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INTRODUCTION

This document is the first draft of a Mathematib&rphology (abbreviated MM)
exercises book using the MAMBA Image library. Ittlee adaptation to this library of a
former handbook | have written fifteen years agaciitame with the Micromorph software.
Some exercises have been removed, some new onedéanw added, these latter ones being
taken from the examples described in the MAMBA usanual.

Compared to the Micromorph release, the philosaphthese new exercises is somewhat
different as the reader is not encouraged to desiignvarious morphological operators

contained in the library. This task would certaiblytoo boring and not really very useful to
understand how these operators work and what is plnepose. Therefore, we simply give

some hints and suggestions regarding the choicengrall the available operators, of those
which could be relevant to solve the proposed @rmoisl

Another important difference lies in the fact thiiy the time being, no solution to the
exercises is provided. This solution handbook kalbefully be released in the near future.

The reader is invited to get and to read the varaacumentation coming with the MAMBA
library.in order to benefit from these exercises.

No doubt that many flaws and errors still appeahisa document. My apologies for this.
| would like also to thank Nicolas Beucher for Inmgjor involvement in the design of the

MAMBA software, the writing of the documentatiohetexamples, the MAMBA web page,
etc.

Fontainebleau, February 2, 2014
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Chapter 1

BASIC NOTIONS

In this chapter are reviewed the various notatiusexd throughout this book, together
with some elementary definitions and operators.kifiow how to use MAMBA software,
have a look to the following manuals:

- The MAMBA Image Library User manual

- The MAMBA Image Library Python Reference

- The MAMBA Image Library Python Quick Reference.

All these manuals are available at the MAMBA wek ghttp://www.mamba-image.org).

1.1. Notations
Sets represent binary images, functions (filoin  R)teepresent greytone images.

1.1.1. Sets
Sets are generally denoted with capital lettersy XZ. X; is the i-th connected component of
the set X.

1.1.2. Structuring elements
The capital letters B, H, L, M, T, etc... are usedthe structuring elements, T T, are the
two components of a two-phase structuring elemen{(T; , T»s).

1.1.3. Functions
Functions are generally denoted with small letterg, h, etc. .

1.1.4. Set and function transforms
The greek capital letter¥, @ etc., denote transform&(X) (P(f) respectively) is the result
of the transformatio® applied to the set X (to the function f respedtiye

1.1.5. Sub-graph
The sub-graph or umbra of a function f frétd  ifitds denoted by U(f) and represents the
set of the points (x,y) d@2xR  such thaky(x).

1.2. Definitions

1.2.1. Raster
N generally denotes the integer set (i.e. positnagative numbers or zero$)? the set of
ordered pairs of two integef§?  is called a rasted, its elements are the pixels.
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Square grid Hexagonal grid

1.2.2. Grid, neighborhood graph

A graph is defined by a set of points which ardecathe vertices of the graph, and a set of
pairs of points taken among the vertices and caflecedges of the graph.

A 2-D grid is a graph:

- whose vertices belong b¢?

- which is invariant under translationW?

- and where the segments joining every edge extyerannot cross each other.

Square graph Hexagonal graph

Apart from a few exceptions, the exercises dedh Wit hexagonal grid (this corresponds to
the default setup in MAMBA)..

1.2.3. Complementation
1.2.3.1.Binaryimages
X¢ is the complementary set of X. Any point x whismot included in X belongs to°X
1.2.3.2.Greytoneimages
Image complementation is defined by:
f¢ = MAX - f
where f is the original image and MAX is the maximgrey level that can be used according
to the MAMBA image depth (256 for 8-bit imag&3? r 82-bit images).

1.2.4. Union, intersection

1.2.4.1 Binaryimages
XY represents the union of the two sets X and W, iththe set of all the points that belongs
to X orto Y. XnY represents the intersection of the two sets X¥ntthat is the set of all the
points that both belong to X and Y.
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1.2.4.2.GreytoneimagesSup,inf
Sup(f,g), also denotedfj), designates the sup of two functions f and g:efegry point X,
(fOg)(x) is the higher of the two values f(x) and g(xf(f,g), also denoted 1, designates the
inf of two functions f and g: for every point x[)(x) is the smaller of the two values f(x)
and g(x).

1.3. Some relations

1.3.1. De Morgan's formulae
These formulae express the duality of union anergeiction:
(XOY) =X n Y® and (Xn Y)® =X 0OY°
Similarly:
(f Ogy =f Og and (fOg) =f°0Og¢

1.3.2. Difference, symmetrical difference
X\Y denotes the set difference of X and Y. It is 8et of those points belonging to X and not
toY.
X\YY=XnY*
X*Y denotes the symmetrical set difference. Iths set of the points that belong to one and
only one of the two sets X and Y.
XY=(X nY)OY nX)=(XOYNX nY)

1.3.3 Commutativity, associativity, distributivity
Union, symmetrical difference and intersection esenmutative and associative operations.
The same properties apply to sup and inf.

commutativity: XUY=YUX
fvg=gVvf
associativity : XuY)uz=XuU(Yuz)=XuYuz

(fvg)vh=fv(gvh)

Union and intersection are mutually distributive:
XuY)nz=(Xn2)u(Yynz)
XNY)uz=(Xuz)n(yuz)

and so are sup and inf:

fvg)ah=(FAh)v(gah)
fAg)vh=(Fvh)A(gvh)

1.4. Other definitions

You will find below a quick reminder of some defions which will be useful all along the
exercises.

1.4.1. Increasing transformations
A transformation¥ is said to be increasing ifatisfies:
XcY=Y(X) cw(y)
f<g= () c¥(g)
1.4.2. Extensivity
Y is extensive if:
X< P(X) or f<¥(f)

6
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1.4.3. Idempotence
Y is idempotent if:
YIY(X)] =P(X) or¥[W¥(f)] =P(f)

1.4.4. Duality by complementation
® and¥ are both dual transformations if:
d(X) =[W(X)]® oro(f) =[¥(f)°]°

EXERCISES

Exercise n° 1

This exercise aims at getting familiar with the MBM library. Perform the following
operations:

- Load images into memory (use the various waydava in MAMBA to do this).

- Display images, change the display palettesthessuperposer, etc.

- Save images.

- Get image information (size, depth, etc.).

- Use the interactive thresholder tool.

To achieve this, use the following MAMBA operatotead, showDisplay, hideDisplay,
save setPalette Superpose Use also the@mageMb constructor and its corresponding
methodsgetSize getDepth

For this exercise and for the following, you cam @lse images which are provided in the
Images Mamba directory. Five sub-directories are availalben contains binary images,
grey contains greyscale images (8-ba|or (self explanatory)32bit contains 32-bit images
and 3D contains few 3D images. Once copied on your dysk, are adviced to define the
Python working directory as such:

import os
os.chdir(“c:/Images_Mamba”)

to avoid long and boring path entries while maraging these images.

Exercise n° 2

Prove that the function operators inf and sup canelpressed as set operations on
sub-graphs. (Prove in particular that the intereaatf the sub-graphs f and g is the sub-graph
of the inf of f and of g).

Verify this with MAMBA (take two grey scale imagemd use thehreshold and logic
operators).

Exercise n° 3

1) Prove and verify the De Morgan's formulae.

2) A transformatior¥ is defined as follows:
Y(X)=XUY,Y fixed set

- Is this transformation increasing, extensivemgetent?

- Does there exist a dual transformation, andifreticate it.

3) Practice the corresponding MAMBA operatdogic, diff).



© 2014, Serge Beucher

Exercise n° 4
On the hexagonal grid each point has six neighbianslations are easily defined on this
grid.

Each translation is composed of elementary ongs, e.

t=tiotiotrotoot,
The set of translations equipped with the compmsitlaw constitutes the group of
displacements.
Practice the different shift operators availableMAMBA (shift, shiftVector). Do these
operators satisfy this group structure? Verify anglain your answer. (This phenomenon is
the first occurrence of the edge effects resulfiiom the fact that we work on a finite field of
analysis).

As a reminder, edge effects are due to the fatt blyadefault, MAMBA assumes that pixels
liable to fall outside the field are lost. When emtering these pixels (by means of a
translation in another direction), they are givenaabitrary value. This behavior will have
important consequences for the definition of gemdé&snsforms, but also for classical
euclidean transforms. This will clearly appearha following exercises.
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Chapter 2

EROSIONS & DILATIONS

2.1. Erosions, dilations, reminder

2.1.1. Binary case
The dilation of a set X by a set B of center Oeazhlh structuring element is a set Y thus
defined:

Y=X®B={x :BxNX=0}

whereBy = {x+ %b, be B} .

(X ® B) can also be written:
X®eB= bLeJB X%b
B is the transposed set of B (i. e. the symmetsgealof B with respect to O). The dilated set
Y is then the union of the translates of X.
Similarly, the eroded set is defined by:
Z=X6B={x :Bxc X}
which is also written:
XeB= bDB X%b
These two transformations have the following prapsr
XuY)eB=XaoB)u(YeB) 1)
(XNnY)eoB=(XoB)n(YoB)
(X®B1)®B,=X® (B:®B>)
(XoB1)oB,=Xo (B1®B,)
which hold, whichever are the centers of BEBB, .

2.1.2. Greytone case

The sub-graph U(f) of a function f can be eroded aflated by a three-dimensional
structuring element B and it can be shown, unddaiteconditions, that the dilation (resp.
the erosion) of a sub-graph is still the sub-grapl function, called the dilation (resp. the
erosion) of f by B and denotf @B (refeB ).

If the structuring elements are planar, the dilatba function f can be written:

y L
(foB)(X) = iggp{f(x + ObD

or else:
foB= igpf%b
wheref%b is the translated function of f of vecOb

Similarly, the erosion is defined by:
y , [N
(feB)(x) = |nf(f(x+ ObD
beB
or else:
foB= Ibglg f%b
The relations (1) are immediately transposableitations.

9



© 2014, Serge Beucher

(fvg)eB=>FfeB)Vv(geB) (1)
(fAg)eB=(FfeB)A(geB)
(feB1)®B,=fa (B1 @ B>)
(feB1)oB,=fo (B1®B>)

EXERCISES

Exercise n° 1

1) Prove relations (1) and (1').

2) Prove or invalidate the following statements:
- Erosion and dilation are increasing,

- extensive, anti-extensive,

- idempotent,

- dual.

Exercise n° 2
1) Use the MAMBA operators ligearErode, linearDilate, doublePointErode,
doublePointDilate) to perform the following transformations:
- erosion and dilation by a segment of size n (isting of n+1 consecutive points) in both
binary and greytone cases.
X6 Ln, X® L, fo Ly, fo L,
- erosion and dilation by a pair of points at datise n:
Xe K XKy, foK,, feK,
(the origin of the two structuring elements is @idyily chosen at one extremity)
2) Prove that:

cat

salt circuit

XoLl,cXoeK,

10
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Exercise n° 3

1) Prove that an elementary hexagon may be geddrgthree successive dilations of a point
by three judiciously chosen segments. Then, deduncalgorithm that allows to obtain the
erosion and the dilation by an hexagon. Progransethgansformations (both for the
hexagonal and square grids), and verify your allgors on binary and greytone images.

2) Verify the duality of these transformationsthe result satisfactory?

In the hexagonal case, the erosion and the dilatemot correct when the transformations
are made using only three directions. Therefores itecessary, in order to obtain unbiased
transformations at the edges, to perform the hexalgerosion and dilation by means of
translations in the six main directions of the grid

Exercise n° 4

1) Perform erosions and dilations on binary angspale images (use tlezode anddilate
operators).

2) Which structuring element is used?

3) Modify the structuring element. Use a square one

4) Can you explain the behavior of these operabrthe edge of the images? Change the
edge parameter and see what happens.

You will see, in this exercise, that binary or doge erosions produce a dark border when
you change the edge parameterBMIPTY. In this mode, the outside of the image is
considered as being empty. The objects under samelyentirely included in the field of
analysis. However, this mode is penalizing, esplgdiar greytone images because it deeply
reduces the image field when the size of the toansdtion increases. Therefore, when setting
the edge td~ILLED , the structuring element B when crossing the bagnadf the image
field D does not take into account its points where outside D. This is equivalent to
perform the transformation with the structuringneéstB N D .

Exercise n° 5
1) Program the erosion by an elementary triangtentimg upwards (take the point for
origin).

2) Program also the erosion by a 2x2 square.
3) What happens when the transformation is iteat@erform(X & B) © B ). Represent the
structuring element B' such that:
(XeB)oB=XoB
A simple way to know how it looks is to dilate aicby I% twice. Indeed:
[{}oB]oB=BoB=BoB
(XeB)oB=Xo(B®B)=B =B®B
4) Program the dilation by a triangle pointing devands.
5) Perform the dilations by the following struchgielements:

11
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If H is the elementary hexagon, find the structgrhement which is equivalent to:

Bi®eH® B,
In this exercise, the classructuringElement will be useful to define some of the proposed
structuring elements. Note also that some of thkgady exist in MAMBA: TRIANGLE ,
SQUARE2x2 TRIPOD, etc.

Exercise n° 6

1) Use the dilations and erosions by dodecagons @tdgons dodecagonalErode
dodecagonalDilate octogonalErode octogonalDilate. Can you explain how these
operations are performed (see previous exercise)?

2) Use large structuring elements (size > 100) eachpare the speed of the previous
operators with the speed of thHargeDodecagonalDilate and largeOctogonalDilate
transforms. Which kind of difficulty must be ovemse when programming these large
structuring elements?

Exercise n° 7: Distance function

Let d be a distance defined on the points of thdidean grid (length of the shortest path
drawn on the grid between two points). At any paiof X, the value of the distance function
is dist(x) = d(x, X¢) = I;/Q)I(I;] d(x,y) .

Prove that if d is the distance defined on the geral grid as the length of the shortest path
drawn on the grid between two points, the distdooetion can be obtained by means of the
successive erosions of X by a hexagon.

To do this,use theomputeDistance operator and compare successive thresholds of the
obtained distance function with the correspondiagiens of increasing sizes.

12
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Chapter 3

MEASURES

3.1. Reminder

Any morphological transformation is to lead evelijugo a measure on the
transformed set. The main function of a transforomaor sequence of transformations) is to
detect the objects to be measured: the openinggaliny size distributions are an example.
Measures that satisfy good compatibility propentuds translations and homothetics are not
SO numerous. Namely:

- area

- diameter variations
- perimeter

- connectivity number

3.2. Measures and morphological transformations

Any measurement consists of two steps: transfoomati counting of the points of the
transformed image. Measuring an area is very si@aplthe transformation is identity, it then
amounts to counting the points of the set. Besitttés measure is obtained when applying the
computeVolume MAMBA operator on any binary image.

In digitized images, the intercept numbers corradgo diameter variations:

1L=N@O 1) I2=N[O lJ; I3=N[ 1 OJ

The transformation associated with this measune to@sists in extracting the intercepts.
Measuring the connectivity number is a little maremplex, since it requires double
transformations and counting:

AN

Remind that in the plane, the connectivity numisecansidered as the number of connected
components minus the number of holes.

Programming measures is not enough, you have to keaw to interpret the results. Some of
the following exercises are intended to familiarigeu with this important step of
morphological treatments.

EXERCISES

Exercise n° 1

The area of a binary image can be obtained withctdmputeVolume operator which also
provides the volume of a greytone image (8-bit 32bit).

1) Program the measurement of the intercept nusrd@meters) in the various directions of
the hexagonal grid.

13
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2) Program the measurement of the connectivity raxmbest your algorithms on theles
andcellsimages.

3) Program the measurement of the perimeter. Itelg@veral ways of obtaining this measure
and compare their respective accuracy.

o9

o
o

holes cells

Exercise n° 2: transitive and stationary hypothese
Observing thegrainslimage suggests that the set under study is gnknelwn and included
in the field of measurement. In that case, it igeglegitimate to speak of the area of the set
and of its connectivity number. Similarly, it is gmble to define the area of the eroded (or
dilated) set provided that it is entirely containedthe field of measurement. Under this
assumption of exhaustive knowledge, the working ensdsaid to be transitive.
Conversely, on thgrains2image, such a hypothesis is hardly acceptableidDbly, only a
part of a more extended set appears in the fiemhafysis. In that case, the only meaningful
measures are those related to the unit area: smgzjfic connectivity number, etc. . We then
speak of a stationary working mode. Measuremeetparformed by constructing non biased
estimates. Thus, the ratio of a set X is estimhted

_ me$XND)

~ me$D)
D is the field of measurement, axN D correspondsegart of set X that is known.
1) Can you compute a non biased estimate of tie ohthe eroded set X? (As the eroded set
X is biased in the field D, you have to find adi€' in which the eroded set is exact, and use
it to obtain the ratio estimate).
2) Same question for the dilated set.
3) Similarly, give an unbiased estimate of theorafithe opened and closed sets.

grainsl grains2

Exercise n° 3

C(l) denotes the covariance of size |, the meastitbe area (transitive case) or of the ratio
(stationary case) of the set X eroded by a paipoints at a distance |. In fact the
transformation itself is often called covariance.

14
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In the stationary case, the covariance is an esgiofahe probability for a pair of points to be
included into the set X assumed to extend to thelevkpace.

1) Program the covariance. To do so, refer to tlggastions made below. (Especially, as
concerns the plotting of the curve).

2) Interpret the main features of the curve C(Iprenparticularly C(0), &f), tangent at the
origin, and overall outlook of the curve.

3) Application toparticlel, particle2 andeutecticimages.

-

eutectic palil particle2

15
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Chapter 4

OPENINGS, CLOSINGS

4.1. Openings, closings, definitions

4.1.1. Binary case
Erosion and dilation lead to the definition of twew transformations, the openip@nd the
closing¢:

yX)=(XeB)®B

p(X)=(X®B)oB

4.1.2. Greytone case

The opening and the closing are defined similarly:
yf)=FfoB)oB
o(f)=FfoB)oB

4.1.3. Properties, size distribution

The opening is an increasing and anti-extensiveratipe. The closing is increasing and
extensive. The two transformations are idempotent.

If AB denotes the homothetic set of a convex set Bofening is a size distribution. In
particular:

if 2>, [(X)8],8 = [(8] 5 = (X)s
[()8)ue = [(Dua] 5 = (s

A

The opening and the closing are used for sizeiloligion analysis on the one hand, and for
filtering on the other hand. These two kinds of aseillustrated in the exercises.

EXERCISES

Exercise n° 1

1) In order to program the following transformasoruse the ones (erosions, dilations)
already generated in the dictionary:

- opening and closing by a hexagon of size n,

- opening and closing by a segment of size n and

- opening and closing by a pair of points at aaslisé n.

2) Compare your results with the MAMBA operatarpén, close.

3) Verify the properties stated above. Prove irtipaar the duality of opening and closing.

Verify also that the opening by a pair of pointn@ a size distribution (openings of small
size suppress more points than openings of gre@iey.

Exercise n° 2
The purpose of this exercise is to get you usettheobehavior of opening and closing. So,
feel free to use the transformations introducetheprevious exercise and apply them to

16
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the provided images giainsl, grains2 particlel, particle2 balls, metall, metal2 salt,
knitting, musclg. To help you in your quest, here are some gwdsli

balls ' metal2

1) Verify the behavior of the opening as a sizearilistion, by applying transformations of
increasing size to the imaggsains2 balls, salt, knitting, muscle

2) The notion of size distribution (or granulométiy not related to the notion of particle.
Closings allow to perform (by duality) the sizetdlsution of pores, and thus to reveal the
spatial distribution of the connected componenta ¢fet (imagegparticle2, salt, knitting,
muscle.

3) Both opening and closing "sieve" the connecteshmonents of a set according to their
size, but also according to their shape. You casende this by performing hexagonal
openings of increasing size on the imaggls. Besides, opening "hexagonalizes" the
remaining connected components.

Note this selective effect on a greytone image byfgpming openings by segments of
increasing size (imagesrcuit andburner).

noise electrop

Exercise n° 3

Opening and closing are good transformations ftering noise in images. Th@iseimage
represents a set blurred by a scatter plot anéldwropimage represents a blurred greytone
image.

17
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1) Open the image with an elementary hexagon. Beéme with closing.
2) Perform the two operations successively. Doeother matter?
3) Can you enhance the filtering? (use triangoitétx2 square openings and closings).

Exercise n° 4 : Generalization of the notion of openg
The notion of opening can be defined in a more gegneay. An algebraic opening is any
transformation that is:
- increasing
- idempotent
- anti-extensive
The notion of closing is defined by duality: incseésy, idempotent and extensive.
1) Give some examples of openings and closings.
2) Is the operation consisting in extracting psesavith at least one hole an opening? (binary
case)
3) To obtain new openings or closings, considemailly (y) of openings of¢..) of closings.
Prove that:
y =supyi resp.y = LIJ yi IS an opening.
|
Q= iri1f @i resp.p = Q(pi is a closing.
SupOpenis the MAMBA operator which performs the supremafropenings by segments
in the three directions of the grid amdiClose is the corresponding closing.
4) Observe on the CIRCUIT and TOOLS images thate openings and closings have a
different selective effect compared with those dbsd up to now. We shall see further

(chapter 6) how to construct other openings actitigdifferently.
5) How to compute the area opening of a binary set?

Exercise n° 5

F(A) denotes the ratio of the opening of sizef a set X.
1) Verify that: V—E()
_ F(0)-FQ
G(1) = RO

is always comprised between 0 and 1. Compute drdoty to the area of the opened set and
to the area of the eroded field of measuremerD’ =D © 24H).

2) Program this measurement. Application to the sistribution of thenetall andmetal2
images.

Exercise n° 6: analysis of the distribution of bora fiber
This study illustrates the judicious use of meastoe solving a problem of quality control.

OO0 OO0
YO OOC %@é:J.OC
OO

YO OO C |
YOOOC
\momomo( YOO

boronl boron2

18
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The boronlandboron2images represent boron fibers in a composite maatdihese fibers
reinforce the mechanical resistance of the materia resistance increases in proportion of
the regularity of the fibers layout. Therefore, idgrindustrial production, they are as far as
possible placed according to a regular hexagornalank. However, irregularities occur.

The problem consists in quantifying these irregtiee by means of an appropriate measure-
ment. The image provided is already thresholded.

1) Simplify the images in filling up the fibers {shs not easy at all!). The fibers that cut the
field border are also to be filled.

2) Perform hexagonal closings of increasing siz @serve the result. Propose an elemen-
tary measure to quantify the connections betweelffibers?

3) Compute the theoretical value of the specifienaxtivity number according to the size of
the closing, in the case of a regular distributiDerive a quantifier of the irregularity of the
structure.

19
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Chapter 5

MORPHOLOGICAL FILTERS

5.1. Reminder

Before we can extract any object from a greytonage, it is often necessary to
enhance the image. The enhancement of an imageimndynobtained by a filtering operation.
A morphological filter is a transformatiapwhich has the two following properties:

(i) @is increasing
(ii) @is idempotent.

5.1.1. Sequential alternate filter
The white (resp. black) alternate sequential rfi{l@SF) consists, as the name indicates, in
alternating morphological openings and closingsgrelosings and openings) of increasing
size. Lety, be a size distribution anfgh an anti-size distribution, the white alternateusadial
filter of size n of a function f is defined by:

$n(f) = pnyn@n-1yn-1..92720171(f)
Similarly, the black alternating sequential filtérsize n of f is defined by:

wn(f) = pn@nyn-19n-1..7202y101(fF)

5.1.2. Morphological center
4.1.2.1 Definition
Let (W) be a family of increasing transformations. Put:
n =AY et{ =VvY¥;

The center c of the family; ) is:
c=(vn)AC
(I represents the identity function).
The center is not a filter (it is not idempotet)t it is convergent when iterated and its limit
is a filter.
4.1.2.2 Examples

1. for Wi ) = (v9, dy) :
c(f) = [f v (o) A py(ED] A (o(f) v py(F))

2. for (W) = (ydy, oy9) :
c(f) = [f v (oy(F) A gyp(O)] A (yey(F) V pye(f))
This center is also called an automedian filtex I{ihit being a filter).

5.2. Contrasts, Reminder

Letn be an anti-extensive transformation &rah extensive transformation of a function f. A
three-state contrast of primitivgsandg is any transformatior such that, for any f:

() k(f)(x) only depends og(f)(x), n(f)(x) and f(x) and on possible constants.

(i) k(MH(x) can only take one of these three values ¢th@ce depending on a decision
rule).
Besides, ik (f)(x) cannot take the value f(x), the contrastasd to be a two-state contrast.
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EXERCISES

Exercise n° 1

1) Without knowing it, you have already performedexjuential alternate filter (chapter 4,
exercise n° 3) on theoise image by means of hexagonal and triangular opsnantd
closings.

Continue this exercise:

- by increasing the number of iterations (sizeheffilter).

- by using different sizes of openings and closifigs example : a size of closing twice that
of the opening).

2) Program the sequential alternating filters foeytpne images by using the various
openings and closings described up to now (hexdgdodecagonal, triangular, by sup of
linear openings).

Test them on theetina3 burnerandelectropimages.

| retina3 |

Exercise n° 2

Letk be the contrast of primitivédsandn and its decision rule the following:

it §()(x) - f(x) < (x) - n()(x)

thenk(f)(x) = &())(x) if not &(f)(x) = n(F)(x)

1) How many states is the contra8t

2) Progranx:

a) forn = erosion of size N angl= dilation of size N.

b) for n = morphological opening of size N af& morphological closing of size N.
c) forn = opening of size N angl= closing of size 5*N.

Apply these transformations to tberomosmes image.

3) Verify that the contrast defined in 2-a is mémpotent and that the one defined in 2-b is
idempotent.

‘ |

chromosomes
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Exercise n° 3
Letk' be a transformation defined by:
K'(f) = 3f - v(f) -¢(f)
(yis an openingp is a closing).
1) Isk' a contrast in the sense given above?
2) Progranx' and apply it to thehromosomesnage.

Exercise n° 4

1) Program the automedian filter (which is not kefi according to the definition given
above) and apply it to thretina3andburnerimages.

2) How many iterations are required for less th@n% pixels to be modified? Try with
different sizes.
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Chapter 6

GEODESY

6.1. Reminder, binary case

Given a set X, the geodesic distance between twagw and y of X is defined as the length
of the shortest path L(x,y) included in X and joigithese two points. We can now define
balls of size\ in this metric system, and then the erosion afadidn of a set Y included in X
by a geodesic ball B .
When one works on digitized sets, it can be shdvat the elementary geodesic dilation is
defined by:

Dx(Y) =(Y® H)NX
Similarly, the elementary geodesic erosion is aefihy:

Ex(Y) =XnI(YyuX®) e H]

H being an elementary digital ball (hexagon or sgua

6.2. Greytone case

In the greytone case, the geodesic space underdecatson may be either a set X or a
function g (the latter case is the immediate gdization of the binary notion applied to
sub-graphs). On digitized sets, the following diéfns apply:

The geodesic dilation of f into the set X by amedatary hexagon centered in O is defined at
any point x by:

DX = sup [f(x+%b)):sup{f(x);xemex}

€

[N
X+0Obe X
Likewise the erosion: o
ExN) = inf (f(x+ ObD = inf{FX): x € Hy 1 X
beH
L
X+0Obe X

The geodesic dilation of f conditionally to the &tion g by an elementary hexagon centered
in O is defined by:

Dy(f) =inf(f® H, )
Likewise the erosion:

Eq(f) =sudfe H,q)

NB : Note that the duality is different from theeodefined in the binary case. Here we simply
replace f by m-f (where m=255 for 8 bits images).
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EXERCISES

Exercise n° 1 : Geodesic reconstructian

The build, dualBuild, hierarBuild, hierarDualBuild operators, which implement
reconstructions of a function f with a function g marker are already efficiently installed
(with different algorithms) in MAMBA.

1) Let X be a set composed of several connectecponents {X ). A set Y included in X
marks one or several connected components of ori&truct the connected components of
X marked by Y (these connected components coasigbints x of X which are at a finite
geodesic distance d(x,Y) from Y).

2) Test this reconstruction on tteols image by using as a marker an image entirelycsét t
except in a point (selected preferably at the locabf an object) where the value is set to
255.

3) Do the same operation on tieinalimage, by placing the point on the blood lattice.

tools retinal retina2

Exercise n° 2: Opening by erosion - reconstruction

Prove that the reconstruction by geodesic diladibthhe erosion of f (resp. X) of size n by the
structuring element B conditionally to f (resp. iX)an opening (the center of the structuring
element B must be a point of B).

Program these operations, as well as the dualngesand compare them on thatinal,
retina2 andcatimages with the openings previously described.

Exercise n° 3: Individual analysis of particles

1) Design an algorithm allowing the individual aysa$ of particles, in other words capable of
extracting every connected component from an innageder to measure it.

2) Application to the measurement of the area aingron thearticlelimage.

3) Verify that the transformatic\P(X) defined in thiay:

X= U Xi , Xi connected component of X

LI’,l(X) UX; such thamegX;) > A
is a size distribution.

Exercise n° 4: Holes filling, objects cutting edges

1) Apply the geodesic reconstruction algorithm wp@essing the particles cutting the field
border. What can be in particular the marking setApplication to thegrains2image.

2) How can you fill the holes in the particles? IDasan algorithm and test it on thelesand
gruyereimages.

3) On a greytone image, a hole may correspond tat wehcalled a basin if the image is
considered as a relief. We can then imagine taufillthese holes, as would rain water, the
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exceeding water spilling outside the limits of thage. Similarly to the binary case, design
an algorithm for filling the holes on a greytoneame and apply it to theircuit andtools
images.

4) Can you find a way to eliminate the inclusiomgshealumineimage?

alumine

Exercise n° 5 :Regional maxima and minima
Letp,...,pn be the points of the image I. V{ds the value of the image in.p

Po 1 -..pn IS called a path ifJi, p.: et p are neighbors.

Po ...px IS said to be strictly ascendinglifi, V(pi1) = V(pi) et V(p ) < V(p).

Po ...px IS said to be strictly descending if, M(P < V(pi) etV(p) > V(p)
A connected set X is a regional maximum if therestsxno strictly ascending path coming
from X:

vxe X, V(pi)ic1.ny € 1N, Xpo...pn IS not strictly ascending.

1) Find an algorithm allowing to determine the oegil maxima using the successive
thresholds of the image and binary reconstruction.
2) In practice, one does not use this method kaufdlowing: 1 is subtracted from the image
and the resulting image is reconstructed from thigal image. The regional maxima are
located where the resulting image differs fromittigal image. The dual algorithm generates
the regional minima.
Program this transformation. Apply it to te&ectropimage. What do you observe? How can
you explain this? Can you propose a solution?
3) The algorithmic method above allows to geneeatize notions of minima and regional
maxima. The extended regional maxima at a heiglrelobtained by subtracting the constant
h from the initial image. The extended regional mexare located where the resulting image
differs from the initial image. The dual algorittgenerates the extended regional minima.
Program this transformation. Apply it for increagimeights to thelectropimage.

wheel
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Exercise n° 6

This exercise shows how a very simple transformatopening here) combined with geode-

sic reconstructions can solve a problem of detectiod counting of the teeth of a notched

wheel when it is associated to a preliminary selaadf the zone where these teeth should be.
Use imagevheelto extract and count its teeth.

Exercise n° 7: size distribution of a greytone imag

When a size distribution transformation is appbe binary image, the computed size distri-
bution curve (see chapter 4, exercise 5) may beidered as a texture index characterizing
the size of the particles (case of the opening bysk), the size of the pores separating the
particles (closing by a disk) or else the maindatioms of the image (use of linear structuring
elements).

A patrticularity of the morphological notion of sidestribution is that it can be applied to non
individualizable structures. The value which isrtitaken into account is, for example, the
subtracted or added area for each operation oéasang size. The size distribution is then
said to be "in measure" and is opposed to thedstabution in number which only applies
to isolated particles.

The greytone size distribution is also an "in measaize distribution but here, the measure
more often bears on volumes than on areas. Thelgzéution curve will also be conside-
red as a texture index but this time it characésria relief: shape, size, height of the volume
structures contained in the sub-graph of the image.

We will try to use a greytone size distributionoirder to characterize the presence of nodules
(small white domes) on lung radiographs.

Let us recall the properties to be satisfied biza distribution transformation.

Let X be the initial set (the sub-graph of an imageur case). Let T be the sieving transfor-
mation applied to this set. We denote T(X) the p&X which has been retained by the sieve
of size 1. If T fulfills the three following rules#, may be considered as a transformation with
good size distribution qualities:

1. The operation must be anti-extensive, in otham& the part retained by the sieve must be
a sub-set of X.

2. The operation must be increasing.

3. The operation must satisfy the following sizgecron:

T|1(T|2(X)) = T|2(T|1(X)) = Tsup(|1,|2£X) U |1, 12>0

We know that the opening satisfies the three ptogzer

lungl lung2

The images to be studied dumgl andlung2 lungl represents a sound lurigng2 a lung
with a nodular texture. The nodules are small whiteuds" distributed on the whole image.
1) Which kind of greytone transformation satisfyisige distribution rules would allow to
reveal the difference in texture between the twiglimages?
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- Program a size distribution function from thiartsformation.

- Does it effectively differentiate the two images?

- What do we learn from the position of the maximainthe size distribution curve?

- and from the range of this maximum?

2) What can be the use of a greytone opening lynstaiction? Program the size distribu-
tion based on openings by reconstruction and texfaain the differences between the two
types of size distribution curves.

3) Indicate the third type of opening that can Beduas a basic size distribution function to
analyze these images? Why is the range of thiseamwch lower than the preceding?

4) Is it possible to apply a size distribution vmmber to a greytone image?
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Chapter 7

RESIDUES |

The following exercises introduce morphologicahgs@mrmations which belong to the
class of residual operators. Among them, the gradiad top-hat operators are rather simple
(they use simple primitives). Other operators usmilies of primitives. In this chapter,
residues using erosions and openings will be adddesThe next chapter will be devoted to
residues based on the Hit-or-Miss Transform (HMT).

7.1. Gradients

7.1.1. Classical gradient
The gradient of a function f defined &3  is defirmsdthe vector:
of

oy
In the digital case, the first-order differencesyrba used to express the partial derivatives:
(vx)(x,y) = f(x,y) = f(x - 1,y)
(vyH)(x,y) = f(x,y) = f(x,y - 1)

Digital convolutions of f are recognized by therkas [-1 1] anc

1
-1
We could also use the following differences asekigression of the partial derivatives:
(vaxf)(x,y) = f(x+1,y) - f(x - 1,y)
(vof)(x,y) = f(x,y + 1) = f(x,y — 1)
They have the advantage of being centered in (Xh@se derivatives are performed with the
1
0
-1
In practice, other differences are also used, wimay be expressed in terms of digital
convolutions too. An abundant literature illusteatinis subject. For example, the Sobel
operator is given for the following convolutions:

digital convolutions of f by the kernels [-1 0 Y&

-101 121
2l -202]andz| 0 0 O
-101 -10-1

7.1.2. Morphological gradient
The morphological gradient of a function f defir@uR?2or on a sub-set is given by:
_... feiB)-(foiB)
g(f) =lim 57
whereAB denotes a ball of radius
On a hexagonal grid, we get:
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where H is a hexagon of size 1. This gradient isaktp the gradient module of a function f
continuously derivable.

7.2. Top-hat

The top-hat is a transformation that only applegreytone images. The top-hat WTH of a
function f is defined by:

WTH(f) = f - y(f) (white Tophat)
Likewise, the conjugated top-hat BTH of a functfos defined by:

BTH(f) = ¢(f) - f (black Tophat)

EXERCISES

Exercise n° 1
1) On theroad image, apply the morphological gradient of sizef a function f:

o(f) = (f® /B) - (fo AB)
whereAB denotes a ball of size(take here B = H).
2) Program the top-hat WTH(f) associated with tperong by a hexagon of size n and the
conjugated top-hat BTH(f).
3) Apply these transformations to tbiecuit, electrop grains3 retinal andretina2images.
4) Note that these operations do not permit theridmsnation of the aneurysm vessels (small
white spots) on the image®tinal and retina2 images. Find a top-hat allowing such
discrimination.

7 oy iV /a8

road grains3

Exercise n° 2: Ultimate erosion of a (binary) set
Let X be a set. The ultimate erosion of X is deditg:
U(X) = U{x e X© nH; dxenr(x, X & (n+1)H) = +oo}
U(X) is then the set of the connected componerstsitiag from the successive erosions of X
that cannot be reconstructed after the erosioheimhmediately larger size.
1) Design the algorithm and program the ultimatsien of a set X.
2) Apply it to thecellsimage. Compute the number of cells in the aggeegat
3) Try to determine the limits of this transforneettias a tool for separating particles.

Exercise n° 3: Skeleton by maximal balls (binary cse)
Let X be a set. A ball of radiusincluded in X is said to be a maximal ball if aorly if no
ball of a radius strictly larger and containing bal of radius\ can be found in X.

B, maximal: B [I X; there exists no B, > A, B, 0 B, O X
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The locus of the centers of the maximal balls 06XX) is called the skeleton of X. When X
is defined on the hexagonal grid, the notion of mmak ball is replaced by that of maximal
hexagon. The purpose of this exercise is to defmalgorithm which performs the skeleton
S(X) of X.
1) LetX© nH, be the erosion of size n of X. Prove ihatis a point ofX& nH which does
not belong to the open s(X& nH),; , this point is theaeoita maximal hexagon of size n.
2) Derive the algorithm performing the skeleton B¢KX.
3) To any point x of S(X), can be associated tlikusar(x) of the maximal hexagon centered
in X. The function r(x) of support S(X) is calledgmench function. Verify that the pair
(S(X),r(x)) suffices to reconstruct the set X:

X= Xegx) H(x, r(x))

4) Compare the skeleton of the set X with its udtienerosion.
5) What are the drawbacks of this transformatiothendigital case?

Exercise n° 4: Distance function and maxima

This exercise considers again the notion of digdnaction introduced in chapter 2 and the
corresponding procedummputeDistance

1) Prove that the local maxima of the distance tioncare the points of the skeleton by
maximal balls. lllustrate it on theoffeeimage.

2) Prove that the regional maxima of the distangaction are the ultimate eroded sets.
Observe it on theoffeeimage. What can be the interest of the extendgidmal maxima of
the distance function? Test it on ttaffeeimage.

coffee
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Chapter 8

RESIDUES Il
THINNINGS AND THICKENINGS

8.1. Introduction

The transformations developed in the following eis®s are more sophisticated.
According to our previous comparison, they arettbhe "machine-tools” of MM. They are at
the meeting point of geodesy and homotopy. We halready handled geodesic
transformations, therefore we shall only recall tleéion of homotopy, and especially that of
homotopic transformation.

8.2. Binary thinnings, reminder

Let T =(T,,T.) be a two-phase structuring element. The hit-srtransformation of a set X
by T is equal to:
X*T=XeT)nXoT.)

The thickening of X by T is equal to:

X\T=XDO(X*T)
and the thinning is defined by:

X 0T =X\(X*T)
Thinning and thickening are both dual transformagio
(XATE=[XO X *Te=Xn (X*T)°=X\(X*T)=X0T

where T' = (£ ,T:1).

8.3. Homotopy

Two paths of a set X are homotopic if it is possitd superpose one another by a sequence of
continuous deformations. "Continuous" means witloaitand that all intermediary paths are
included in X.

X ¢(X)

oooooooooooooo

Homotopic paths on the hexagonal grid
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By extension, a transformatio which preserves homotopy is said to be homotopic.
Intuitively, a homotopic transformation Y ¥(X) transforms the set X in a set Y that can be
superposed on X by a continuous deformation.

When the set X is digitized according to a (squarkexagonal) grid, matching paths is easy
since any path can be defined as the concatenafioelementary edges. A homotopic
transformation does not break any paths.

8.4. Greytone thinnings

Let m(x) = ySLTpr(y) and M(x) :yierTnI fly) .
The thickening of f by T = (i, T, ) is defined by :
(F\T) () = M(x), iff m(x) < f(x) < M(x)
(F\T) (x) = f(x), if not.
The thinning of f by T = (1,T.) is defined by:
(f°T) (X) = m(x), iff m(x) < f(x)< M(x)
(f°T) (x) = f(x), if not.

EXERCISES

Exercise n° 1
On the hexagonal grid, the most interesting struajuelements, T = (JT,) are those defined
on the elementary hexagon:

T.0H, T, OH
We can even writeT1 N T2, =0 . Indeed; &nd & must have no common point if we want
X*T to be different from an empty set.
1) Program the binary and greytone thickening amdning by any structuring element
defined on the elementary hexagon. The hit-or-rmsssformationimhitormiss is already
available.
2) Apply the algorithms to binary images. In partar, perform the following operations:
- delete the white and black isolated points inrthiseimage.
- contour a set in only one transformation.

Exercise n° 2: Geodesic thickenings and thinnings
Let X be a set included in Z. The geodesic thickgnof X by a structuring element T
included in the elementary hexagon can be defiyed b
X\T) =(X\T)n Z
1) Test this transformatiogéodesicThick fullGeodesicThick)..
2) Since thinning is the dual operation of thickenigeodesic thinning is defined by:
(X°T) =2Z/[(2\X) \T
Simplify and program this transformatiogeodesicThin fullGeodesicThin).

Exercise n° 3

1) Find all possible configurations (up to a raiaji for the neighboring of a point in the
hexagonal grid (they are 14).
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2) Prove that the relation of homotopy for two gath and G with same origin and same
extremity included in a set X is a relation of eglence.
3) From this, deduce which of these configuratigaeserate a homotopic thinning.

Exercise n° 4

1) Program the connected skeleton by using thectsting elements L, M and Dh(nL
thinM , thinD). Compare the results.

2) Indicate the transformations allowing to extriqet characteristic points of a skeleton:

- extremities

- n-uple points
- single points
1 1 1 1 1 .
. . . 1 . . . . I:I
0 0 . 0 0 0
L M D

3) The direction of rotation and the starting oté&ion of the structuring elements used for
the different skeletons are totally arbitrary. Gamsently, more or less important variations
occur in the resulting skeleton. These variatioay Bven generate artifacts.

Generate one of the two following images:

Apply to this image a skeleton of type L by thickey) and judge the result. Is it possible to
improve the algorithm?

Exercise n° 5
The exercise 3 has allowed you to define homottipimings on an elementary hexagon.
1) Among the selected configurations, Study thi#eot on the length of the homotopic paths,
after thinning. Indicate in particular why the fmNing configuration is special.
O ° °
0 0

2) Deduce from this an algorithm for detecting ¢fe®@desic center of simply connected sets.
Program this algorithm.

Exercise n° 6

Program, by means of geodesic transformationsgdioelesic skeleton by thickening. Verify
in particular that only the M structuring elemehbwas to obtain a correct transformation.
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Exercice n° 7

The morphological gradient of a function fléf  thakes its values dd@ in the direction
is defined by:

whereAL? is a segment of lengthin the directiona. In the digital version, the gradient is
defined by:

g =FeoL)-(FfoL")
where L% is the elementary segment in the directioof the grid. .
In the horizontal plane, the gradient azimuth is direction of the vectcgraTd(f) . It can be
defined in the directions of the digitization grid.
A new gradient can be defined in the directioby means of thickenings and thinnings. The
directional gradient in the directianis defined by:

9.(N=(oT)-FOT.)
where T and T, form the two-phase structuring elemeat ¥ (T: , T2 )a .
The maximal directional gradient may occur in saléirections simultaneously. Then, we
have to compute the most probable direction. Teaowe take into account that computing
these gradients implies that three directions astroan be extracted in the hexagonal grid
resp. four in the square grid.
1) Find all possible configurations of maximal dtienal gradients (up to a rotation, and in
the hexagonal grid). Their number is 5.
2) In case of non adjacent directions, the gradiewrbnsidered to be 0. In case of adjacent
directions, a unique direction is selected, whicthe mean direction of all present directions.
Which configurations do we obtain (up to a rota}brmheir number is 3. What is the
resulting effect and how can it be avoided?
3) Program the directional gradient and apply thienath to thepetrole andseismic_section
images.

petrole seismic_section

Exercise n° 7: classification of particles

This problem is not related to a particular study bnderlies numerous applications. It
consists in separating particles or objects acogrth the number of holes they contain. This
kind of problem is particularly found in industragkion (discrimination of objects according

to the number of their perforations), in automathdracter recognition (character classifica-
tion), in bio-medical imagery (separation of cellgh or without nucleus), etc. This separa-
tion is in fact a direct application of the notiohhomotopy.

By means of thgruyereimage, solve the following problems:

1) In the image, separate the particles withoug fir@m the particles with holes.
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2) Among the particles with holes, separate thosie @ne and only one hole from those with
more than one hole.

3) Among the particles with more than one holeraettthose with two holes only from those
with three and more.

4) Is it possible to design algorithms that segamdijects according to the number of their
holes? Is this separation a size distribution?

gruyere

Exercise n°8: dislocations in eutectics

Theeutecticimage represents a lamellar eutectic materiak $tiucture is characterized by a
two-phase lamination, with here and there undelgirdbfects characterized by discontinuous
lamellae. These discontinuities due to dislocationthe crystalline assembly of the material
jeopardize its mechanical properties. The losesistance depends, among other things, on
the length of these dislocations. You then haviintba sequence of operations for materiali-
zing these dislocations so as to be able to med#seirdength.

1) Try to detect the extremities of the lamellagtr@mities of the skeleton or another
solution).

2) Try next to connect judiciously these extrensitiso as to obtain an arc materializing each
dislocation.

eutectic
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Chapter 9

SEGMENTATION

9.1. Zone of influence

We shall recall briefly what is the influence zafeéhe connected component of a set.
Let X be a set composed of several connected g8b-se
X= LiJXi

The influence zone Z({X of the connected component ¥ the set of the points closer tp X
than to any other connected component of X.

x e Z(Xi) & d(x,X;) <d(x, Xj), Vj #
The points of the space which do not belong to iaflyence zone are the points of the
skeleton by influence zones, or SKIZ.

9.2. Watershed transformation

Let f be a greytone image. f is assumed to takeelis values in the intervalfhihma.
Denote TF(f) the threshold of f at level h:
Th(f) = {p,f(p) < h}

Catchment basins

Watershed by flooding

Miny(f) is the set of the minima of f at level h, aZl(B) represents the influence zone of B
in A.
The set of the catchment basins of an image f isletp the seXy,, resulting from the
following recursion:

(I) Xhmin = Thmin(f)

(i) Yh € [hmin, hmax— 1], Xh+1 = Minpe U |ZTh+1(f)(xh)
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The watershed of f corresponds to the complemersetrpf Xy, ., , i-e. the set of the points
which do not belong to any catchment basin.

The recursion described above may be seen as dirfipgrocess. The image f is then
considered as a topographic surface in which halespierced in every regional minimum.
The topographic surface is progressively plunged water and dams are constructed each
time that the waters coming from two distinct regibminima are on the point to merge. At
the end of the flooding process the dams corresporide watershed of f, and they delimit
the catchment basins of f.

EXERCISES

Exercise n° 1. Skeleton by influence zones

The (binary)alumineimage represents a polished section of aluminengrahe metallic
grains are joined in the material. Since the jthintkness does not exceed a few angstroms, it
is then perfectly invisible. In order to reveal e proceed to a chemical etching, which
considerably enlarges the joints. To study thehtgng relationships between the grains, it
is necessary to thin the joints.

1) Perform the SKIZ of the grainedmputeSKIZ)..

2) Prove that the skeleton by influence zones eaaltained by a watershed with a judicious
use of the distance function.

3) Compare on theoffeeimage the result obtained by this methfa$iSKIZ) with the result
obtained with the direct transformation (The SKE aquivalent to the watershed of the
distance function).

alumine

Exercise n° 2
Program similarly the geodesic skeleton by zonasffence (usdullGeodesicThick)..

Exercise n° 3

1) Practice the watershed transforms availabldéenMIAMBA library (watershedSegment
andbasinSegmenk. Apply them to theelectropimage.

2) An interactive segmentation tool is also avwddain MAMBA (interactiveSegmenj.
Practice it (ontools image for instance) and try to show the influentehe position of
markers on the segmentation.

Exercise n° 4

The two-dimensional electrophoresis is a technifpireseparating and
identifying proteins. The migration of the proteios the gel depends on their molecular
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weight and on their electric charge. From ¢hectropimage we want to extract the contour of
each spot of proteins.

1) Detect the regional minima of the image. Whatasr conclusion? Which transformations
can we apply to the image? Detect the new mininnamFiow on, we shall work on this
image.

2) Define the morphological gradient of size 1. é&xtthe gradient minima. Perform the
watershed transform. Is the result satisfactory?

3) We will try to obtain a better result. To do see will first seek to detect the markers
located inside the spots and to contour the exterarkers as well.

- What can we take as interior markers?

- As exterior markers?

- Perform the watershed transform controlled by trew set of markers.

Exercise n° 5: catchment basins in a digital elevian model

This study uses the segmentation of images by sladr It is devoted to the extraction of the
catchment basins of a digital elevation model.

Therelief image represents a digital elevation model (DEM)this model, the altitudes of
the topographic surface are sampled at the nodi® afquare grid. The purpose of this study
is to define an algorithm for extracting the cateminbasins from the topography. This may
appear to be easy since such a transformationdglmests in your toolbox. However you
will see that this application is more difficultath it seems because of the noise present in the
image.

1) Extract the regional minima from thelief image.

2) Segment theelief image into its different catchment basins andfyéhiat to each regional
minimum corresponds one and only one catchmenthbasi

The presence of undesirable regional minima within digital elevation model induces an
over-segmentation. In fact, assuming that therenasclosed depression, any regional
minimum should correspond to an outlet and shopjkar on the field border of the image.
3) Indicate a procedure to suppress regional mirooated inside the model. Display the
mask of the pixels modified by this procedure. Wdrat the properties of this transformation?
4) Apply the watershed transformation to the medifelief.

5) Propose and test a method for obtaining thehoaat basin related to any point of the
model.

6) What strategy would you adopt if there reallyiseed closed depressions on the
topographic surface (such as volcanic craters)?

iy oA
relief

Exercise n°6: separation of particles (first approah)
You have already defined the ultimate erosion efd#lls image. Using the same image, try
to design an algorithm to segment the cells by me@binary operations only.
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1) Use the geodesic skeleton, or even better,@bdeagic SKIZ of the ultimate eroded sets in
the initial set. Is the segmentation satisfactory?
2) How can you improve this segmentation? (by takirio account the order of the ultimate
eroded sets). Use again the watershed transformusadt on the complementary of the
distance function f(x) = d(x,X (computeDistance.

Exercise n° 7: separation of particles (second exaie)

The previous case-study showed how to program slaersegmentation by means of binary
operations only. It also presented an ideal casgegfmentation which works immediately.
This is not always the case as will prove the esaimple.

1) Apply the segmentation algorithm seen previoustythe coffeeimage. What can you
observe? Why?

2) Show how the filtering of the distance functadlfows to overcome this difficulty.

Exercise n° 8: road segmentation

The purpose of this exercise is to extract thewagdn therouteimage. This corresponds to
the first step of the road segmentation procedsedl o initiate the process on a sequence of
images (see the MAMBA examples).

1) Use the hierarchical segmentation operaembdncedWaterfalls segmentByB to define

a road marker. Generate an outside marker frorfirstenarker.

2) Use the marker-controlled watershed transfommarkerControlledWatershed) to
segment the road.

route

Exercise n° 9: pellets segmentation in a 3D polyutleane foam

This 3D segmentation example shows that a procbghvihas been designed for 2D images
can be applied directly to 3D images thanks toathaalability in mamba3D module of opera-
tors which are the simple transposition of 2D ofmsa

The initial 3D foamimage represents a foam made of polyurethanetpeh®wever, these
pellets are so compressed that the separation weflseen them have disappeared. Only
corners at the junction of adjacent pellets ark @8ible. Nevertheless, it is possible to
rebuild the separation walls with a procedure whsghin 3D, similar, indeed identical, to the
approach used to segment coffee grains in exampgbgAgoffee grains separation and
counting).

1) Use the display operators in mamba3D to disyheyinitial image.

2) Transpose in 3D the segmentation process defiordte coffee grains by using the corres-
ponding 3D operators available in the 3D module.
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Exercise 10: stamped grid on steel

A regular grid has been printed on a steel shdetdés stamping. This example shows how
the crossing points of this grid after stamping t@nextracted. The new position of each
point indicates its displacement during stamping #rerefore the degree of stress exerted
locally on the steel sheet.

1) Design a filtering procedure applied on #teel_sheetmage to extract sufficiently good
markers of the grid cells (we suggest to use lengdlfilters. Don't try to attain perfection,
multiple markers in a single cell are allowed).

2) Use the watershed operator to extract the grid.

3) Extact the crossing points of the grid.

steel_sheet

Exercise n° 11: analysis of a burner

Theburnerimage represents a detail of a gas heating aggliarhe infrared emitter consists
of:

- a ceramic plaque with cylindric holes openingootiite surface by cavities forming truncated
cones with a hexagonal base.

- araster formed of longitudinal and transversetattic wires.

From a morphological point of view, the intereststguctures are the following:

- The raster which appears on the image underdima bf linear horizontal and vertical
structures in light grey tone.

- The hexagonal structures a little darker.

- The black spots situated inside the hexagonsh Bpbts and hexagons may be partially
hidden by the raster.

- The background of the image present higher gregl$ (white tone).

The purpose of this study is to extract a maskefraster and to be able to place correctly
(with respect to the grid) the center of the spots.

1) What kind of grid is it interesting to use?
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2) Use morphological filters in order to reduce tr@nular aspect of the image without
modifying the structures of interest. Do you noteignificant difference between the filters
based on closing-opening and those based on opelusigg?

3) Segment the raster by using only greytone toansdtions. Do we obtain an equivalent
result with binary operations? How can we solve ghroblem on a hexagonal grid?

4) Try to isolate the black spots by a morphologiop-hat. Is the result satisfactory? How
can you explain that the spots close to the rastem to be more contrasted than the others
when a top-hat of size 7 is used? How can you exfitat a top-hat of size 14 produces the
opposite?

5) Find a transformation that detects the "valleys'a depth criterion without taking the size
criterion into account?

6) Detect the centers of the black spots. Is thexay of detecting the spots whose centers are
hidden by the raster?
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