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Classical communication capacity of a channel can be enhanced either through a device called
a ‘quantum switch’ or by putting the channel in a quantum superposition. The gains in the two
cases, although different, have their origin in the use of a quantum resource, but is it the same
resource? Here this question is explored through simulating large sets of random channels. We
find that quantum superposition always provides an advantage, while the quantum switch does not:
it can either increase or decrease communication capacity. The origin of this discrepancy can be
attributed to a subtle combination of superposition and non-commutativity.

I. INTRODUCTION

In spacetime, events A and B can be in three causal
relations: either A is before B, B is before A, or A and
B are causally separated, i.e. they lie on a spacelike
interval. Quantum mechanics admits causal structures
that do not correspond to any of these cases. Heuristi-
cally, this can be pictured as putting the order between
A and B in a quantum superposition. More precisely,
several approaches to indefinite causal orders have been
proposed using ‘process matrix’ or ‘quantum switch’ [Ii-
6]. While these approaches are not strictly equivalent
mathematically, all of them support one underlying idea:
an indefinite causal order is an inherently quantum phe-
nomenon that sheds new light on a notion hitherto ex-
plored mainly in spacetime theories. This phenomenon
has recently been observed experimentally in several im-
plementations of the quantum switch [7HI2].

To gauge precisely the new element brought by quan-
tum theory into the study of causality, quantum control
on causal order can be treated as a resource that pro-
vides non-classical communication advantage, i.e., two
noisy channels in a quantum switch can transmit more
information than any of these channels individually [I3].
This approach has the benefit of immediately clarify-
ing the physical interest of the quantum switch, how-
ever it relies on a currently unresolved question whether
any local party can operationally exercise such quantum
control [I4]. In this work we assume that a positive
heuristic has been given by the empirical work: quantum
control of the causal order via the quantum switch has
been obtained experimentally. In what follows we strive
to achieve a better theoretical understanding of the ad-
vantage demonstrated in such setups. In particular, a
standing problem concerns the origin of this advantage:
to deny that the quantum switch is an independent re-
source, it has been argued that the one-pass quantum su-
perposition of two channels, without the indefinite causal
order, already leads to a similar result [I5] [16].

After introducing basic mathematical concepts in Sec-
tion [, we explore the controversial origin of this non-

classical advantage in Section [[TI} To this end, we simu-
late large sets of random channels and use them to com-
pare communication gains from the quantum switch and
the one-pass superposition. In Section [V} we argue that
the advantage for the quantum switch has its origin in
two separate factors. One is quantum superposition; the
other is non-commutativity of the Kraus decompositions
of the channels. A combination of these factors can be
significantly more beneficial than the advantage gained
from the superposition alone, but in other cases it can
also be much less advantageous. When the indefinite
causal order is realized through a quantum switch, the
gain provided by this resource is essentially due to this
combination.

II. MATHEMATICAL FRAMEWORK

A quantum system going through a quantum channel is
modelled by a completely positive trace preserving linear
map on its state Hilbert space H. Any such map C can
be represented by a set of Kraus operators {K;} C L(H)
such as [I7HI9):

Clp) = ZKZ/JKJ and ZKJKi =1. (1)

This decomposition is not unique: if C and C’ have Kraus
operators { K; } and { K|} respectively, then C implements
the same channel as C’ if and only if there exists a unitary
operator u such as:

J

A quantum switch Cy <t C; between channels Cy and
C1 is a new channel that puts in a superposition two
differently ordered compositions Cy o Cy and Cy o Cy (Fig-
ure [I). It acts on L£(H®) ® L(H'), where ¢ stands for
control and t for target. Unless stated otherwise, both
of these Hilbert spaces are taken to be two-dimensional.
The switch Cy 01 Cy is a higher-order operation defined
through its Kraus decomposition



Vij = [0)0]° ® (K K3)" + [1}1]° ® (KFKG)', - (3)

where K? and K} are the Kraus operators of Cy and C;
respectively. To get a heuristic picture, one may think
about the target as a subsystem that passes through the
channels, while the control subsystem in a generic state
)" = a|0)° + B11)°,|al® + |8 = 1, determines the
order of passage. This is easy to comprehend in the case
of unitary Uy, U; € L(H!) with the subsystems in pure
states:

(UopaUn) [9)° ® [9)" =a|0)° @ Ualn [9)" (4)

+B11)° @ U1 U [v) .

One can see that, depending on the state of the control
qubit, the order in which the target undergoes different
operations is switched. If, for example, the state of the
control qubit is |+)¢ = %(|O> +[1))¢, then the quantum
switch yields a balanced superposition of two orders.

FIG. 1. Quantum circuit representing the quantum switch.
Target system pt,, passes through Cy o C; and C1 0 Cp in a su-
perposition determined by control qubit c. (A): the control is
in the reduced state |0)(0|° and the target passes only through
Co o Ci. (B): the control is in the reduced state |[+)+|® and
the target passes through a balanced superposition of Co o C1
and Cl [¢] C().

Somewhat paradoxically, classical information can be
transmitted though the quantum switch between two to-
tally depolarizing channels. The Holevo capacity of a
channel x(C) is defined as x(C) = maxy,, ,.3 [(4;B),,
where {p,} are the possible inputs of the channel with
probabilities p, and I(A; B), is the quantum mutual in-
formation calculated on the state v = Y pala)ala ®
C(pa)p [20]. In terms of the von Neumann entropy H, if

P =4 PaPa, then

€)= max [H(C) - Y| )
This maximum can be reached on no more than N? = 4
pure states [2I], where N is the dimension of the target
subsystem.

The Holevo capacity of the quantum switch between
two totally depolarizing channels acting on a qubit equals

x =—% — Zlog,2 ~ 0.05 [13]. However, a similar advan-
tage occurs if the channels are put in a superposition
Co B ¢ (Figure . The one-pass superposition of Cy
and C; is defined through its Kraus operators

1 1
Wij = 510X01°® K + e K} (6)

As before, in the case of unitary Uy and U; the definition
can be simplified:

UoBU) ) @) = a|0)*@Us |¢)" +BI1) @ Uy )"

(7)
0X0[°® pi

(A)

[+ X+1°® pi, Dot

(B)

FIG. 2. Quantum circuit representing the one-pass super-
position of Co and C;. Target system p!, passes through Co
and/or C; in a superposition determined by control qubit p°.
(A): the control is in the reduced state |0)0|° and the target
passes only through Cy. (B): the control is in the reduced
state |+)+|° and the target passes through a balanced super-
position of Cyp and C;.

ct
pout

Starting from a well-known result in quantum commu-
nication [22], it has recently been shown that Co HC; has
a greater Holevo capacity than Cy < C; if Cy and C; are
totally depolarizing. A lower bound is x(Co BCy) > 0.16
[15].

III. RESULTS

The indefinite causal order provides an indisputable
advantage in terms of Holevo capacity but this advantage
is not systematic. To explore this situation, we randomly
generate pairs of quantum channels Cy and C; and numer-
ically compute Holevo capacities of Cy <1 C; and Co H Cy
for a control qubit in the reduced state |[+)+|°. Figure
[l generated on two sets of 1000 channels each, shows the
absence of any obvious correlation between x(Co > Cy)
and x(Co B Cy). After three such runs, the average ratio
X(C <1 C)/x(CoHCy) is stable around 0.9, meaning that on
average the one-pass superposition gives a slightly better
advantage than the quantum switch. However, individ-
ual channels can exhibit vastly different behaviour.

To study the combination of a channel with itself, we
set Co = C; = C. Figure [] shows that x(C B C) varies
significantly as one applies to change the Kraus de-
composition of a channel, while x(C 1 C) remains fixed.
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FIG. 3. Comparison of Holevo capacities of the quantum
switch and the one-pass superposition. Each point corre-
sponds to a couple of randomly generated quantum channels.
Holevo capacities are estimated numerically.
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FIG. 4. Comparison of Holevo capacities of the quantum
switch and the one-pass superposition for different implemen-
tations of 50 randomly generated channels. Each line corre-
sponds to 200 different implementations of channel C due to
the freedom in the Kraus decomposition. x(C B C) depends
on the implementation, while x(C < C) is independent of the
implementation.

Figure |5| provides a comparison between the Holevo ca-
pacities of self-switch and self-superposition. The latter
always increases channel capacity: x(C) < x(CHC) as
we prove below, while this is not true for the former. If
the number of subsystems is increased, e.g. in the case
of the 3-switch [I2], the picture remains very similar to
the one shown here. To make sure that this effect is
not only due to self-switching, we explore the Holevo ca-
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FIG. 5. Comparison of Holevo capacities of self-switch and
self-superposition of 1000 random channels. Holevo capacity
always increases in the latter case but no such regularity exists
in the former. The + sign stands alternatively for < or H.
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FIG. 6. Comparison of Holevo capacities of the quantum

switch and the one-pass superposition of a random channel C
combined with a totally depolarizing channel A. Each point
corresponds to a random channel C. Dotted line are linear
functions with the slopes 1 and 1/2. The + sign stands alter-
natively for 01 or H.

pacity of a composition between a random channel and
a totally depolarizing channel A/ with Kraus operators

%, %, %, %} (Fig. @ All generated channels verify
x(C)/2 < x(C B N), whereas this inequality does not
hold for the quantum switch.



IVv. METHODS

A random channel C is obtained by generating a ran-
dom set of Kraus operators. To get the latter, we gen-
erate a random Choi matrix. Let X € L(H)a ® L(H)B
be a Ginibre complex random matrix and Y = Try X XT.
Then the following matrix is random Choi [23]:

C=<1A®\/1?)XXT (1A®\/1?>. (8)

Holevo capacity x(C) is computed by solving the op-
timization problem using the basin-hopping method
[24]. States p, are parameterized as p, = |a)al, |a) =
(cos(04),5in(04)e?) T (¢pa,0,) € [0,7] x [0,27]. Each
step of the basin-hopping method consists of: a) random
perturbation of the parameters, b) local minimization us-
ing the BFGS method, ¢) acceptance or rejection of the
new parameters based on the minimized function value
and the metropolis test [25] 26].

The basin-hopping method converges fast and is rela-
tively easy to implement using common programming li-
braries. Since this method is heuristic by nature, we have
compared its results with the tight bounds on Holevo ca-
pacity computed via a different procedure [27]. Both
methods are in good agreement on all examples given in
[27]. To estimate the divergence, we have run the basin-
hopping computation 20 times for each channel with dif-
ferent initial parameters and selected the highest esti-
mated capacity. Standard deviation after 20 runs on a
set of 1000 random channels is < o,, >= 3.6 - 10~* and
maxo, = 1.1- 1072

To check our results in the case of unitary channels
only, we have also generated random unitary channels
directly by a random set of unitary matrices U; and a
random set of real coefficients ¢; constrained by >, ¢7 =
1. Then, Kraus operators K; = ¢;U;. Any such set of
operators that verify . K,»K;r = 1 defines a quantum
channel. Using the Nelder-Mead method [28] with three
free parameters, we have computed Holevo capacities and
found that they are in full agreement with the results of
the basin-hopping calculation.

V. DISCUSSION

To study the discrepancy between the capacities of the
superposition and the quantum switch, note that the one-
pass superposition acts as:

(CBO)(p) = % <Z- (_zég)pKfr |

RRFLTLEA B
C(p)

where {K;} are the Kraus operators of C and the fixed
control subsystem is omitted for brevity. To prove x(CH
C) > x(C), define a channel P acting on L(H®) @ L(H')
with Kraus operators {P,,} = {|m}m|¢ ® 1}. Since

>, Pn Pl =1¢ P is trace-preserving. It acts as:

PocBOn =) =3 ((Peiy)- 0

If the spectrum of C(p) is {n;}, then the spectrum of
C'(p) is {5}, each eigenvalue having multiplicity two.
Hence:

4 B 4
= milog(m) + > _mi
i=1 =1
— H(C(p) + 1. (1)

It now follows from that:

€)= s [HCp) - o piH(€' ()]

{pi,pi}

= max [H(C(p));PiH(C(Pi))}

{pi,pi}
=x(0), (12)

ie. x(Po(CHC)) = x(C). By the data processing
inequality, a channel can only lose information between
the input and the output: x(C) = x(Po (CHC()) <
x(CHC). O

The quantum switch acts as:

(€C>aC)(p) =
1 CC) |3, KiKipK]K] (13)
2 \S., KK pKKT | C(Clp) '

Unlike with quantum superposition, no simple relation-
ship between Holevo capacities is available in this case.
When the quantum switch lowers communication capac-
ity of C, this phenomenon has a likely origin in the loss
of information in diagonal terms C o C. On the contrary,
the advantage of the quantum switch over the superpo-
sition, when it occurs, comes from non-diagonal terms.
Heuristically, the non-diagonal terms in (13)) are more
versatile than the non-diagonal terms in (|9)), explaining
the behaviour of the switch in Figure

Note that the self-switch C < C is not the same channel
as the superposition (C o C)H (C o C). If C has Kraus
operators {K;}, then the Kraus operators of C o C are
{K;K;}. Inserting this in (9], one obtains:

((CoC)B(Co0))(p) = % (ggg%; g%gﬁ;%) - 4

This expression is different from if {K;} do not com-
mute. The latter factor happens to have an even deeper



0.4 1 .
:o ....:. * .:.- e
o . sy . ® . .
2 02 . :"b-.)"":-'.:'.'.,"."\: RN .
= il B A
S i s L L P
L L TRLLENY R Tt A S
X 0.0 A ‘ %&'..ﬁl':?.:gt.u:m‘ 3:‘:. ':'.:'..d x .. *
) RN R LI vl & SURPPE
= Lt MRS gttt b
R R A R L.
o —0.2 1 LR I kit SRR LN A
& B L L D
S . CRD D
—0.4 < ie
T T T T
1 2 3 4

QC) =X, Tr ([Ki, Kj[Ki, K1)

FIG. 7. Relative advantage of the quantum switch x(C <
C)/x(C) as a function of Q(C), degree of commutativity of
the Kraus decomposition, on a set of 1000 random channels.
While the quantum switch can gain or lose communication
capacity depending on C, it does so more often at higher values

of Q(C).

significance: our study of the non-diagonal terms pro-
vides evidence for the hypothesis, inspired by [13], that
a greater advantage occurs when the Kraus operators do
not commute. To observe this effect, define:

QC) =Y Tr ([Ky, Kj][K;, K;]T) (15)
(2]
=4-2Try KK;K[K].
4,J
Q(C) is independent of the Kraus decomposition of C.

Indeed, note that two Kraus decompositions {E;} and
{F;} describing the same channel are related by (2):

D BEBE] =) ) unuu, FFIF)F]

i 1,7 k,lmmn
k,l,m,n
- ZFiFjFiTFJT'
1,3
Hence Q({E;}) = Q{Fi}). s

Figures [7] and [§] generated on a set of 1000 random
channels, show that the spread of x(C > C)/x(C) in-
creases with Q. If {K;} almost commute and @ is small,
then the effect of the indefinite causal order is also small:
the Holevo capacity of the quantum switch is close to the
Holevo capacity of the superposition. On the contrary,
when @ is high, the effect of the indefinite causal order
is strong: the Holevo capacity of the quantum switch
is dominated by this non-commutativity and the non-
diagonal terms of are larger than the diagonal ones.

Q(C) = X2, ; Tr ([Ki, K;][Ki, K;]T)

FIG. 8. Advantage x(C <1 C)/x(C oC) as a function of Q(C),
the degree of commutativity of the Kraus decomposition. If
the Kraus operators nearly commute, then the Holevo capac-
ities are similar. If they do not commute, then the effect of
the indefinite causal order gets stronger.

Our simulation shows that the same conclusion is also
valid for the 3-switch [12].

VI. CONCLUSION

Both the coherent control of quantum channels and
the indefinite causal order between them were shown to
be resources for communicating through noisy channels.
While the notion of controlling quantum channels via
a quantum subsystem is a useful heuristic, its rigorous
mathematical formulation shows that the action of ob-
servers involved in such control and measurement oper-
ations is hardly ever local in time and space [14) [16].
Nonetheless, as mentioned above, experimental setups
have been realized for two or three subsystems combined
via the quantum switch. These empirically available se-
tups call for a better theoretical characterization of their
workings.

On the one hand, it has been argued that the commu-
nication advantage found with the quantum switch “is
also present” in the scenario involving one-pass super-
position [I5]. On the other, this advantage was hailed
as a “striking ...new paradigm of Shannon theory” [13].
Our analysis via numeric simulations shows that the two
resources provide the same communication gain only in
very rare cases. In a more general setting, simulated
by choosing either generic or unitary channels at ran-
dom, the conceptual origin and the quantitative measure
of the advantage differ. This is because the quantum
switch exhibits an intricate interplay between two non-
classical factors, both of which are capable of providing
a communication advantage: quantum superposition and



non-commutativity. What is more, the quantum switch,
but not the one-pass superposition, can also induce a loss
in communication capacity because it involves a com-
position of channels. When the switch is treated as a
resource, it remains a genuine combination of different

contributing properties and should not be reduced to any
one of them. These results motivate further theoretical
research on an important problem of quantum commu-
nication: achieving precise understanding of the interre-
lations between non-classical resources that provide an
advantage in communication via noisy channels.
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