then the other problem is solvable, and

Opt(D) = Opt(P).

In particular, if both problems are essentially strictly feasible, both are solvable
with equal optimal values.
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min{CT:c: Aiw_biEK’zém} (P)

T Rx=r
1
T T cKli<m
rTy]EZX{Zibz’yZ'I_T 2 ZATyZ—FRTZ_C} (D)

Conic Programming Optimality Conditions

Let both (P) and (D) be essentially strictly feasible. Then a pair (x, [{y:}, z])

of primal and dual feasible solutions is comprised of optimal solutions to the
respective problems if and only if

[Zero Duality Gap] DualityGap(z, [{v;}, 2]) == ¢!z — [ZZ Py +r12] =0
Indeed,
DualityGap(z, [{yi}, 2]) = [¢'z — Opt(P)] + [Opt(D) — [Zib?yi + r12]]

>0

>0

[Complementary Slackness] [A;z —b;]ly; =0, i <m

Indeed,

> i [Air — bi]Tyz = D, Alyile — >, blyi = le— RTz]T:g— So.blyi =cle — [, blyi + r''2]

VO VO
>0 =cleg—rTz

= DualityGap(z, [{yi}, z])
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e Conic Duality, same as the LP one, is

e fully algorithmic: to write down the dual, given the primal, is a purely me-
chanical process
e fully symmetric: the dual problem “remembers” the primal one

e Cf. Lagrange Duality:

min {f(x):g9;(x) <0,i=1,..,m} (P)
Y
r;zagL(y) (D)

[L(y) = min {f(af) + ;yz'gi(w)}]

e Dual “exists in the nature”, but is given implicitly; its objective, typically, is
not available in a closed form
e Duality is asymmetric: given L(-), we, typically, cannot recover f and g;...
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Developing Tools, Optimization: Schur Complement Lemma

| 5T
S| R
if and only if the matrix P — STR=1S is so.

| P ST :
Proof: [T’T] = 0O iff

0 < min[u!Pu+4+ 2u?'STv 4+ v Ru]

with R > O is positive semidefinite

Lemma Symmetric block matrix [

= min [min[uTPu + 2uT' STy 4+ v Ru) }

7

achieved when v = —R-1Su
= minu" [P—- S"TR7S]u. O

u
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Developing Tools, Statistics:
Bayesian Risk and Gauss-Markov Theorem

An alternative to the worst-case risk (the worst over the signals of interest,
performance of a statistical procedure) is average performance, with the aver-
age taken over some prior probability distribution on the signals.

In the problem of || - |>-recovering Bx via noisy observation

w=Ax+00E, E~P

this alternative reads as follows:

(1) Given a probability distribution I of signal x € R"™, find an estimate
z(-) which minimizes
Risk2[z|M] := /ﬂ {/Rm |Bz — #(Az + ag)H%P(dg)} N(dz)

— the average, over the distribution N of signals x, of expected || - ||3
recovery error of Bx via observation Ax + o€.
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(1) Given a probability distribution N of signal x € R", find an estimate z(-) which minimizes

isk?[z = x — 2(Az + c8)||3 x
Risk?[7]1] /n{/RmHB (Ax + f)HzP(dﬁ)}”(d)

— the average, over the distribution M of signals z, of expected || - |3 recovery error of Bz via
observation Az 4 o€.

e (): joint distribution of (z,w = Az 4+ &) induced by distributions M and P
of independent r.v.'s x, &

e 1?,,: conditional distribution of =, given w of «,
e IV marginal distribution of w.
We have
Risk2[z|N] = / 1Bz — (w)||2Q(da, dw)
R x RM

[ AL 1Be = ) 3R () | W ()
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Evident Fact: Assuming that a probability distribution S on R™ possesses
finite second moments, one has

min Jge [|[Bx — c|[3S(dz) = [gn || Bz — cx||55(dx),
cx = [pn BxS(dx).
= An optimal, in terms of Risk?[z|M], estimate Z(-) of Bx viaw = Ax + o¢
IS

i (w) = /R  BrR(dx)

Gauss-Markov Theorem [Normal Correlation Theorem] Let x € R™ and £ €
R™ be independent zero mean Gaussian random vectors. Assuming o > O
and the covariance matrix of £ to be positive definite, an optimal solution z(-)
to the risk minimization problem

minE, ¢ {|B2 — 2(Az 4 0€) |13}

exists and can be selected as a linear function of w = Ax + o€.
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Under the premise of Gauss-Markov Theorem, with x ~ N(0,Q) and & ~
N (0, I,,), direct computation shows that

Ze(w) = [[JQIm + AQAT]—lAQBT] W
Risk?[Z+NV(0,Q)] = Tr(BQB! — BQA' 6%, + AQATI 71 AQBT)
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Optimizing linear estimates
Situation: “In the nature” there exists a signal x known to belong to a given

convex compact set X C R™. We observe corrupted by noise affine image of
the signal:

w= Az + ot € Q =R™

where

e Ais agiven m X n sensing matrix
e £ is arandom noise

Goal: To recover the image Bx of x where
e B: given v X n matrix.

Risk of a candidate estimate z(-) : 2 — R" is

Risk[s]:¢] = sup \/Eg {1 Be — #(Ax + 0€)|3}
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Assumption on noise: £ is zero mean with unit covariance matrix.

— The risk of a linear estimate zZ ;;(w) = H' w is given by
Risk?[Zg|X] = max Fg {IB — HT Alz — o HT¢||3}
= max{[|[B - HT Alz||3 4+ o”E¢{Tr(H ¢¢" H)}}
reX
= o°Tr(H'H) + max +''[B—H'A'[B - H' Al=.
xre

A\ - g

W (H)

Note: W is convex = building the minimum risk linear estimate reduces to
solving convex minimization problem

Opt = min W(H)+o*Tr(H"H)|. (%)

However: Convex function W is given implicitly and can be difficult to compute,
making (x) difficult as well.
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Opt = ming [JQTr(HTH) + W(H)]

V(H) = mea)?gcT[B — HN' B — HT Alx (%)

Fact: Basically, the only cases when () is known to be easy are those when

e X is given as a convex hull of finite set of moderate cardinality
e X is an ellipsoid.

When X is a box, computing W is NP-hard...

e When W is difficult to compute, we can to replace W in the design problem
(%) with an efficiently computable convex upper bound W+ (H).

We are about to consider a family of sets X — ellitopes — for which reasonably
tight bounds W of desired type are available.
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A basic ellitope is a set Y ¢ R¥ given as

y={yERN:3tET:yTSky§tk,kgK}

where

e S;. >~ O are positive semidefinite matrices with >, S, >~ O
e 7 is a convex compact subset of K-dimensional nonnegative orthant Rf_ﬁ
such that
e 7 contains some positive vectors
e 7 is monotone: if 0 <t <tandt e T,thent € T as well.

An ellitope X is linear image of a basic ellitope:
X={zcR":IyeRV teT z=Fy, y' Sy <t, k< K}
e [is a given n x N matrix,

Note: Every ellitope is a symmetric w.r.t. the origin convex compact set.
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Examples of basic ellitopes

A. Ellipsoid centered at the origin
(K=1, 7T =10;1])
B. (Bounded) intersection of K ellipsoids/elliptic cylinders centered at the ori-
gin
(T={teRl: 0<t, <1, k<K)})
C.Box{z eR": -1<z; <1}
(T={teR": 0<t;, <1, k<K =n}, 2!Sz=ua7)
C’. Dual ball of Vasershtein norm B« = {u € R" : |u; — u;| < d;j, 1,5 < n}

di_jQ[e,' —ejllei —e]t, i<j<n,
4[ma><z-j dij]_QeieT 1=7<mn

1)

Bi=lueR": u!'S;u<1,1<i<j<nl, S, =
J J

where e;, e; are canonic orths of R"™.
D. lp-ball X = {z € R" : ||z||p < 1} withp > 2

(T={teRY : ||t <1}, z' Sz =21}, k< K =n)
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Ellitopes admit fully algorithmic calculus:
it X;, 1 < <1, are ellitopes, so are their

e intersection N); &;

e direct product X7 X ... X X}

e arithmetic sum X7 4 ... + &7

e linearimages {Ax : x € A}

e inverse linear images {y : Ay € X} under linear embeddings A
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Observation: Let
X={z:3teT,y) z="Fy, y Sy <ty k< K} ()
be an ellitope. Given a quadratic form x! Wz, W € S™, we have
K
maxz! Wz < min{¢r(\) - A>0, Y A\S, = FIWF
reX A p—1
where

A\) = maxti )
d7(N) na

is the support function of T .
Indeed, assume that A > 0 and FTW F < >, \..S. By definition of the ellitope, if z € X,

It eT,y): v'Sky <t Vk<K, z = Fy
We have 2" Wax = yT FTW Fy, but

T T T T
F"WEy < A Sy < Atz < maxt -\ = A
{J y < Ek kY Sky < Ek ktr < Ma> o7 (),

and we conclude that
o'Wz < ¢r(N).
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Where does it come from: Semidefinite Relaxation

v = maXXa:TWx, X={z:3teT,y):x=Fy, y' Sy <t, k< K} (%)
Tre

e Let us denote X = zz7, then () can be rewritten equivalently:

It €T,Q€Sn): X =FQFT, Tr(SxQ) <ty k < K, }

max{Tr(WX) ; Q> 0, Rank(Q) = 1

Then W < W where

W= max Tr(\FiIng,@, Q={Q>=0:3tecT: Tr(SQ) <ty k< K} (x1)

Note that (x1) is a convex program, it is instructive to write it as Conic Pro-
gramming.
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e Conic representation of constraint ¢t € 7.

o Let

T+:{[t;1]ERK+1:t€T}7 T:{AsERK_l_l, )\ZO,SET_I_}.

setsT, T+ andcone T

t-plane
e T is a regular cone (since 7 is a convex compact set with a nonempty

interior)
o T ={t:[t;1] € T}
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The dualconeto T =Ry x {[t;1] :t € T}is

{yis] € R 5> 67(—9)

Indeed, if T, is the cone dual to T,

{ly;s] € T} © {yTt+s7>0V[t;7] € T}
o {ylt+s>0Vvt:[t; 1] ET}@SZ—yTtVtET<:>SZT€§rX[—y]Tt

& {s>or(—y)}

Bottom line: We have

v = rrggatx {Tr(VQ) : [t;1] €T, Q = 0, Tr(S,Q) <t Vk} (%1)

Question: What is the conic dual to (x71)?
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e To pass from (x4 ) to the dual problem we associate Lagrange multiplyers to
the constraints:

\[t;l]E’Ij‘, Q =0, \tk—TI’(QS]{)ZO/ VkE < K

[g:s] € T, P*0 Ae > 0

e Taking inner products of the constraints with Lagrange multipliers and sum-
ming up the results, we get the consequence of the constraints of (x1):

glt+5-1 4+ Tr(PQ) + Xk Mlty — Tr(QSi)] >0
i
Tr ([Cp Sk — P1Q) — [g+ A1t <s, [s>éd7(—g),P = 0,\> 0]
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e To get the dual problem, we impose on Lagrange multiplies the requirement
that the body of the aggregated constraint, as a function of @, ¢, is identically
equal to the objective Tr(V Q) of (x1):

g+A=0, Xp NS, —P=V

)

g 9= N LpMSp—P =V

WV = min {s:
g7S’A’P

€]
[

min
g,S,A,P

- . XkAMSE 2V
oA {S 52 ¢7(0),A>0

= min {ng(/\): D MSp =V A o}
A k

S A Sp=FTWF
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Xz{x:EI(tET,y):x=Fy,yTSky§tk,k§K} (%)

Corollary Let X be the ellitope (). Then the function

W(H) = maxal[(BT — ATH)(B — H'A)la

can be upper-bounded: W (H) < W (H) where

W(H)

= min {

A
[Schu

= min -«

dp7(N) A >0, FI[BT — ATH|[B - HTAF < ZAkSk}
. k

r Complement Lemma]

(¢T(>\) :A>0 SEMSe | FT[BT — ATH]

A

2

| [B-HTAIF | I

\

The function U (H) is real-valued and convex, and is efficiently computable
whenever ¢ Is so, that is, whenever T is computationally tractable.
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Bottom line: Given matrices A € R™*"™, B € R¥*™ and an ellitope

X={z:3teT,y) z="Fy, y' Sy <ty k< K} ()

contained in R"™, consider the convex optimization problem

i 2 T 7y . Sy | FT[BT — ATH]
Opt = mir {qu(A) + o2Tr(HTH) : A >0, [ [BZ_kH5A’3F| . } >~ 0 }

[qu(A) = max;e7t! A : support function of 7'}

Assuming the noise & in observation w = Ax + o& zero mean with unit co-
variance matrix, the risk of the linear estimate z () induced by the optimal

solution H.. to the problem (this solution clearly exists provided o > 0) satisfies
the risk bound

Risk[Z .| X] < vOpt.

What is ahead: We are about to prove that in the case of ¢ ~ N(O, I,,),
v OPpt is “nearly” the same as the ideal minimax risk

RiskOpt = inf Risk[z|X],
z(-)
where inf is taken w.r.t. all (not necessatrily linear) estimates z(-).
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How it works: Inverse Heat Equation

Square plate is heated at time 0 and is rest to cool; the temperature at the
plate’s boundary is kept 0 all the time.

Given given noisy measurements, taken along m points, of plate’s temperature
at time t1, we want to recover distribution of temperature at time a given time
tg, O <tg < t1.

The model: The temperature field u(t; p, q) evolves according to Heat Equa-

tion
2 2
Guttind) = | 2+ 2| ultip,a), t 2 0,(n,g) € S
et:time oS ={(p,q),—1<p,q<1}:theplate
with boundary conditions u(¢; p, Q)‘(p,q)eﬁs = 0.
e It is convenient to represent u(t; p, g) by its expansion
u(t;p,q) = ZgeTre(t)oR(p)de(q), (*)
b (s) = cos(woj_18), woi_1 =0 —1/2)7, k=2i—1
k o sin(wo;s), Wo; = 1T, k=21

Note: ¢, (s) are harmonic oscillations vanishing at s = +1.
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Wtip @) = D wre(D6ep)o(a) ()
be(s) = cos(woi—18), woi1 =G —1/2)7, k=2i—1
k sin(w»;s), wo; = i, k=21

¢ {9re(p,q) = ¢ (P)Pe(q) }1 ¢ form an orthonormal system in L (.S)
e ¢.o(-) meet the boundary conditions

(P D], 3 cos =0
e in terms of the coefficients x;,(t), the Heat Equation becomes

Dare(t) = —[w? + wPlazp(t) = xpt) = 6_[w’§+wg]t$ke(0)-
We select integer discretization parameter N and
e restrict (x) totermswith 1 < k, / <2N — 1
e discretize the spatial variable (p, ¢) to reside in the grid
Gy ={Py=ip)=(y-1.%-1),1<ij<2N -1}
Note: Restricting functions ¢,(-,-), 1 < k,£ < 2N — 1 on grid G, we get
orthogonal basis in R(2N-1)x(2N-1)
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We arrive at the model as follows:
e The signal x underlying observation is

r = {xp = xpe(to), 1 < k,l <2N —1} € R(N-1)x(2N-1)
e The observation is

w = Ax+ocEcR™ €~N(O,I,)
2N-1
[Az], = Z e Wittt g, (b ) be(piy)
hof=1

o (Piw),Pjw)) €S, 1 <v <m: measurement points
e We want to recover the restriction Bx of u(to; p, ¢) to some grid, say, square grid

GK={<ri:E—1,rj:%—1), 1§z,3§2K—1}CS,
resulting in

[Bz]ij = ZQN_1¢k(Ti)¢£(7“j)$M

k=1

e We assume that the initial distribution of temperatures [u(0; p;, pj)]7 71 satisfies [[uf2 < R,

for some given R, implying that x resides in the ellitope, namely, the ellipsoid

X = ¢ {wp} € REVDXEVD L [e[w£+w§]towk42 < R?
kot
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u(t; pi,py) = 3o, 0 Tl gy (p) de(pj) e
[A(x)], = i]z;ll zpe” Witwilli=tl g (i) ) e(Pjy) The

100 T T T T T T T

1070

10-100 - -

10-150 - -

10_200 1 1 1 1 1 1 1
0 500 1000 1500 2000 2500 3000 3500 4000

Plots of e~ («wi+w)? for t = 0.02 (red) and ¢t = 0.01 (blue)
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Bad news: contributions of high frequency (with large w? + w?) components
z1p(0) to A(x) decrease exponentially fast with high decay rate as t, grows
= High frequency components x.,(0) are impossible to recover from obser-
vations at time t1, unless t1 is very small (red curve, t = 0.02)

Good news: Contributions of high frequency components x;.,(0) to B(x) are
very small, provided tq is not too small

= There is no need to recover well high frequency components, provided they
are not huge (blue curve, t = 0.01)

Numerical results N = 32, m = 125, K = 6, tgp = 0.01, t; = 0.02,
o = 0.001,

X = {z € R%*®% | {u(0; pi,pj)}P3=1l2 < 15}.

e Minimax risk of optimal linear estimate: 0.1707
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63 x 63 grid Ge3z and m = 125 measurement points

B> = 2.128 |B — B|l» = 0.1535 |B — B2 = 266.3
| B|oo = 0.433 |B — Blloc = 0.0313 |B — Bl||» = 63.63

Left: true signal, center: linear recovery, right: naive LS recovery
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Near-optimality of linear estimates
X={zxecR":IycRY tcT z=Fy, y' Sy <t Vk < K}

Simple observation: When recovering Bz, x € X, from observation w =
Ax + o&, we lose nothing when assuming that the signal is

y€y={y:EItET:yTSkySthkgK}
the observation is w = [AF]y + o&, and the entity to be recovered is [BF]y.

With this transformation, families of all estimates, all linear estimates and their
risks remain intact

= We lose nothing when assuming that F' is the identity, and

X={zeR":3teT:a! Sz <t Vk < K}
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X={zcR':3tecT: : 2lSx<t,Vk < K} = We can build linear estimate satisfying

o~ i 5 T ZAkSk|BT—ATH] }
Risk“[z|X] < Opt rE&n {¢T(A)+a Tr(HTH) : A > 0, [ b T | T >0

Our course of actions is as follows.
A. Suppose that we can specify Gaussian prior N (0, Q) for the signal x to be
supported on X. Then by Gauss-Markov Theorem the quantity

$(Q) = Tr(BQB" — BQA [0°Im + AQAT] 1 AQB™)
would be a lower bound on RiskOptZ.
B. While N/'(0, Q) cannot be supported on the bounded set X for a nonzero

@, we can select Q to enforce n ~ N (0, Q) to “sit in X with overwhelming

probability,” so that a “slightly reduced” ¥ (Q) will become a lower bound on
RiskOpt?.
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C.We have E, _\r(0 0){n' Sn} = Tr(SQ)
= Selecting Q > 0 according to

HeT  Tr(QS,) <tp, k< K

we ensure thatn ~ N (0, Q) “sits in X on average”
= We may expect that imposing on QQ >~ O the restriction

gt €T Tr(QSk) < pty, k < K, [p > O]

we enforce n ~ N (0, Q) to take values in X with probability controlled by p
and approaching 1 as p — +0.
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X={zecR':3tecT: 2lSx<t,Vk < K} = We can build linear estimate satisfying

o~ . 5 T > Sk | BY — ATH] }
Risk“[z|X] < Opt = TI'AH {ng(A) 4+ o2Tr(HTH) : A > 0, [ LT | s =0

D. The above considerations give rise to parametric optimization problem

Opty(p) = 836( {¢(Q) dt e T . TI’(QSk) < ptp. Vk < K} (*p)

We can expect that for small p “slightly corrected” Opt.(p) is a lower bound
on RiskOpt2.

Fact: By Conic Duality , Opt.(p) > pOpt

= Lower bounds on RiskOpt? can be expressed via Opt, resulting in

VOpt < O (\/In(l/RiskOpt) RiskOpt)
provided RiskOpt is small.
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From (xq) to its dual

Opt,. (1) = nrg)ax {Tr(BQBT — BQAT[6%I,, + AQAT|71AQBT) :
Jt
teT,Q >0, TI’(QSk) < tg Vk}
Step 1: Passing to linear objective

Opt.(1)

-~

_ . teT,Q =0,
rrgftx {Tr(BQBT — BQA"[0°],,, + AQA"]TAQB") : Tr(QS:) < t1. Vk }

N\

_ T :
= gwtaé {Tr(BQB ) — Tr(G) :

[Schur Complement Lemma]

G — BQAT[0°I,, + AQAT]71AQBT = 0

G |  BQAT C 0
AQBT | 62, + AQAT | — }

= max {Tr(BQBT) — Tr(G) :
teT,Q =0, Tr(QSk) <t Vk

Qt,G

Step 2: Using the conic representation of 7 we get

G BQAT <0
Opt,(1) = max Tr(BQBY) —Tr(G) : | AQBT | 0°I,, + AQAT | — (%)
w [t;1] € T,Q = 0, Tr(QS)) < tx vk
Note: (x) is clearly strictly feasible and solvable.
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G BQAT “ 0
AQBT | 02T + AQAT ()
=0, ;1] €T, t), — Tr(QSy) >0Vk < K

Opt,(1) = max {Tr(BQBT) — Tr(G) : [
Q.t,G Q

Step 3: passing from (x) to the dual problem. We start with associating Lagrange multiplyers
to the constraints (recall what T is):

G |  BQAT |
[AQBT 07T, + AQAT ] =0, H1]€T, Q=0 t—Tr(QS) >0 Vk<K
) e g lg;s]€ T. P=0 Ae = 0

ulvrl. g
VIiw |~

e Taking inner products of the constraints of () with Lagrange multipliers and summing up
the results, we get the consequence of the constraints of (x):

Tr(UG) 4+ 2Tr(VTAQBT) + Tr(W|[e?I + AQAT))
+glt 4+ s+ Tr(PQ) + >, Aeltey — Tr(QSk)] > 0

0
—Tr(UG) + Tr ([, MeSe — P — ATWA — BTVTA - ATVB| Q)—[g + A"t < s + o2Tr(W)

Uulvrt
|| zoszercapzoazo
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—Tr(UG) + Tr ([, MSe — P — ATWA — BTVTA — ATVB] Q)—[g 4+ A\"t< s + o2 Tr(W)

Ul vt

e To get the dual problem, we impose on Lagrange multiplies the requirement that the body
of the aggregated — the red — constraint, as a function of G, Q, t, is identically equal to the
objective

Tr(BQBY) — Tr(G)

of (x), and minimize under this restriction (and the red constraints on the multipliers) the right
hand side of the aggregated constraint.

By Conic Duality Theorem, we get

U=1,g=—\

Opt,(1) = min s+ o2Tr(W) : 2k Aksﬁ —P—-—ATWA-BTVTA - ATVB = BTB
et ULV ] = 0,52 6r(—9), P = 0,20
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Opt.(1)

U — [Vag — _>\
min s+ o2Tr(W) : 2 MSk—P —ATWA—B"VTA - A"VB=B"B
et U] =05 > ér(—g), P=0a >0

BTB+ ATWA+ BTVTA+ ATVB <5, AiSk
T
min { Gr(0) + o> Tr(W) : |45p-| 20, A2 0

SWSVVT

B'B+A'VVIA+B'VIA4+ ATVB <>, AkSk
min { ¢7(\) 4+ o2Tr(VVT) : (B AT (BLVTA)
A A>0

by Schur complement lemma

| ) [ S Sk | BT 4 ATV
n‘}’&n{cb’r()\)-I-aTr(VV). [B—I—VTA| T = 0,A>0

min - 670 + o2 Tr(HTH) - | 2u Sk | B —ATH |\ gy o
H[:=-V],A T o ' B—HTA | I, — YA Z
Opt
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X={zeR":3teT: 2l Sx <t, Vk < K}= We can build linear estimate satisfying

T T
Risk?[z|X] < Opt = I’EI)Y\] {ng(A) + o2Tr(HTH) : A > 0, [ g:_kﬁfg I B _IVA H } > o}: Opt,.(1)

Opt,(p) = max (@) :Q=0,te T, Tr(QSk) < pty Vk} (*p)
[\ /1 (Q) : optimal Bayesian risk of recovering Bx when = ~ N (O, Q)]

Easy fact: WhenO < p < 1, one has

Opt.(p) > pOpt,(1) = pOpt.
Indeed, recall that
»(Q) = Tr(BQB" — BQA"[0°I,, + AQAT] TAQB™).

It follows immediately that ¢ (pQ) > py(Q), 0 < p < 1.
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Fact: If QQ, stems from optimal solution to (x,), then the probability for
¢ ~N(0,Q)) to be outside of X approaches zero fast as p decreases:

o 1—p+pIn(p)
m(p) = ProngN(o’Qp){f ¢ X} < Kexp {— >
P 0.10 0.05 0.04 0.03 0.02 0.01
7(p) < | 1.0e0 | 3.4e—2 [ 3.1e—3 | 5.5e—5 | 1.6e—8 | 3.2¢—18

K =100

= For reasonably small p, everything is as if N'(0, Q,) were supported on X,
so that, say, 0.990pt.(p) > 0.99pOpt is a lower bound on RiskOpt2.
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Theorem Let us associate with ellitope
X={zcR":3HtcT: az'Sux<t,Vk <K}
the convex compact set
O={QeS":Q>0,3tecT :Tr(QSk) <tr, k< K},
and the quantity

M*:maX\/TrB BT,
QReQ (Q )

Then the linear estimate Ty (w) = H!w of Bx, x € X, via observation w = Az + o¥¢,
¢ ~N(0, I,,), given by the optimal solution to the convex optimization problem

o 5 T . | oSk | BT — ATH
Opt_rpl’lAn{qu(A)—l—oTr(H H) : [B—HTA| T =0, A>0
satisfies the risk bound
6M2V K
Risk[Zp.|X] < 1/Opt<4,|In|[—= Riskopt[X],
R|skopt[)(]

where

Riskopt[X] = inf sup \/ngN(o,Im) {IIBx — 2(Az + 08)|5}

x(-) €
inf being taken with respect to all, linear and nonlinear alike, estimates z(-), is the optimal
minimax risk.
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How it works: numerical illustration

In these experiments

e B is n x n identity matrix,
e nxn sensing matrix A is a randomly rotated matrix with singular values \;,

1 < 5 < n,forming a geometric progression, with A\; = 1 and A, = 0.01.
e In the first experiment the signal set X’; is an ellipsoid:

n
X1 ={x € R": leQ:BJQ- <1},
j:

thatis, K =1, S1 = Z?:1j2€j€§r (e, are basic orths), and 7 = [0, 1].

Theoretical “suboptimality factor” in the interval [31.6, 73.7] in this experi-
ment.
e In the second experiment, the signal set X is the box:

X={zeR" jlz;] <1,1<j5<n}
[K =n, S, = k?epei  k=1,...K,T =[0,1]%].

Theoretical “suboptimality factor” in the interval [73.2, 115.4].
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Extension: Relative Risks

When “very large” signals are allowed, it might make sense to switch from the
usual risk to its relative version — “S-risk” defined as follows:

RiskS[Zz|X] = min {\ﬁ B¢ {HBa: —z(Az + a£)||§} < 7[1+ 2L Sz] vz € X}
S . fixed positive semidefinite “risk calibrating” matrix

Note: Setting S = O recovers the usual “plain” risk.

Results on design of near-optimal, in terms of plain risk, linear estimates ex-
tend to the case of S-risk.
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Design of near optimal linear estimate z;, (w) = HZI'w is given by an optimal
solution (Hx, T+, Ax) to the convex optimization problem

{ [zk)\kSk+TS|BT—ATH]iO’ }
T .

B—H'A | I,
o Tr(H'H) + ¢7(A\) <7, A >0

For the resulting estimate, it holds RiskS|[z 7, |X] < +/Opt.

Opt = min
H, 7\

Near-optimality properties of the estimate z;_ remain the same as in the
case of plain risk:
When ¢ ~ N (0O, I,,,), one has

6 M2VK
RiskSZ e [X]

RiskS[zp, |X] < 4J In ( >RiskSopt[X],

where

M. = max {\/Tr(BQBT) Q= 0,3teT:TrQS,) < t. Vk < K}

and

RiskSopt[X] = |Ar(1f) RiskS[z|X].
(-
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In the special case X = R", the best linear estimate is yielded by optimal
solution to the convex problem

7S |BT —ATH
B—-H'"A| I

Opt = min {T : [
H,T

=0, c?Tr(H'H) < T} (%)
A feasible solution 7, H to (x) gives rise to linear estimate Zy(w) = Hlw
such that

RiskS[z g |R"] < /T,
provided & is zero mean and with unit covariance matrix.

Proposition Assume that B #%= 0 and (x) is feasible. Then the problem
Is solvable, and its optimal solution Opt, H.« gives rise to linear estimate
2, (w) = Hl'w with S-risk /Opt. When ¢ ~ N(0,In,), this estimate is
minimax optimal:

RiSKS[fH*|Rn] = vOpt = F\)iSKSth[Rn].
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A Byproduct: accuracy of Semidefinite Relaxation

Theorem Let C be a symmetric n x n matrix and X be an ellitope:
X={zeR":3¢teT,y): z=Fyyl Sy <t,Vk < K}.
Then the efficiently computable quantity
Opt = miny {¢7(X) : A > 0, FTCF < ¥, ;.S |
7(N) = maxyer ATt
is an upper bound on

Opt, = max ' Cz.
reX

The above bound is tight, namely,

Opt, < Opt < 4In(5K)Opt,.

Note: Opt, is difficult to compute within 4% accuracy when X is as simple as
the unit box in R™.

-4.65 -



Let X be given by quadratic inequalities:

X={zeR":HeT al'Se<tp,k<K}£0
[T . nonempty convex compact set]

We have

Opt, := mea)?:cTC’a:g min {ng(/\) :A>0,C = ZAkSk} <© Opt,
x
k

\ 7

=:6pt
Question: What can be said about the tightness factor © ?

A. When K = 1, assuming Slater condition: 1 S1z < t for some z and some
t € T, one can set © = 1. [the celebrated S-Lemmal]

B. Assuming that 'Sz = 22, k < K = dimz, T = [0;1]¥, and C is
Laplacian of a graph (i.e., off-diagonal entries in C' are nonpositive and all row
sums are zero), one can set © = 1.1382... [MAXCUT Theorem of Goemans
and Williamson, 1995]

Note: Laplacian of a graph always is >~ O
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C. When C > 0 and all matrices S, are diagonal, one can set
© =" =1.5708..
2
[5 Theorem, Nesterov, 1998]

D. Assuming X is an ellitope (i.e., S =~ 0,> 1 S > 0 and 7 contains a posi-
tive vector), one can set© = 4In(5K)

Note: In the case of D, © indeed can be as large as O(In(K))
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A byproduct of the theorem is the following useful fact:

Theorem [upper-bounding of operator norms] Let || - || be @ norm on RY such
that the unit ball X of the norm is an ellitope:

Xi={z: |zl <1} ={z:3(t e T,y) :z= Py,y’ Spy < t}, k < K}

Let, further, || - || be a norm on RM such that the unit ball B* of the norm || - ||
conjugate to || - || is an ellitope:
Be = {ueR™:ulv<1V(v,|v] <1)}

= {u:3(reR,2) u=Qz,2'Rpz<rpt <L}
Then the efficiently computable quantity

> mRe | 3QTCP

Opt(C) = miny , {qu(A) TR 2 A 20,120, |fprerg <5y

C € RM*N]

is a convex in C' upper bound on the operator norm

2

Iz - = Max{[|Cz]| : x|l < 1}
of the mapping x — C'z, and this bound is reasonably tight:
ICH s -] < OPLC) < 4INGBE + LDICH s 1|1
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Indeed, the operator norm in question is the maximum of a quadratic form over
an ellitope:

— o7 | IC :

ICH el = megg’gég*[w, ul” |73 ][w, u]
— . T | zQTcp :
= maX ) 2 2 y 2

where W is the basic ellitope given by

W = {[y;z] Al r] e T xR yTSkygtk,kgK, zTRgzgrg,ﬁgL}.
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Inside Semidefinite Relaxation

Opt, = m?tx {azTC'x cxl S < tp, k< K,t € ’T} (%)

Fact: Semidefinite relaxation admits an alternative description as follows:

Let us associate with () another optimization problem where instead
of deterministic candidate solutions (x,t) we are looking for random
solutions (&, T) satisfying the constraints on average:

Immediate observation: Property of a random solution (&£, 1) to be feasible

for (1) depends solely on the matrix @ = E{¢¢1'} and the vectort = E{r},
so that

_ CTr(SQ) <t | _ . Tr(SkQ) <t
Opt* = %ﬁX{Tr(CQ) ' QroteT } = {Tr(CQ) QrofnileT } (#)
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Opt, = max {z7Cx 13t € T) 1 2" Spx < 11} (%)
Opt™ = nggétx {Tr(CQ) + Tr(SkQ) <1, Q = 0,[t; 1] € T} (#)

Note: (#) is strictly feasible and bounded, and the problem

Opt = m)\in {¢7’()\) A> 0,0 < ZAkSk}
k

specifying Semidefinite Relaxation upper bound on Opt is nothing but the
conic dual to (#)

= C)ptJr = Opt.
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(#) suggests the following recipe for quantifying the conservatism of the up-
per bound Opt on Opt,.:

e Find an optimal solution Q«, tx to (#) and treat Q« > O as the matrix of
second moments of random vector £ (many options!)

e Random solutions (&,t«) satisfy (x) “at average.” Try to “correct” them
to get feasible solutions to (x) and look how “costly” this correction is in
terms of the objective.

For example, in Goemans-Williamson MAXCUT and in Nesterov’s 7 /2 theo-
rems, where z! Cz is maximized over the unit box {||z|lco < 1}, one selects
£ ~ N(0,Q+) and “corrects” € according to £ — sign[£].



Opt, = max {:UTCJ? At eT) 2l Sx < tk} (%)
Opt™ = ngg’atx {Tr(CQ) + Tr(SkQ) <1, Q = 0,[t; 1] € T} (#)

This is how the above recipe works in the general ellitopic case:
A. Let (Q«,t*) be an optimal solution to (#). Set

¢ = Q?col/? = upu”

(U is orthogonal, D is diagonal).
B.Let & = Qi/QUC with Rademacher r.v. ¢ ((; take values 1 with probability
1/2 and are independent across 3), so that E{¢£/} = Q.. Note that

Loe = TuTQl2cqQt?uc = ¢T'p¢ = Tr(D)
= Tr(Q?cQl?) = Tr(CQ.)= Opt,
B{TSer = E{TUTQY?s,0Y2u¢) = Tr(UT QY s, U)
= Tr(QY2S,Qr?) = Tr(SyQs) < t}, k<K
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¢f'ce =Opt  (a) E{TSe} <ti, k<K  (b)

C. Since S;, >~ 0 and ¢ is “light-tail” (it comes from Rademacher random vec-
tor), simple bounds on probabilities of large deviations combine with (b) to
imply that

V(y >0,k < K) : Prob{¢ : £1'5,¢ > vt5} < O(1) exp{—O(1)~}
= with v« = O(1) In(K + 1), there exists a realization £ of £ such that
gTSk:gS ’Y*t;‘;; E< K

= (er = &, +) is feasible for

VI
Opt, = max {:cTCx At eT)  alSx < tk} (%)
m?

= Opt, >~y 1€TCE = v, 1Opt (look at (a)!)

-4.73 -



A simple bounds on deviation probabilities stems from the following

Mini-Lemma Let P be positive semidefinite N x N matrix with trace < 1 and
¢ be N-dimensional Rademacher random vector. Then

E{exp {¢TP¢/31) < V3 = Prob{¢TP¢ > 4}< v3e /3

Mini-Lemma = bounds: We have
Tse = cTUTQY 28,y U ¢

:ﬁpk
with Tr(By) = Tr(Qy/25,Qy/2) /t} = Tr(5,Q.) /1< 1

= [Mini-Lemma] Prob{¢!' P.¢ > 3p} < /3e P

= Prob{¢7Sp¢ > vti} = Prob{¢TPy¢ > v}< v/3e /3,
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Proof of the lemma: Let P = >, 0;f;f! be the eigenvalue decomposition of P, so that
fffi=1,0i>0,and >, 0; < 1. The function

F(o1,...,on) =E {eéxwﬁffc}

is convex on the simplex {& > 0, ) . 0; < 1} and thus attains it maximum over the simplex at
a vertex, implying that for some h = f;, h"h = 1, it holds

E {e%CTPC} <E {eé(hTOQ} :
Let ¢ ~ N(0, 1) be independent of (. We have

B {0} = B (B {exn{1v2/3n7 (e} } | = Be {Ec {exp{y/2/37 (e} } ]
N
= E {H E, {exp{\/z/%hscs}}}
s=1

N N
= E; {H cosh(\/2/3§h5)} < E¢ {H exp{§2h§/3}}

s=1 s=1

= E{exp{¢?/3}} =V3 O
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Extensions

So far, we have considered a problem of recovering Bz from observation

w= Ax +n

where

e x is unknown signal known to belong to a given basic ellitope
X={zeR":FeT: z!Swr<t,k<K}

o Ac R™"and B € RV*™ are given matrices

e n ~ N(0,52I,,) is observation noise
item (squared) risk of a candidate estimate is the worst-case, over x € X,
expected squared || - |[>-norm of recovery error:

Risk?[#]X] = sup E {||Bz — #(Az + n)||3} .
reX
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We are about to extend our results to the situation where

e Noise n not necessary is zero mean Gaussian; we allow the distribution P
of noise to be unknown in advance and to depend on signal «.
Assumption: The matrix of second moments of P admits a known upper

bound:
V[P] :==E,.p{mm’} < Q

for a given @ - O
e We measure recovering error in a given norm || - ||, not necessarily the
Euclidean one, and define risk of a candidate estimate z(-) as

RISKQ,HH[C/B\|X] = Sup sup Ean{HBfIJ—f(Aw‘F??)H}
reX P:var[P]=<Q

Assumption: The unit ball B, of the norm conjugate to || - || is an ellitope:
|u|| = max hlu,
heB*
Bi={h:3(yeRM,reR) :h=Fy, y' Ry <r VL < L}
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Building linear estimate

We have

Risk | [Z Y] sup  sup  E, ¢ {IIB«%‘ — HI'[Az + n]ll}

xeX P:Var[P]<Q
sup sup B, q{lI[B— HTAz]|| + |H ]|}
xeX P:Var[P]<Q

< ®(H)+ VglH],

®(H) = max||[B—- HL Alz||, Wo(H)= sup E,_p{||Hn
(i) = max||| loll. woUH) = sup  Ey.p{lHTnl}
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Next,

Bi={u=My:yeV},YV={y:IreR:y' Ry <r VL <L}

whence
®(H) = max||[B— H' Alz||
reX
— nVA 1[B — HT A] :
- [’Ll,,aj‘rjgaBi(XX[u' 33] [ %[BT—ATH] ‘ 2 [’U,, :Ij]
— 1T | 2FT[B — HT A] _
T [y,CCr]r]EaJ;<XX[y, 33'] [ %[BT—ATH]Fy ‘ 2 [y, 33]
[semidefinite relaxation; note that Y x X is an ellitope]
Thus,
- S weRe | SFT[HTA — B] ] <0
P(H) < P(H) :=mindr(N\) + dr(p) 1 [ 2ATH-BTIF [ 3, MS =
A A>0,u>0

[¢T()\) = max At o (p) = max uTr]
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Lemma One has

SHF | ©
(+)
Indeed, let (52, ©) be feasible for the right hand side problem, and let V[P] < Q
IH"E]| max[—u' H¢] = max[- y' FTH'¢]
max Y'Y, %zRe]y + €T@€] [oy ()]

yey

max (T[>, s Ry + €70 y"Ryy < 1y, < L}
max {3 sure+ 70¢}

pr(50) + £1OE = dpr () + Tr(O[EET)).

Taking expectation in &, the conclusion of Lemma follows. ]

Vo(H)< Wo(H) = min {T"(Q@) + pr(50) 3¢ > 0,2l [F ] = O,}

\

IA

IAIA

lllustration: When || - || = || - ||p, » € [1,2], Lemma states that whenever
V[P] < @, one has

Eyp {[H nllp} < | [ICo[QV2H]|l2; ... | Colu[Q*/2H]|I2]||
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Summary: Consider convex optimization problem

Opt= min
H7A7/'L7%7e

7\

2

d7(A) + or(u) + or(32) + Tr(QO) :

\

>, wRy | 2FT[HTA - B]

SIATH —BYIF | ) AiSk

>l | AFTHT
SHF | ©

A>0,u>0,%>0

E

The problem is solvable, and the H-component H of its optimal solution yields

linear estimate

such that

rh, (w) = H*Tw

RiSkQaH'H [L/E\H*|X] < Opt.

In the case of zero mean Gaussian observation noise, the estimate zy, is

near-optimal.
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Theorem We have

DMZ2K

: 2
RiskOpt

Riskg |.[Zm,|X] < Opt < C |In(2L) In (

) RiSKODtQ7H,||.

Here
e (' Is a positive absolute constant,

(') [xE
the infimum being taken over all estimates, is the minimax optimal || - ||-risk

corresponding to N' (0, Q) observation noise,
e K, L are the “sizes” of ellitopes X and Bx .= FY:
X={z:HeT a!'Sx<t,k<K}, Y={y:IreR:y' Ry <rpt<L},

o M2 = max {E,on(0.0)IBW 20|12 W € Q}, where

Q = {W:WﬁO,HtET:TI’(SkW) Stk,kSK}
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A key fact underlying near-optimality is important by its own right:

Proposition When the unit ball B« of the norm || - ||« conjugate to || - || is an
ellitope:

Bi={u:3dreR,y:u= Fy,yTng <rpl< L}
andn ~ N(0,Q), the upper bound

SHE | © —

T Y, R | ZFTHT
E,{|H ||} < Vo(H) = rgin {Tr(Q@) + o () : [ ] ~ 0 }

Is tight:
En{||H nl|} < Wo(H) < O(1)\/InRL)E{|H n]}.
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Variation: Recovery of partially random signals

So far, we have considered the problem of recovering the image Bx of un-
known deterministic signal x known to belong to a given signal set X from
noisy observations

w= Ax + &

of linear image of the signal.

In some applications, it makes sense to consider similar problem when the
signal has a random component.
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Example: Kalman Filter. Consider linear dynamical system

Y0 Co
Yt+1 — Ptyt—l_ut_l_Ct) , T = 17"'7T

wr = Ciyr + &
e 1y € R": states e wuy: controls
e w; € R™: observations e (;: random “process noise”
e &:random observation noise e P, C;: known matrices.

We want is to recover from observations w1, ..., wp linear image

z = Rlyo; --; y7+1]

of the state trajectory, e.g., yr (*filtering”) or y7 1 (*forecast”), etc
Note: In the classical Kalman Filter,

e (o, ..., are independent of each other zero mean Gaussian
e £1,...,& are independent of each other and of (;'s zero mean Gaussian
e uq, ..., ur are deterministic and known (reduces to the case when u; = 0)
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e When modeling the situation as an estimation problem, we can use state
equation to express the states y; as known linear functions of controls u; and
process noises (;, thus arriving at the model

w= Alu; (] +¢&, 2= Blu;]
[u = [ug;...;ur]l, ¢ = [Co; ---: ¢7), € = [&15 -3 €é7]]

e When quantifying the performance of a candidate estimate z(w), one can
consider risk of the form

Risk[z] = sup B¢ ¢ {||Blu; (] — 2(Alu; ] 4+ &I} -
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Situation: We observe noisy linear image

w = Alu; (] +§ = Agu + As¢ +¢

of “signal” x = [u; (] with deterministic component v and stochastic compo-
nent (. We assume that

e wu IS “uncertain-but-bounded” — is known to belong to a given set U/
e ( and £ have partially known distributions.
Specifically, for given Q- = 0, Q¢ > O it holds

V¢l = E{¢¢T} < Qe, VI =E{¢¢!} = Q¢

Given matrix B = [By, Bs] and a norm || - || on the image space of B, we want
to recover Blu; (] = Byu + Bs(, quantifying the recovery errorin || - ||. The
performance of a candidate estimate z(-) is quantified by

Risk[#] = sup sup E.cwp {I|Blu; ¢ — 2(Alu; ¢] + I/}
ueld PeP

[73 . probability distributions such that Ey..p {ggT} < Q¢, Ee.ip {CCT} =< QC}

Goal: Build “presumably good” linear estimate Z ;7 (w) = H' w.
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Assumption: U/ is a basic ellitope, and the unit ball of the norm || - ||« dual to
| - || is an ellitope:

U={u:TteT ul'Siu<ty, k< K}
{fv:i|v]« <1} ={v:IreR,w:v=Mww! Rw < ry, £ <L}

e For a candidate linear estimate z;7(w) = HLw, u € U, and a distribution P
of [£; (] satisfying the bounds on the matrices of second moments of £ and ¢
we have

Efe (jop {1 Bau + Bs¢ — H [Agu + AsC + €|}
< 1By — HT Agu|| + Efe.qp {1HTEl} + Bie.cop {11Bs — HT ASICI}
As we know,
> O}

> ,wRy | 2MT[B;— HTAT]
3B —ATHI [ 30, MeSi

wet =B~ H Al < min {cbm) +or(v)

VI = Qe =Be {171} < min {T(GQe) + om0 ¢ [-r 2] = 0
" | . Tr(GQ¢) + dr(p) :
V(] 2 Q¢ =E Bs — HY AGlC||} < min G 1[BT — ATH|M
¢ =Bl Iy n20,6 [ SMT[Bs — HT AJ] % Do HeRe ] =0
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Bottom line: /n the situation, consider the convex optimization problem

Opt = min {cb’r(%) + or () + dr(p) + o) + Tr(QeG) + Tr(Q:G") -

u,u;,G,G’ |
/ Z v Ry | lMT[Bd—HTAT]
T LU ¢ |l -atmu | o
[ SMUHT | ) o pelie ] =0, [ SMT[Bs — HTAJ] | D oMo Re | — 0

The problem is efficiently solvable, and the H-component H. of its optimal
solution gives rise to linear estimate & i, (2) = Hl w such that

Risk[Z . ] < Opt.
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How it works

System: Discretized pendulum & = —z — kx:
Tt _ 0.9990 0.0951 Tt 0.0048
w1 | | —0.0190 0.9039 || w + (ue + G| ggosy [ 1 St <128
Wt — It
T ]~ N, G~ N(0,0.057), € ~ A(0,0.057), fuil < 0.1
“\/”"N o0
sample trajectory and forecasts errors/mean errors/error bounds
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Recovery under uncertain-but-bounded noise

So far, we have considered recovering Bx, x € X, from observation

w= Ax +n

affected by random noise n. Let us now assume that n is “uncertain-but-
bounded:” all we know is that

nenN

with a given convex and compact set .

Risk: In the case in question, natural definition of risk of a candidate estimate
z(-)is

Risky, .[2()1X] = sup [|Bz —z(Az 4+ n)].
reX neH

- 4.91 -



Observation: Signal recovery under uncertain-but-bounded noise reduces to
the situation where there is no observation noise at all.

Indeed, let us treat as the signal underlying observation the pair z = [z;7] € Z .= X x H
and replace A with A = [A, I] and B with B = [B, 0], so that

w = Alx;n] & Bz = Blz; 1],

thus reducing signal recovery to recovering Bz, z € Z, from noiseless observation Az.

From now on, let us focus on the problem of recovering the image Bx € RY of
unknown signal x € R™ known to belong to signal set X C R™ via observation

w= Ax € R™,.

Given norm || - || on R¥, we quantify the performance of an estimate z(-) :
R™ — RY by its || - ||-risk

RISKH“[Z/C\lX] = Sup ||B$ — %(Aa:)”
reX
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Observation: Assuming that X is computationally tractable convex compact
set and || - || is computationally tractable, it is easy to build an efficiently com-
putable optimal within factor 2 nonlinear estimate:

Given w, let us solve the convex feasibility problem

Find y € Y[w] :={y € X : Ay = w}.

and take, as z(w), the vector By, where y is (any) solution to the
feasibility problem.

Note: When w stems from a signal z € X, the set Y[w] contains x
= z(-) is well defined
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reEX,w=Axr = T(w) =By [yeVw] ={ye X : Ay = w}]
Performance analysis: Denote

R = ”;gx{%llB[y—Z]ll Ly, z € X, Aly — z] = 0}

%HB[?J* — 2zl [y, 26 € X, Alys — 24] = O]
Claim A: For every estimate z(-) it holds Risk | [z|X] > fR.
Indeed, the observation w = Ay« = Az« stems from both y. and z«, whence
the || - ||-risk of every estimate is at least || Bys — Bz«|| = .

Claim B: One has RiskH,H[ﬂX] < 2%R.
Indeed, let w = Ax with x € X, and let Z(w) = By with § € Y[w]. Then both
x, y belong to Y[w]

= 3||Blz — ]| < %.
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Question: We have built optimal, within factor 2, estimate. How to upper-
bound its || - ||-risk?

Let X' and the unit ball B, of the norm || - ||« conjugate to || - || be ellitopes:
X = {:E=Py:y€y:={y:HtGT:yTSkygtk,kgK}}
Be = {u:Qv:vEV::{v:EITERZUTRgvgrg,EgL}}

Then the || - ||-risk of the optimal, within factor 2, efficiently computable nonlin-
ear estimate z(-) can be tightly lower- and upper-bounded as follows.

e Assume that KerA N X # {0} (otherwise the risk is zero), the set
Xp={x € X: Az = 0} is an ellitope:

Xp={s=FwweW:={w:3teT: w Tw<ty,k<K}}
Indeed, setting £ = {y : APy = 0}, the set
yA:{QEEIHtETIyTSkyStk,kSK}

is a basic ellitope in some RN = Xa={Py:y € Ya}isan ellitope.
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e Consequently,

. 1 I My - S/
R = a:’r,];’?exX {§||B[x '] Alx’ — 2] = O}
= max ||Bzx|| = max || BFw||
reXy wew
= [IBFlj ) I+ llw: norm with the unit ball W],

and
R<Opt<4In(5[K + LR

where the efficiently computable quantity Opt is given by

A>0,p=>0
Opt = min ¢ p7(A\) + dr(p) : > B | 3QTBF | o ("
A, sFTBTQ AL | T
— The opti -risk | opt
ptimal || - ||-riskis > R > ATM(S[KFL])’ and
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In fact, under mild assumptions a linear estimate is near-optimal:

Theorem Consider the problem of recovering Bz in || - ||, x € X, via observa-
tion w = Ax. Let the signal set X be an ellitope, and the unit ball B of the
norm conjugate to || - || be a basic ellitope:

XZ{:CZPy:yEyZZ{y:HtET:yTSkyStk,kSK}},
Bi={u:IreR:ul'Rpu<ry, £ <L}
Then the linear estimate z(w) = HZ'w yielded by the H-component of optimal
solution to the efficiently solvable optimization problem

A>0,u >0,
Opt = min ¢ ¢7(N\) + or(w) : S wRe | 3B-HTAIP | o 4
A, H IPTBT —ATH] | >, S -

Is near-optimal:
F\)ISKHH[C/B\H*‘X] <Opt<L4 |ﬂ(5[K —+ L])F\)iSkODtH_H[X],
where RiskOptH,H[X] = inf RiskH,”[:ﬂX]. is the minimax risk.

z(-)
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Sketch of the proof:
A. The || - ||-risk of a linear estimate 7 (w) = H'w is

Risk). [Z|X] = max ||[B — H" Alz|| = max ||[B — H" A] Py||
reX yey

which is nothing but ||[B — H" A]P|||.j,—|.|» where || - ||, is the norm with the unit ball .
By the theorem on upper-bounding operator norms, we have

A>0,u=>0
Risk).| [@r]X] < min {¢T(>\) + or(p) : > il | FIB-HTAIP | g }
o SPT[BT — ATH] | > MSk -
= RiSkH.H[C/U\H*‘X] < Opt.
B. As we have seen, the quantity
R = max{||Bz|| : Az =0,z € X'}
is a lower bound on the minimal optimal || - ||-risk Riskj [X], and %k can be tightly (within

factor 4 In(5[K + L])) upper-bounded by the optimal value in an explicit conic problem. On
the closest inspection, utilizing conic duality, the optimal value in question turns out to be equal
fo Opt

= The (upper bound on the) || - ||-risk of the linear estimate xy;_is within the factor 4 In(5[K +
L]) of the lower bound R on the minimax optimal || - ||-risk.
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